the generalscience
Journal

JUSTIFICATION OF THE ZETA REGULARIZATION PROCEDURE
FOR THE INTEGRALS Txm‘sdx
0

Jose Javier Garcia Moreta
Graduate student of Physics at the UPV/EHU (University of Basque country)
In Solid State Physics
Address: Address: Practicantes Adan y Grijalba 25 G
P.O 644 48920 Portugalete Vizcaya (Spain)
Phone: (00) 34 685 77 16 53
E-mail: josegarc2002@yahoo.es

e ABSTRACT: In this paper we review and try to justify some results we gave before

concerning the zeta regularization of integrals Ixm’sdx via the zeta regularization of
0

the divergent series Zim’s and the zeta function £ (m—s)
i=0

REGULARIZATION OF DIVERGENT INTEGRALS:

In a previous paper [6] we gave a method to regularize divergent integrals of the form

Ixmdx for m a positive integer , via the zeta regularization method , that attach a finite

0

meaning ¢£(—m) , to a power-law divergent series Zim , Via the analytic continuation
i=0

of the zeta function of Riemann to negative exponents

Cl-s)=2(27)" cos(%sjr(s)g(s) . First we took the Euler-Bernoulli summation

formula with f(x) =x" , and used the property for the k-th derivative of the function

d“(x™
X", ( ” ) = [(m+1) x™* together with the zeta regularization of the series
dx r'(m-k+1)

i" — £ (-m) to find the following

0
i=0



i B, mI(m—-2r+1)

° m _mw m-1 _ —
!X dx= 2£X x4 =m) = (2r)!(m-2r +1)!

Txm’zrdx (1)
0

For ‘m’ a positive integer , this is a recurrence formula to get the value of Ixmdx for
0

m=01,2,3,4,..... from the starting value '[dx =1+1+1+..... = —% , this is explained on
0

section (2) in our previous paper [6] , now we would like to compare our method with
another well-known method in theoretical physics to calculate divergent integrals , the
‘dimensional regularization method’.

o Dimensional regularization of divergent integrals:

The method of dimensional regularization , assumes we can define a d-dimensional
space and d-dimensional polar coordinates , so we can write any integral as

d/2 o
;2(7;)/2) J.de (x)x* ™ =1(d) , here ‘d’ is the dimension of the space R , with ‘d’ any
0

arbitrary real or complex number, in many cases if the function f can be expanded into

a power series, f(x)= Z(—l)”gb(n) for some function ¢(n) that can also be defined for
n=0
negative argument s+n=0, then ‘Ramanujan Theorem’ asserts that for any value of ‘d’
d/2

%(9) (27) 4y, @

this integral will be equal to —
sin(sz) I'(d/2)

Here it comes the first problem, for d=4 (space-time dimension) the integral 1(d) would
be divergent in many cases, if we recall the Gamma function with functional equation

FEri-=s)= sinZzs

regularization’ introduces a pole or divergent quantity by expanding the Gamma

for s=d integer this function is divergent , hence ‘dimensional

function near £ =0, T'(¢)= l—}/ +0(¢) , with y being the Euler-Mascheroni
&

constant.

The link of “‘dimensional regularization” with our method of calculation of integrals

come when we wish to calculate divergent integrals of the form J'dxf (x)as x — o
which is just the case s=0 inside Idxf (x)x* = If(l— s) a> 0 (Mellin transform) , the

idea is to choose a big enough ‘s’ so the integrand f (x)x™° ~ iz for big x making the
X

integral finite , then expand the function into a Convergent Laurent series for [x| >0 in



the form f(x) = Z c,X" ceR and perform the term-by-term integration ,after that

N=—0
we could use the identity based on Euler-Maclaurin summation formula (valid for real
or complex ‘s’ )

Jx"“sdx Mm-S J X"dx + £ (s—m) + H(s,m,a)

. a>0 (3)
— Ber(m —S+ 1) (am—2r+l—s + (m —2r+1— S)J. Xm—2r—sdxj

=@2NIT(m-2r+2-5)

m-s S m-s S B F(m —S+ 1) m—s—-2r+1
H(s,ma)=a""->» k™ + ar a H(s,m0)=0 (4
( ) Z;‘ ;(Zr)!r(m—2r+2—s) ( ) @)

To express any divergent integral '[xm’sdx = Zai (s)¢(s—1), that is, we can relate using

formula (3) a divergent integral J'xm‘sdx to a divergent series £ (s—m) = Zim’s :

a i=0
s— 07, in practice if ‘m’ is an integer as s tends to 0 due to the poles of the Gamma
function T'(x) at negative integers (3) is no longer infinite and ‘r’ runs only from r =1

tor= {m; 2} , so for integer (positive) ‘m’ we can relate the divergent integral, using

formula (1) and (3) to a linear combination involving , Bernoulli Numbers B,, and

negative values of Zeta function £(-r) r=0,1,2,3,.....,m , from the definition of the
functional equation for the Riemann Zeta, {(-2n)=0 neN.

There is still a problem with the logarithmic divergence jd— , since the Riemann zeta
X

has a pole at s=1 (Harmonic series) , this is the main drawback of our theory, we can
regularize every divergent integral by using the negative values of the Riemann zeta ,
but we can not regularize with our method (unless we introduce some correction) the
logarithmic divergencies, this is the objective of our next section in the paper.

e The logarithmic divergence of (1-s) with s —>0":

The case {(1-5s), s— 0" can not be handeld with formulae (1) or (3) due to a pole of
Riemann Zeta at s= 1, this is the main serious drawback of our regularization method ,

0

. . . dx
we can not use Euler-Maclaurin summation formula to regularize | —— due to the
X+a
0

= 1 . P .
fact that the sum Z— is divergent, there are several possibilities to get a finite
~n+a

result indeed



e The finite part F. p'[d—x =—log(a) in the sense of ‘Hadamard integral’ [10]
o X+a
exists and depends on the value of ‘a’
e We could differentiate respect to ‘a’ to get —'[ _ 1 , then performing
o (X+ a) a
integration with respect to ‘a’ again we get —log(a) +c, , here c, is a physical

parameter (mass, charge,..) that must be determined by experiments to fit the
calculations.

Both methods yield to the same result if we set ¢, =0, which can be imposed as an
scale-invariance (invariance under a change of variable y=ax for any a € R) of the

integral I% =2c, =0, this results has the physical meaning that quantities (mass,
X
0
charge) should not depend on the Energy scale we are performing the researchs.

The last (but not the less powerful) method is based on two results of mathematical
analysis, the Abel-Plana formula, relating an integral to a series

if() jf(x)dx_—f(0)+|j - (f (i) - f(<it)) (5)

And the ‘Ramanujan resummation’ (Finite part) of the series Zi - —L(a) [1.
n=0 a
Combining both formulae we can give a finite meaning to the logarithmic divergence

T

i 1 ? do
-—— =—+2|———.tan(@ 6
( )= [ x+aJ 2a " -([ez”a‘a"‘g)—l © 0

Expression (6) is finite for a = 0 and can be regarded as the ‘regularized’ value of the

logarithmic divergent integral J
X+a

One of the advantages of dealing with logarithmic divergences is that in case we can

regularize J'd—x =—log(a) +c, for any fixed ‘a’ different from O adding and
o X+a

substracting terms and using the fact that .[( 1 —ij dx =log(b/a) , then for any
o\Xx+a Xx+b

‘b’ different from a and bigger than 0 Iib =—log(b) +c,, an special case is
o X+



whenever a=0 and we have that '[d—x = 2c,, then if we impose the physical condition of
X
0

scale-invariance again c, =0 ,as the only possible alternative.

A mathematical justification of this comes from ‘Ramanujan resummation’ of the

Harmonic series Zl =y =0.57721... (Euler-Mascheroni constant) , however we know
n=1

n=1 1
resummation that takes only the finite part of the series into account ignores the infinite
quantity log(eo)

K k
from the definition of the constant above that Eim (Zi - J %j =y , S0 Ramanujan
—>00 n X

e Zetaregularization and the cut-off A :

Another method involved in the calculation of divergent integrals is the following, for

0 A
any integral I dxf (x) we can introduce a ‘cut-off’ J'dxf (x) to make it finite , and after

calculations we take the limit A — « , expanding the function f into a convergent
Laurent series for |x| > a, we can use the Euler-Maclaurin formulae to stablish a
recurrence between the powers of this cut-off

I(m,A)=(m/2)I(m —1,A)+§(—m)—i (S?V) Iamr(m—2r +DI(m-2r,A) (7)

m+1

__(m+D)
™o T(m-2r+2)
obtain finite results, even in the limit A — o , for example

t a
and 1(m,A) :Ixmdx =
0

A
+ '[ x"dx , from here we can
m+1

T X _—¢(0) T _a_z m(__l)j 2-j o
de“xl_ S+ (1)~ log(a) +a 2+§j_2a a>1 A>wo (8)

a

We simply have expanded for a >1 the integrand into the convergent Laurent series

x—1+l+i(—l Iyt . . . )
X =3 and performing term-by-term integration to obtain formulae (8)

This cut-off regularization can be achieved imposing the following condition
¢ (=s,A)=0 as A — oo for every positive ‘s’ , this is connected with the expression

A=l
for the sum of the s-th powers of ‘n’ ZiS =4 (-S)- ¢, (=S, A)
i=1



Here we have introduced the Hurwitz Zeta function Z# =¢,(s,a),

n=0 (n + a)s
¢, (s,1) = £(s) we can define also a similar ‘regularization’ for this Hurwitz Zeta via a
functional equation.

Equation (8) tells us an important thing, although initially J'—lx is DIVERGENT,

using our model of Zeta regularization we have managed to give it a finite value using
S0)=—= and S(-1) = 112 , this is the main difference with ‘dimensional

regularlzatlon’ that has remaining infinities due to the poles of the Gamma function
I'(z) , however using the Zeta regularization plus the Ramanujan resummation for the

Harmonic series z
n=0 (n

(including the simplicity of applying our method) of our Zeta regularization algorithm
for divergent integrals.

, we only have finite quantities, this is the main advantage

e Scale invariance and Zeta regularization:

One could ask if there is any physical justification for the Zeta regularization method of

series and integrals ZnS = ¢ (-s), the main idea is that when we are performing

n=1
physical calculations of parameters such as mass ‘m’ these paremeters can not rely on
the energy scale A, this means that if we have two energy scales related by a dilation

A
A =aA , aeR" then the integral J'dxf must be independent of the cut-off as A — oo,

0
so if we use the Euler-Maclaurin summation formula in order to express divergent

integrals as a linear combination of divergent series an r=0,1,2,3,..... we should
n=1

Al
impose the condition Zn = Z Vs, if we consider the case of infinitesimal
n=1 n=1

A-1

dilations A = (1+&)A as ¢ — 0 from the definition Zis =¢(-s)-¢,(-s,A) and
i=1

imposing scale invariance for the series

She -0t =0=C(-8) - £(-)~ £y (-8, K) + £,y (5, A) = 0=
©)
lm (¢ (-5, @+ 2)N) + 5y (-5,)) =—A 2SR _n g (os41,0) =0

In the last step inside (9) we have used the shift property of the Hurwitz Zeta function,
the last condition in (9) is equivalent to the statement &\, (-0,A) =0 as A — oo, with

g=s-1, thisis precisely why an = ¢ (—k) , since the value £ (—k) does not

n=1



depend on the energy scale or cut-off A, equation (9) is a physical justification of our
procedure of Zeta regularization of integrals , we impose the condition &,,(-g,A) =0
as A — oo, in order our theory to have an scale invariance , for the case g=0 or q=-1
(Harmonic series) the terms log(1+ &) and A vanish as ¢ — 0, providing the linear
term eA >0 as ¢ >0

CONCLUSIONS AND FINAL REMARKS:

After having read the paper and learned about Zeta regularization of divergent integrals
or concepts such as ‘Ramanujan resummation’ one can have the wrong idea that this

methods are only mere curiosities without applications , the value £(-1) = —%, is used

in string theory, and years before the value £ (-3) = —ﬁ was used by Casimir and

others to calculate the force between two plates , the ‘Zeta regularization” algorithm is
beyond being a simple trick in order to sweep the infinities its importance come
specially in Quantum Field Theory (QFT) when one does perturbation theory in order to
calculate masses and other physical parameters , even though we have only considered

integrals of the form J'xmdx for positive ‘m’ this technique can be applied ( by means
0

of a change of variable x = i) to integrals with a divergence as x -0 , jd—z with
y 5 X

a > 2 and integer, this is justified by the fact that if we introduce a cut-off A , then

0 A
ax = Iim( J d—iJ (again with the same condition for parameter alpha) , hence
) X

a

0 X A—o

A dX A

'[ — == '[ x“"dx as the cut-off goes to infinite, so we can aplly (1) , (3) or (8).
At X A

For further reading on what is Zeta regularization or the sum of divergent series beyond
this paper | would strongly recommend ‘Divergent series’ [7] by G.H Hardy (a bit old
fashioned but easy to read) .One of the best introductions to Zeta regularization is found
on E. Elizalde’s “ Zeta function techniques with applications” [5] , for a survey on
“Ramanujan resummation” and other stuff discovered by Ramanujan on divergent
series we have references [2] and [3] as best sources, other formulae introduced are
kindly explained on the reference books by T. Apostol (Number theory) explaining
what is exactly the analytic continuation for the Hurwitz and Riemann Zeta [1] , another
interesting books about the Zeta function, regularization and Mathematical Analysis are
[4], [8] and [9] the *Dimensional regularization’ method including examples is
explained in detail in the paper by Gerard t’Hooft and M. Veltmann or in the excellent
book by Zeidler with several practical mathematical examples [10]. Also in Zeidler’s
book one can see the further applications of divergent series to QFT and the importance
of Zeta regularization procedure in String theory or in calculations of the ‘Casimir



effect’. Note also the equivalence (except for a minus sign) of the Zeta regularization
expansion near the pole s=1 and the expansion of the Gamma function near its poles

{(1+g):l+7/+0(5) F(g):l—erO(g) e—0+ (10)
& &

Zeta regularization also avoids the ‘unphysical’ change of dimension (dimension is an
analytic parameter and it is only set to d=4 after final calculations) used in dimensional
regularization.

Finally we recall that our method can be extended for multiple integrals in the form

[ 4K, 3 Ky k)H(; (11)

m? +ki2)

The idea is to consider (11) as an integral on R*" , then we make a change of variable to
4n- dimensional polar coordinates to rewrite (11) as

n 1
i=1 (mi2 +r? fi (Q4n—l))

(40, [drr™3(r,0,,) P=Yk (12)
0 i=1

Again we would add and substract terms of the form J.dQmelerrkgk (©,,,) inorderto
0

make (11) converge, the integrals j drr again can be regularized using (1) except for
0

the case k=-1. The pole at s=1 of £(s) seems a big deal in our method to regularize
infinities a final thought about this will be the following, let us suppose we could

~ = pktef (0)
a m;mr(a+k+1)
Re(r) <1, with a € R an arbitrary real number different form an integer, then making

the change of variable r —1/r into the generalized Taylor series (assuming we can
generalize the derivatives to fractional arbitrary orders) and taking the integral term-by-

r** 0<a <1 [11] valid for example for

expand f(r)= 711
r+

term we will find expressions of the form Jrki“dr k>0, if « is different from an
1

integer, then using formulae (1) and (3), (4) we can relate this divergent integrals to

negative values of zeta function and get the series Zakg(—k Fa) , the problem here is
k=0

that (1) and (3) are no longer finite recurrence equations , also since negative values of

Zeta function are related to Bernoulli’s number, then by stirling formula

2n o
| B,, |= 4~/ 7n (lj we can (unfortunately) expect that the sum Zakg“(—k Foa) will
7e k=0
be divergent and will only be well-defined in the sense of Borel-resummation



00

Tdte’tg(t) with Z ;( kFa)t' =g(t) (13)

0

So by performing a Taylor/Laurent series with fractional powers x** we can avoid the
pole at s=1 replacing it with the evaluation (regularization) of a divergent power series,
such (13) note that although recurrence (3) will have an infinite number of terms, for

m >1 we can use the identity Jd—ﬁ = il hence only a finite number of divergent
X" m-

integrals will appear inside (3).

APPENDIX A: RAMANUJAN RESUMMATION AND FINITE PART INTEGRAL

1
In order to calculate the divergent integralas x — 0 Iﬂf)dx with @(x) e C*[0,1],
X
0

K
we define the Truncated Taylor Polynomial of order ‘k” T, [¢(0)](x) = Z D (0(0) X'

i=0

k

J¢(X) dx = IIm[J ¢(X) T [(0(0)](X) Z [l)(lqo—f(;-))( |+1 |+1) Iog(g)j (14)

-m

Hadamard’s definition of the finite part is just dropping down the terms loge and ¢
meR as ¢ — 0 to get the “finite’ value

F"’U%dJ jot-T1o0]00, iD“’(O) )

O

A better definition and a generalization for further functions can be found on Zeidler
1-k

10], a few examples are F. p x=loga , F. p — x_ , F.p|x"dx=0
[10],af | d | d a : ng
- 0

If we combine this definition of Hadamard integral and the Euler-Maclaurin summation

&' m _ 2r -m+2r-1 — r(m +1) 16
J.O X dp Zmamrg amr F(m—2r+2) ( )

For ‘m’ being a positive integer , if we consider the divergent integral in Hadamard’s

sense then '[xmdx =0 and drop the terms ¢ ,except £° =1 formula (12) gives

Zim = —BL*ll = ¢ (—m) , which is just the definition of Zeta regularization for a
i=1 m +



. . o 1 -
divergent series m = —1 , for the case of the logarithmic integral I—dx taken as ‘“finite
X

part’ is 0, so the Euler-Maclaurin formula for this case gives zl =y =0.55721...
n=1

(“‘Euler-Mascheroni’ constant ) this last equation can not be obtained by Zeta

regularization , however it can be seen from the definition of the Harmonic series

¢ (1) =y —log(e) thatin the sense of “Finite part” F.p(¢(1)) =
The Finite part definition for the Mellin transform J'xs‘ldx =0 VseR inserted in the

0
Euler-Maclaurin summation gives an analytic method to calculate the sum of divergent
¢{(-s) seR-{0}
y=0.55721... s=0

series Zn ** via the ‘regularized’ expression Zn this is
n=1

n=1

precisely the definition Ramanujan gave [3] for the sum of the series Zn“
n=1

To end this appendix we shall give two more justifications of the identity

T odx . o
——=—loga to regularize the logarithmic divergence

o X+a
o If we insert the finite part of the logarithmic divergence Ii =—loga, and
X+a
use the Euler-Maclaurin summation formula, we recover the Ramanujan
resummation value for the Harmonic series Zi = —L(a)
~n+a
0 x<a
e If we replace J dx b J' M , H(x - ){ incluidng the
X 1 X>a
Heaviside step functlon , using the convolution theorem for Fourier integrals we
would get [ L= __jogay 1 o), with 00=1X] t0)=0 in
X X

this case so our ‘regularization’ is consistent , another equivalent formulation of
this would be to differentiate with respect to ‘a’ inside H(x —a) to get a Dirac

delta distribution -5(x —a) , using the property J' dxf (x)o(x—a) = f(a) and
integrating again with respect to a with zero constant of integration we get the

required result —log(a)

) ) . rodx N
e |If we integrate with respect to ‘a’ inside j _dx we get the still divergent
o X+a

integral Jlog(x+ a)dx , using Euler-Maclaurin summation formula plus zeta
0

10



regularization of the series Z log(n+a)=-0.{,(0,a) and differentiation with
n=0

respect to variable ‘a” we can also get a finite result for logarithmic integrals

e Adding a counterterm inside the Lagrangian to provide integrals of the form
4
JLZ , Which cancel logarithmic divergencies in d=4 can help to get
(m*+k?)

finite measurable results by ‘renormalization’
A

e Another method is to replace or ‘regularize’ our integral Id—x with

: (X+a)l+s

e—>0", A>wand A >1s0 glogA — 0, in this case using the Power
ik” log" (x)
n!

n=0

series expansion x* = , Integral Calculus gives

& & &

A
= lim AT = lim 1-a =—log(a) (17)
1+€ +
° (X+a) A—>w, 0 & >0 P2l

To Resume, if we have the divergent integral jxm’sdx for me N U{0} , using

formula (3) to regularize this divergent integral using the values £ (s—r) r=0,1,2,... as
s— 0", form=-1, we can use either the Abel-Plana summation formula (5) or the

regularized value J'( ox — -log(a) or —loga+c, , with ‘c’ and adjustable free
5 (X+

a)1+s

parameter, which would be the only one free parameter in our theory. The final question
is why does this work ?, the idea is that perhaps whenever taking physical
consideration using the Zeta reguarlization algorithm we can “substract’ the infinite
from the sum or integral to obtain finite results , in our example the integral in question

(mdxX—ZJ —>jdx T )= 4(O)+§( - Iog(a)+a——+i(1— ™’ (18)

X2

+1
the Euler-Maclaurin summation formula F () =c ; |Ogoo+ZCnoon , this is perhaps

A
, SO we have the equation a4 '[dx
dx  x+1 dA 3

—F(A)j:O A — oo from

n
why the zeta regularization algorithm works . In the case of a logarithmic divergence we
could take the Abel-Plana formula to obtain the finite-part

fp{Zf(n)j jdxf(x)_f(o) jd f('x)zﬂxf_(l‘ix) j'dxf(x)zlogAJrc (19)

11



Here f.p means that we ignore the divergent term log A inside the series, for example
f.p (Z n‘lj =y =0.57721.. (Harmonic series) , this would come apparently from
n=1

imposing the condition for every ‘s” {(-s+1,A)=0 A —>®

APPENDIX B: ZETA REGULARIZATION AND AN INTEGRAL REPRESENTATION
FOR THE RIEMANN ZETA FUNCTION

Riemann found the following integral representation for his Zeta function

r(l Z) j r(l-2)l(z) = Sinz;z) 20)

This expression is valid for every complex ‘s’ except s=1 (pole) and C is a closed curve

which encircles all the poles of e™° -1, a direct application of Cauchy’s residue
theorem gives

¢(2)= i (27im)* ' T(1-2) =( _Zl (27zim)”+i(27zim)”jr(l— z) (21)

However these series are divergent for z >0, if we apply zeta regularization to the
divergent sums inside (A.2)

[ zl (27im)*™ +i(27rim)”JF(l— 2)=(27) ' TA-2)¢ A=) + (=)™ (22)

From the Euler’s formula for cosine we obtain for (A.3) the functional equation

7 ¢(-2)
cos( 7] 1)
2

£ (2) ﬂ“(l—z)((l—z)sin(%zjz (2z)" (23)

So, from (A.4) one precisely obtains the functional equation for the Riemann Zeta
2¢c0s (%ZJ(ZE)Z I'(z)¢(z) =£(L-12) , this fact is another empirical support of why

Zeta regularization should be takne seriously in order to obtain ‘regularizations’ of
divergent series and how one can use ‘formal’ method in analysis in order to prove
rigorous results.

12



APPENDIX C: ZETA REGULARIZATION AND THE SERIES an k>0

n=0

In this paper , we have used the zeta regularization algorithm to get a regularization
(equivalent to the dimensional regularization by T’Hooft and Veltmann) for the

integrals .[x"‘dx , the question could be could we recover the zeta regularization value
0

an = ¢ (~k) from Euler-Maclaurin summation ? , if we set f(x)=x" forany ‘m’
n=0

A-1
and use the cut-off regularization for the sum > n* =¢'(-k) - ¢, (=k, A)

n=0
Am+1 Am 0 B m !(Am—2r+l _ 0m—2r+1)
:—+ —m —_ _m,A - 2r 24
m+l 2 cm=cul ) ; (2r)!(m-2r +1)! (24)

Howerver inside (21) if m-2r+1=0 then we can formally put 0™*"** =1, so after the
cancellation of the powers of A we are left with the identity £(—m) :im*ll , Which is
m+

the usual zeta regularization results , this way of reasoning was known to Ramanujan
i . . - 2 1 r
[3] who also applied to the Harmonic series to get the finite result Z— = —F(a)
on+a
for every positive ‘@’ , this result can be obtained imposing the condition that the

measured quantities should not depend on the value of A so ¢, (-s+1,A)=0
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