The Hardy-L.ittlewood prime k-tuple conjecture is false

Chun-Xuan Jiang
P. O. Box 3924, Beijing 100854, P. R. China
Jiangchunxuan@vip.sohu.com

Abstract

Using Jiang function we prove Jiang prime k-tuple theorem. We prove that the
Hardy-Littlewood prime k-tuple conjecture is false. Jiang prime k-tuple theorem
can replace the Hardy-Littlewood prime k -tuple conjecture.
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(A) Jiang prime k -tuple theorem [1, 2].
We define the prime k -tuple equation

p’p+ni' (1>

where 2|n;,i=1---k-1.
we have Jiang function [1, 2]
Jo(@) =TI(P—1- % (P)), (2)

where = 1;[ P, x(P) isthe number of solutions of congruence

k-1
E[l(q+ni)so (mod P), q=1,---,p-1. (3

If y(P)<P-1 then J,(w)=0. There exist infinitely many primes P such that
each of P+n. is prime. If y(P)=P-1 then J,(w)=0. There exist finitely many
primes P such that each of P+n, is prime. J,(®) is a subset of Euler function
#(@)[2]

If J,(w) =0, then we hae the best asymptotic formula of the number of prime P [1,
2]
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7 (N,2) =|{P <N:P+n, = prime}| ~



#@) =1(P-1),

CK) ﬂpl(l—%j{l-%jk (5)

Example 1. Let k=2, P, P +2, twin primes theorem.

From (3) we have

2(2)=0, y(P)=1if P>2, (6)
Substituting (6) into (2) we have

Jz(a))=£[3(P—2)¢0 (7

There exist infinitely many primes P such that P +2 is prime. Substituting (7) into
(4) we have the best asymptotic pormula

7, (N,2) =[{P <N :P+2= prime}|~ 211 (L~ (Pfl)z) |ogN2 = (8)
Example 2. Let k=3,P,P+2,P+4.
From (3) we have
2(2)=0, x(3)=2 (9
From (2) we have
J,(w)=0. (10)

It has only a solution P=3, P+2=5, P+4=7.0neof P,P+2,P+4 isalways
divisible by 3.

Example 3. Let k=4, P,P+n,where n=2,6,8.

From (3) we have

7(2)=0, (3) =1, z(P)=3 if P>3. (11)

Substituting (11) into (2) we have
Jy(@)=I1(P—-4)=0, (12)

There exist infinitely many primes P such that each of P+n is prime.
Substituting (12) into (4) we have the best asymptotic formula

) 21 _PP-4) N
7,(N,2)=|{P <N :P-+n= prime}| T P-1 Tog' N (13)

Example 4. Let k=5, P, P+n,where n=2,6,8,12.



From (3) we have
2(@2)=0, (3 =1, y(5)=3, y(P)=4 if P>5 (14)
Substituting (14) into (2) we have
Jz(a)):FEI?(P—S);tO (15)

There exist infinitely many primes P such that each of P +n is prime. Substituting
(15) into (4) we have the best asymptotic formula

gn (P-5P* N

75(N,2) =[{P <N :P+n= prime}| ~ 2 P Tog N (16)
Example 5. Let k=6, P, P+n,where n=2,6,812,14.
From (3) and (2) we have
2(2)=0, x(3)=1 x(5)=4, J,(5)=0 (1

It has only a solution P=5, P+2=7, P+6=11, P+8=13, P+12=17,
P+14=19.0neof P+n isalways divisible by 5.

(B) The Hardy-Littlewood prime k -tuple conjecture[3-8].
We define the prime k -tuple equation

P,P+n (18

where 2|n;,i=1--k-1.

In 1923 Hardy and Littlewood conjectured the asymptotic formula

_ . N
nk(N,z)z\{PgN.Pmi:pnme}\~H(k)Iog—kN, (19
where
—k
H (K) :n(l—@j[l—lj (20)
P P P
v(P) is the number of solutions of congruence
k-1
fll(quni)EO (modP), q=1---,P. (21

From (21) we have v(P)<P and H(k)=0. For any prime Kk -tuple equation there
exist infinitely many primes P such that each of P +n. is prime, which is false.
Conjectore 1. Let k=2, P, P+2, twin primes theorem

Frome (21) we have



v(P)=1 (22)

Substituting (22) into (20) we have
H(2)=TT—— (23)
PP-1

Substituting (23) into (19) we have the asymptotic formula
P N

N,2)=jP<N:P+2=prime{|~ [l ——— (24)
72'2( ) ‘{ p }‘ b P_llogz N
which is false see example 1.
Conjecture 2. Let h=3,P,P+2,P+4.
From (21) we have

v(2)=1 v(P)=2 if P>2 (25)
Substituting (25) into (20) we have

2 —
HE =4 P P2 (26)
P>3 (P_]_)
Substituting (26) into (19) we have asymptotic formula
2 —
7,(N,2) =[{P <N :P+2= prime, P+4= prim}| ~ 411 P(Ffpl)f) | N3 v (27)
> — Og
which is false see example 2.
Conjecutre 3. Let k=4, P,P+n,where n=2,6,8.
From (21) we have
v(2) =1, v(3) =2, v(P)=3 if P>3 (28)
Substituting (28) into (20) we have
3 f—
H@ =2l P(P=3) (29)
2 P3 (P-1)

Substituting (29) into (19) we have asymptotic formula

_ _ o 27 _ P¥(P-3) N
7z4(N,2)_‘{P£N.P+n_prlme}‘ 7P1‘>13 P Tog' N (30)

Which is false see example 3.
Conjecture 4. Let k=5, P,P+n,where n=2,6,812
From (21) we have

v(2)=1 v(3) =2, v(5)=3, v(P)=4 if P>5 (3D



Substituting (31) into (20) we have

HE) =2 - Lf) (32)
4 P 5 (P-1)
Substituting (32) into (19) we have asymptotic formula
4 4 _
7r5(N,2)=‘{PsN:P+n:prime}‘~%l‘[P (P :1) N5 (33)
4> p>5 (P-1)" log” N
Which is false see example 4.
Conjecutre 5. Let k=6, P, P+n,where n=2,6,812,14.
From (21) we have
v(2) =1, v(3)=2, v(5)=4, v(P)=5 if P>5 (34)
Substituting (34) into (20) we have
5 5
HE) =2 PO (35)
28 p>5 (P —1)°
Substituting (35) into (19) we have asymptotic formula
5 _ 5
ﬂa(N,Z):‘{PSN:P+n:prime}‘~%l‘[(P 5)F6) N6 (36)
27 P5 (P-1)" log” N
which is false see example 5.
Conclusion. The Hardy-Littlew conjecture is false. Jiang prime

k -tuple theorem can replace Har k -tuple Conjecture.
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