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Preface

A combinatorial map is a connected topological graph cellularly embedded in a
surface. As a linking of combinatorial configuration with the classical mathematics,
it fascinates more and more mathematician’s interesting. Its function and role in
mathematics are widely accepted by mathematicians today.

On the last century, many works are concentrated on the combinatorial prop-
erties of maps. The main trend is the enumeration of maps, particularly the rooted
maps, pioneered by W. Tutte, and today, this kind of papers are still appeared on
the journals frequently today. All of those is surveyed in Liu’s book [33]. To deter-
mine the embedding of a graph on surfaces, including coloring a map on surfaces
is another trend in map theory. Its object is combinatorialization of surfaces, see
Gross and Tucker [22], Mohar and Thomassen [53] and White [70], especially the
[53] for detail. The construction of regular maps on surfaces, related maps with
groups and geometry is a glimmer of the map theory with other mathematics.

In fact, maps as a kind of the decomposition of surfaces, should be given more
attention to its role in surfaces theory, such as the Riemann surfaces, Klein surfaces
and manifolds theory. As a simple case of the general manifolds, we know that
Riemann surfaces have become a source of the mathematical creative power. Many
good ideas for the manifolds with higher dimension are inspired by the Riemann
surfaces. The relation of maps with Riemann surfaces has been known in 80s in the
last century. Then how to realization or making combinatorial refinement for the
Riemann surfaces, Riemann geometry and finally, the Smarandache geometries by
maps is a very interesting problem. Unless the enumeration of unrooted maps on
surfaces, more attentions are given to the combinatorial refinement of some famous
results in Riemann surfaces, Klein surfaces and s-manifolds in this book. Although
the results obtained are quite elementary, it is still valuable probe by researchers,
especially, those of mathematicians in combinatorics, Klein surfaces or Smarandache
geometries.

Now we outline the main contents in each chapter.

Chapter 1 is preliminary. We introduce the conceptions of Klein surfaces,

Smarandache geometries, maps and the semi-arc automorphism group of a graph.
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A relation for maps and Smarandache manifolds (abbreviated s-manifolds) and a
scheme for the enumeration of unrooted maps are established in this chapter. The
last section determines the relation of the number of embeddings and rooted maps
of a graph on genus. A general equation for the total genus polynomial and rooted
total map polynomial is found in this section.

As a combinatorial model of the Klein surfaces and s-manifolds, Chapter 2 con-
cerns the automorphisms of a map, a Klein surface and an s-manifold. The voltage
map in the topological graph theory is defined by algebraic and some common results
are reproved under this definition. Conditions for a group being that of a map are
gotten in the first two sections. A combinatorial refinement of the Hurwitz theorem
in Riemann surfaces, and similar results for the Klein surfaces and s-manifolds are
obtained in the Section 3. The Section 4 concerns the order of an automorphism
of Klein surfaces and s-manifolds by maps, which is an interesting problem for re-
searchers in the Klein surfaces and Smarandache geometries. The results gotten in
this section are better than those of results already known.

Chapter 3 presents a necessary and sufficient condition for a group of a graph
being that of a map. This chapter also give all concrete representation of automor-
phisms of maps underlying a complete graph, a semi-regular graph and a bouquet,
which is difficult in the researching of Klein surfaces.

Chapter 4 is concentrated on the enumeration of unrooted maps and s-manifolds
by applying the results obtained in the previous chapters. The enumeration prob-
lem of unrooted maps on surfaces is generally recognized a difficult problem. The
unrooted complete maps, the semi-regular maps and one face maps on orientable
and non-orientable surfaces are enumerated in this chapter. The last section gives
an elementary classification for the closed s-manifolds by maps.

The last chapter presents some open problems related to the Riemann geometry
and Smarandache geometries for the combinatorial maps. Although it is called
open problems, in fact, any solution for one of these problems needs to establish
a new mathematical system first. But as soon as the system has been established,
the contribution of combinatorics to classical mathematics, such as, the Riemann
geometry and Smarandache geometries is realized. Those are the wish of mine, and
they are also the main problems considered by me in the following times.

The main part of this book is my post-doctor report in the Chinese Academy
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of Sciences in 2005. Many colleagues and friends of mine have given me enthusiastic
support and endless helps in preparing this book. Without their helps, this book
will never appears. Here I must mention some of them. On the first, I would like to
give my sincerely thanks to Professor Feng Tian for his encouraging and invaluable
helps and to professor Yanpei Liu introduced me into the filed of combinatorial map
theory. Thanks are also given to Professor Mingyao Xu, Professor Yanxun Chang,
Professor Xiaodong Hu, Professor Han Ren, Professor Rongxia Hao, Professor Weili
He and Erling Wei for their kindly helps and often discussing problems in mathe-
matics altogether. Of course, I am responsible for the correctness all of the material

presented here. Any suggestions for improving this book are welcome.

L.F.Mao
AMSS, Beijing
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Chapter 1 Preliminary

All surfaces are 2-dimensional compact manifolds without boundary, graphs are
connected, possibly with loops or multiple edges and groups are finite in the context.
For terminology and notation not defined in this book can be seen in [33], [34] and

[35] for graphs and maps and in [6], [73] for groups.

81. Klein surface and s-manifold

1.1 Definitions

1.1.1 Definition of a Klein surface

The notion of Klein surface is introduced by Alling and Greenleaf [2] in 1971
concerned with real algebraic curves, correspondence with that of Riemann surface
concerned with complex algebraic curves. For introducing this concept, it is need
to enlarge analytic functions to those of dianalytic functions first.

Now let f : A — C be a mapping. Write z =z + iy, 2,y € R,i = /—1,Z =
v — iy and f(2) = u(x,y) + iv(z,y) f(2) = u(z,y) — iv(x,y)for certain functions
u,v: A— R.

A mapping f : A — C is analytic on A if 2L = 0 (Cauchy-Riemann equation)
and is antianlytic on A if % =0.

A mapping f is said to be dianalytic if its restriction to every connected com-
ponent of A is analytic or antianalytic.

Now we can formally define a Klein surface.

A Klein surface is a Hausdorff, connected, topological space S together with a
family > = {(U;, ¢;) |i € I} such that the chart {U;|i € I} is an open covering of
S, each map ¢; : U; — A; is a homeomorphism onto an open subset A; of C or

CT={z€C:Imz>0} and the transition functions

Gij = Qi; - o;(U;(U;) — ¢:(U; (N U;).
are dianalytic.

The family >" is said to be a topological atlas on S.
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The boundary of S is the set

0S = {x € S|there existsi € [,x € U, p;(x) € R
and ¢;(U;) CC}.

The existence of Klein surfaces is obvious, for example, a Riemann surface is
a Klein surface viewed as an orientable surface with empty boundary and > to be

analytic functions. Whence, we have the following relation:

{Riemann Sufaces} C {Klein surfaces}.

The upper half plane H = {z € C|Imz > 0} with {(U; = H,¢; = 1)} and the
open unit disc D = {z € C||z| < 1} with {(U; = d,¢; = 1p)} in C are two Klein
surfaces with empty boundary and analytic structures.

If £(S),g(S) and x(S) are the number of connected components of 95, the

topological genus and the Euler characteristic of a surface S, then we have that

Theorem 1.1.1([2])

(5) = 2 —2¢(S) — k(9), if S is orientable,
X 2 —g(S) —k(S). if Sis non — orientable.

1.1.2 Definition of a Smarandache geometry

By the history, we know that classical geometries include the Euclid geom-
etry, the hyperbolical geometry and the Riemann’s geometry. Each of the later
two is proposed by denial the 5th postulate for parallel lines in the Euclid postu-
lates of geometry. The Smarandache geometries is proposed by Smarandache in
1969 ([61]), which is a generalization of the classical geometries, i.e., the Euclid,
Lobachevshy-Bolyai-Gauss and Riemannian geometries may be united altogether in
the same space, by some Smarandache geometries. These last geometries can be
either partially Euclidean and partially Non-Euclidean, or Non-Euclidean. It seems
that the Smarandache geometries are connected with the Relativity Theory (because
they include the Riemann geometry in a subspace) and with the Parallel Universes

(because they combine separate spaces into one space) too([32]).
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In [61], Smarandache defined several specific types of Smarandache geometries,
such as the paradozist geometry, the non-geometry, the counter-projective geometry
and the anti-geometry. He also posed a question on the paradoxist geometry, i.e.,
find a nice model on manifolds for this paradoxist geometry and study some of its
characteristics.

An axiom is said smarandachely denied if in the same space the axiom behaves
differently (i.e., validated and invalided; or only invalided but in at least two district
ways).

A Smarandache geometry is a geometry which has at least one smarandachely
denied axiom!* . At present, the Smarandache manifolds (abbreviated s-manifolds)
are the central object discussed in the Smarandache geometries today. More results
for the Smarandache geometries can be seen in the references [4], [16],[27] —[28], [32]
and [58] — [59] etc..

The idea of an s-manifold was based on a hyperbolic paper in [69] and credited
to W.Thurston. A more general idea can be found in [59]. According to the survey
[27] of H.Iseri, an s-manifold is combinatorially defined as follows:

An s-manifold is any collection C(T,n) of these equilateral triangular disks
T;, 1 <1 <n satisfying the following conditions:

(i) Each edge e is the identification of at most two edges e;, e; in two distinct
triangular disks T;,T;,1 < i,j <n and ¢ # j;

(ii) Fach vertex v is the identification of one vertex in each of five, siz or seven
distinct triangular disks.

The vertices are classified by the number of the disks around them. A vertex
around five, six or seven triangular disks is called an elliptic vertezr, a Euclid vertex
or a hyperbolic vertex, respectively.

An s-manifold is called closed if the number of triangular disks is finite and each
edge is shared by exactly two triangular disks, each vertex is completely around by
triangular disks. It is obvious that a closed s-manifold is a surface and its Euler

characteristic can be defined by the Theorem 1.1.1.

1.2 Classification of Klein surfaces and s-manifolds

A morphism between the Klein surfaces S and S’ is a continuous map f : S — S’

L Also see www.gallup.unm.edu/~ samrandache/geometries.htm
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such that f(05) C 05’ and given s € S, there exist chart (U, ¢) and (V, ) at s and
f(s) respectively, and an analytic function F': ¢(U) — C such that

([ (5)) = (F((s))),

where, ® : C — C* : x +iy — x +i|y| is a continuous map.

An automorphism of a Klein surface S is an 1 — 1 morphism f : S — S. It has
been known that for a given Klein surface S, the set AutS of automorphisms of S
forms a group with respect to the composition operation and AutH = PGL(2, R).

Let I' be a discrete subgroup of AutH. We say that I' is a non-euclidean
crystallographic group( shortly NEC group) if the quotient H/IT" is compact.

More results can be seen in [11]. Typical results for automorphisms of a Klein

surface S are as follows.

Theorem 1.1.2([11]) Let S be a compact Klein surface, g = g(S) and k = k(S),
then
(i) there exists an NEC group I" such that AutS = Nq(I')/T", where Q = AutH.
(ii) if S satisfies the condition 2g + k > 3 if S is orientable and g+ k > 3 if S

is non-orientable, then AutS is finite.

Similarly, two s-manifolds C;(7",n) and Cy(T,n) are called to be isomorphic if
there is an 1 — 1 mapping 7 : C;(T,n) — Co(T,n) such that for VT, Ty € C; (T, n),

T(Tl ng) = T(T1> ﬂT(Tg)
If Ci(T,n) = C(T,n) = C(T,n), 7 is called an automorphism of the s-manifold
C(T,n). All automorphisms of an s-manifold form a group under the composition

operation, called the automorphism group of an s-manifold C(T,n), denoted by
AutC(T, n).

§2. Map and embedding of a graph on surface

2.1 Graphs

Combinatorially, a graph I' is a 2-tuple (V, E) consists of a finite non-empty

set V' of vertices together with a set E of unordered pairs of vertices, i.e., E C
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V x V([22],[35],[70]). Often denoted by V(I'), E(I') the vertex set and edge set of
the graph I.

The cardinal numbers of |V| and |E| are called the order and the size of the
graph I.

We can also obtain a representation of a graph I' representing a vertex u by a
point p(u), p(u) # p(v) if u # v and an edge (u,v) by a curve connecting the points
p(u) and p(v) on the plane.

For example, the graph in the Fig. 1.1

u v
E'C1 82
® w
0
CONEE -
T e

Fig 1.1

is a graph I' = (V, E) with V' = {u, v, w, z} and

E ={(u,u), (v,v), (w,w), (z, x), (u,v), (v,w), (w,z), (z,u)}.

A walk of a graph I is an alternating sequence of vertices and edges u1, 1, us, €2,
e en, U, With e; = (uj, u;1q1) for 1 <4 < n. The number n is the length of the
walk. If u; = u, .1, the walk is said to be closed, and open otherwise. For example,
uejveswegwesreswesv is a walk in the graph of the Fig. 1.1. A walk is called a trail
if all its edges are distinct and a path if all the vertices are distinct. A closed path
is said to be a circuit.

A graph I' is connected if there is paths connecting any two vertices in this
graph and is simple if any 2-tuple (u,v) € E(I') C V(') x V(I') appears once at
most and u # v.

Let I' be a graph. For Yu € V(I'), the neighborhood N{(u) is defined by
NE(u) = {v|(u,v) or (v,u) € E(I")}. Its cardinal |[Ng(u)]| is called the valency of the
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vertex u in the graph I', denoted by pr(u). By the enumeration of edges, we know

the following result
> u € V(D)pr(u) =2|E(I)].

2.2 The embedding of a graph on surfaces

A map on a surface S is a kind of partition S which enables us to obtain
homeomorphisms of 2-cells {(z,y)[z* + y* < 1,z,y € R} if we remove from S all
the curves used to partite S. There is a classical result for the partition of a surface
gotten by T.Radé in 1925.

Theorem 1.2.1([52]) For any compact surface S, there exist a triangulation {7T;,i >
1} on S.

This theorem is fundamental for the topological graph theory, which enables us
to discussion a surface combinatorially.

For any connected graph I' = (V(I'), E(I")) and a surface S, an embedding of
the graph I' in the surface S is geometrical defined to be a continuous 1 — 1 mapping
7:I' — S. The image 7(I") is contained in the 1-skeleton of a triangulation of the
surface S. If each component in S — 7(I') homeomorphic to an open disk, then the
embedding is said a 2-cell embedding, where, components in S — 7(I") are called
faces. All embeddings considered in this book are 2-cell embeddings.

Let I" be a graph. For v € V(I'), denote by Nf(v) = {e1,e2,- -, €y} all the
edges incident with the vertex v. A permutation on ey, ey, -+, €, is said a pure
rotation. All pure rotations incident a vertex v is denoted by p(v). A pure rotation

system of the graph I' is defined to be

p(I') = {o(v)[v € V(I')}

and all pure rotation systems of the graph I" is denoted by o(T).
The first characteristic for embedding of a graph on orientable surfaces is found
by Heffter in 1891 and formulated by Edmonds in 1962, states as follows.

Theorem 1.2.2([17]) Every pure rotation system for a graph I' induces a unique
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embedding of T into an orientable surface. Conversely, every embedding of a graph

I' into an orientable surface induces a unique pure rotation system of I".

According to this theorem, we know that the number of orientable embeddings
of a graph I is [[,ey(r)(p(v) — 1)L

The characteristic for embedding of a graph on locally orientable surface is used
by Ringel in the 1950s and gave a formal proof by Stahl in 1978(]22][62]).

From the topological theory, embedded vertex and face can be viewed as disk,
and an embedded edge can be viewed as an 1-band which is defined as a topological
space B together with a homeomorphism h : I x [ — B, where I = [0, 1], the unit
interval.

Define a rotation system pZ(I") to be a pair (J,\), where J is a pure rotation
system of I'; and A : E(I') — Z5. The edge with A(e) = 0 or A(e) =1 is called type
0 or type 1 edge, respectively. The rotation system of a graph I' are defined by

o" (D) = {(T, MIT € o), A : E(T) — Zy}.
Then we know that

Theorem 1.2.3(]22][62]) Every rotation system on a graphI' defines a unique locally
ortentable embedding of I' — S. Conversely, every embedding of a graph I' — S

defines a rotation system for I.

For any embedding of the graph I, there is a spanning tree T" such that every
edge on this tree is type 0([43]). Whence the number of embeddings of a graph I'

on locally orientable surfaces is

20 T (p(v) - 1)!

veV(I)

and the number of embeddings of I' on the non-orientable surfaces is

@0 —1) [ (p(v) = 1)L

veV(I)
The following result is the Euler-Poincaré formula for an embedding of a graph

on surface.

Theorem 1.2.4 If a graph I can be embedded into a surface S, then
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v(l) —&(l') + (') = x(5),

where, v(I'),e(I") and ¢(I") are the order, size and the number of faces of the graph
I, and x(S) is the Euler characteristic of the surface S:

(9) = 2 —2p, if S is orientable,
X 2—yq, if Sisnon— orientable.

2.3. Map and rooted map on surface

In 1973, Tutte gave an algebraic representation for an embedding of a graph on
locally orientable surface ([66], which transfer a geometrical partition of a surface
to a kind of permutation in algebra.

According to the summary in [33], a map M = (X, 3, P) is defined to be a
basic permutation P, i.e, for any x € X, 5, no integer k exists such that P*z = axz,
acting on X, 5, the disjoint union of quadricells Kx of x € X (the base set), where

K ={1,«,8,a8} is the Klein group, satisfying the following two conditions:

(Ci) aP =P la;
(Cii) the group V; =< o, 3, P > is transitive on X, s.

For a given map M = (X, 3, P), it can be shown that M* = (X3, Paf) is
also a map, call it the dual of the map M. The vertices of M are defined as the
pairs of conjugatcy orbits of P action on X, s by the condition (C%) and edges the
orbits of K on X, g, for example,Vx € X, g, {z, ax, Bz, oSz} is an edge of the map
M. Define the faces of M to be the vertices in the dual map M*. Then the Euler
characteristic x(M) of the map M is

X(M) = v(M) — e(M) + (M)

where,v(M),e(M), ¢p(M) are the number of vertices, edges and faces of the map M,
respectively.
For example, the graph K, on the tours with one face length 4 and another 8 |

shown in the Fig. 1.2, can be algebraic represented as follows:
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A map (X, 3, P) with X, s = {z,y, 2, u,v,w, az, ay, az, au, ov, aw, fz, By, 5z,
Bu, fv, fw, afz, afy, aBz, afu, afv, afw} and

P = (z,y,2)(afz,u,w)(afz,abfu,v)(afy, afv, afw)

The four vertices of this map are {(x, y, 2), (ax, az, ay)}, {(afz, u, w), (Bz, aw, au)},

{(az, 0P, v), (B2, a, Bue)} and {(aBy, afv, afw), (By, fu, Bv)} and six edges are
{e,ae, fe,afe}, where, e € {z,y,z,u,v,w}. The Euler characteristic x(M) is
X(M)=4—6+2=0.

Fig 1.2

Geometrically, an embedding M of a graph I" on a surface is a map and has an
algebraic representation. The graph I' is said the underlying graph of the map M
and denoted by I' = I'(M). For determining a given map (X, g, P) is orientable or

not, the following condition is needed.

(Ciii) If the group ¥ =< af,P > is transitive on X, 3, then M is non-

orientable. Otherwise, orientable.

It can be shown that the number of orbits of the group ¥; =< af,P > in
the Fig.1.1 action on X, 3 = {z,y,2,u,v,w, oz, ay, az, au, v, ow, S, By, Bz, fu,
Bu, Bw, afx, afy, afz, afu, afv,afw} is 2. Whence, it is an orientable map and
the genus of the surface is 1. Therefore, the algebraic representation is correspondent

with its geometrical mean.
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A rooted map M? is a map M such that one quadricell x € &, 5 is marked
beforehand, which is introduced by Tutte in the enumeration of planar maps. The
importance of the root is to destroy the symmetry in a map. That is the reason why

we can enumerate rooted maps on surfaces by combinatorial approaches.

2.4. Classification maps and embeddings of a graph on surfaces

2.4.1 Equivalent embeddings of a graph

From references, such as, [22],[70], etc., two embeddings (J1, A1), (Ja2, A2) of
I' on an orientable surface S are called equivalent if there exists an orientation-
preserving homeomorphism 7 of the surface S such that 7: J; — Js, and 7A = A7.
If (J1,M) = (J2,22) = (J,N), then an orientation-preserving homeomorphism
mapping (J1, A1) to (J2, A2) is called an automorphism of the embedding (7, \).
Certainly, all automorphisms of an embedding form a group, denoted by Aut(7, ).

Enumerating the non-equivalent orientable embeddings of a complete graph
and a complete bipartite graph are considered by Biggs, White, Mull and Rieper
et al in [6], [54] — [55]. Their approach is generalized in the following Section 2.3.2
for enumerating non-equivalent embeddings of a given graph on locally orientable

surface in the view of maps on surfaces.

2.4.2 Tsomorphism of maps

Two maps M; = (X, 3,P1) and My = (X7 3, P2) are said to be isomorphic if

there exists a bijection &

§: X5 — Xdg

such that for Vo € X 5,

{a(z) = af(x),£B(x) = BE(z) and {Pi(z) = Paé(2).
Call ¢ an isomorphism between My and Ms. If My, = My = M, then an isomorphism
between M; and Ms is called an automorphism of M. All automorphisms of a map
M form a group, called the automorphism group of M and denoted by AutM.
Similarly, two rooted maps M7, Mj are said to be isomorphic if there is an

isomorphism 6 between them such that 6(x) = y. All automorphisms of a rooted
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map M" also form a group, denoted by AutM". It has been known that AutM" is
trivial ([33]).

Using isomorphisms between maps, an alternative approach for determining
equivalent embeddings of a graph on locally orientable surfaces can be gotten, which
has been used in [43], [49]—[50] for determining the number of non-equivalent embed-
dings of a complete graph, a semi-regular graph and a Cayley graph I' = Cay(G : 5)
with Autl’ = R(G) x H, is defined as follows.

For a given map M underlying a graph I, it is obvious that AutM|r < Autl.
We extend the action Vg € Autl’ on V(') to &, g, where X = E(I'), as follows:

Vo € X, p, if 29 =y, then define (ax)? = ay, (6)? = Py and (afx)? = afy.

Two maps (embeddings) M;, M, with a given underlying graph I" are equivalent
if there exists an isomorphism (¢ between them induced by an element £. Call ¢ an
equivalence between M, My. Certainly, on an orientable surface, an equivalence

preserve the orientation on this surface.

Theorem 1.2.5 Let M = (X, g, P) be a map with an underlying graph I', Vg € Autl.
Then the extend action of g on X, 3 with X = E(I') is an automorphism of map M
iff Yv e V(M), g preserves the cyclic order of v.

Proof Assume that ( € AutM is induced by the extend action of an automor-
phism g in ', u,v € V(M) and w9 = v. Not loss of the generality, we assume
that

U= (21,22, Tp)) (QTpgu), - - -, T2, OT7)

v = (yh Yz, yp(v)>(ayp(v)7 T, QYo, ay1).

Without loss of generality , we can assume that

(:L'l,l'2, c 'axp(u))g = (ylayQa T 'ayp(v))7

that is,

(g(I1)>g(x2)a T >g(xp(u))) = (ylay2> e '>yp(v))'

Whence, g preserves the cyclic order of vertices in the map M.
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On the other hand, if the extend action of g € Autl' on &, 3 preserves the cyclic
order of each vertex in M, ie., Yu € V(I'),3v € V(I') such that u9 = v. Assume
that

ueV (M)
Then
PI = H ud = H v="P.
weV (M) veV (M)
Therefore, the extend action of g on X, g is an automorphism of the map M. f

2.5 Maps as a combinatorial model of Klein surfaces and s-manifolds

2.5.1 The model of Klein surfaces

Given a complex algebraic curve, it is a very important problem to determine its
birational automorphisms. For curve C of genus g > 2, Schwarz proved that Aut(C)
is finite in 1879 and Hurwitz proved |Aut(C)| < 84(g — 1)(see [18] ). As observed by
Riemann, groups of birational automorphisms of complex algebraic curves are the
same as the automorphism groups of the compact Riemann surfaces. The latter can

be combinatorially dealt with the approach of maps.

Theorem 1.2.6([8][29]) If M is an orientable map of genus p, then AutM is iso-

morphic to a group of conformal transformations of a Riemann surface of genus

p-

According to the Theorem 1.1.2, the automorphism group of a Klein surface
has the same form as a Riemann surface. Similar to the proof of the Theorem 5.6

in [29], we can get a result similar to the Theorem 1.2.6 for Klein surfaces.

Theorem 1.2.7 If M is a locally orientable map of genus q, then AutM is isomorphic

to a group of conformal transformations of a Klein surface of genus q.

Proof By a result in [8], AutM = Np(A)/A, Where T =< a,b,c|a? = b* = ¢* =
(ba)? = (ac)™ = (cb)" =1 >, A < T and T can be realized by an automorphism
group of a tessellation on the upper plane, A a NEC' subgroup. According to the
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Theorem 1.1.2, The underlying surface S of M has S = H/A with 2 = AutH =
PGL(2,R) being the automorphism group of the upper half plane H. Since T' < ),
we know that AutM = Np(A)/A < Nq(A)/A, isomorphic to a group of conformal
transformations of the Klein surface S = H/G. b

2.5.2 The model of closed s-manifolds

For a closed s-manifold C(7', n), we can define a map M by V(M) = {the vertices in
C(T,n)}, E(M) = {the edges in C(T,n)} and F(M) ={T,T € C(T,n)}. Then, M
is a triangular map with vertex valency € {5,6,7}. On the other hand, if M is a
triangular map on surface with vertex valency € {5, 6,7}, we can define C(T, ¢(M))
by

C(T, (M) ={fIf € F(M)}.
Then, C(T, ¢(M)) is an s-manifold. Therefore, we get the following result.
Theorem 1.2.8 Let C(i\n), M(T,n) and M*(T,n) be the set of s-manifolds with
n triangular disks, triangular maps with n faces and vertex valency € {5,6,7} and
cubic maps of order n with face valency € {5,6,7}. Then
(i) There is a bijection between M(T,n) and C(i\n);
(73) There is also a bijection between M*(T,n) and C(fn)

83. The semi-arc automorphism group of a graph with application to

maps enumeration

3.1 The semi-arc automorphism group of a graph

Let I' be a graph with vertex set V(I') and edge set E(I'). By the definition,
an automorphism of I' on V(I') U E(I") is an 1 — 1 mapping (£, n) on I" such that

V(I —-Vv(I), n: EI) — E(),

satisfying that for any incident elements e, f, (£,1)(e) and (£, n)(f) are also incident.
Certainly, all automorphisms of a graph I' form a group, denoted by Autl'.
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Now an edge e = uv € E(I') can be divided into two semi-arcs e,,e,. Call u
the root vertex in the semi-arc e,. Two semi-arc e,, f, are said incident if u = v
or e = f. The set of all semi-arcs of a graph I' is denoted by X 1 (T'). A semi-arc
automorphism of a graph, first appeared in [43] and then applied to the enumeration

rooted maps on surfaces underlying a graph I in [46], is defined as follows.

Definition 1.3.1 An 1 — 1 mapping £ on X%(F) such that Ve, f, € X%(F), £(ew)
and &(f,) are incident if e, and f, are incident, is called a semi-arc automorphism
of the graph T'.

All semi-arc automorphisms of a graph also form a group under the composition
operation, denoted by Aut 1 I', which is more important for the enumeration of maps
on surfaces underlying a graph and by the discussion of the Section 2, which is
also important for determine the conformal transformations on a Klein surface.
The following table lists semi-arc automorphism groups of some well-known graphs,

which give us some useful information for the semi-arc automorphism groups, for
example, Aut%Kn =5, but Aut%Bn = Sp[S2] # AutB,,.

r Aut%F order
Ky, Sn n!
Kyn(m #n) S X Sy, mln!
Knn S5[Sn] 2n!?
B, Sy [Sa] 27n)!
Dp, Sy X Sy, 2n!
DpP (k #1) | SalSk] X Sy x Sy[S)] | 26 nlkll!
Dpf{k Sy x Sp x (So[Sk])? | 22k +In!lk!?
table 3.1

Here, Dp, is a dipole graph with 2 vertices, n multiple edges and Dp®! is a general-
ized dipole graph with 2 vertices, n multiple edges, and one vertex with k& bouquets
and another, [ bouquets. Comparing the semi-arc automorphism groups in the sec-
ond column with automorphism groups of graphs in the first column in table 3.1,
it is easy to note that the semi-arc automorphism group are the same as the auto-
morphism group in the first two cases. In fact, it is so by the following Theorem
1.3.1.



Chapter 1  Preliminary 15

For Vg € Autl', there is also an induced action g|% on X%(F), g: X
(I"), as follows:

) —
X

1
2

Ve, € X% (F)v g(eu) = (g(e>g(u)’

All induced action of the elements in Autl’ on X 1 (T') is denoted by AutI'|z. Notice
that

Autl’ = Autl'| 2,

We have the following result.

Theorem 1.3.1 For a graph I without loops,

Aut, T = AutT'[2.

Proof By the definition, we only need to prove that for V¢ 1€ Aut 1 re=¢ 1 Ir €
Autl' and §1 = ¢|2. In fact, for any Ve,, f, € X%(F), where, e = wv € F(I') and
f=xye EI),if

g% (eu) = f$7
then by the definition, we know that

5% (ev) = fy-
Whence, &1 (e) = f. That is, {1]r € Autl.
Now since there is not a loop in I', we know that & 1 l[r = idr if and only if
5% = idr. Therefore, S% is induced by §%|p on X%(F), that is,

Aut, T = Autl'[2.

Notice that for a given graph T, X% (') = A&, if we equal e, to e and e, to fe
for an edge e = uv € E(T).
For a given map M = (&, 3, P) underlying a graph I', we have known that

AutM|r < Autl', which made us to extend the action of an automorphism g of
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the graph I' on X, 3 with X = E(I') to get automorphisms of a map induced by

automorphisms of its underlying graph. More detail, we can get the following result.

Theorem 1.3.2 Two maps My = (Xa 5, P1) and My = (X, 3, P2) underlying a graph
I' are

(i) equivalent iff there is an element ( € Aut%F such that PS¢ = Py and

(it Jisomorphic iff there is an element € Aut,I" such that Pf =P, or PS =
Pyt

Proof By the definition of equivalence between maps, if £ is an equivalence
between M; and Ms, then k is an isomorphism between M; and M; induced by an

automorphism ¢ € Autl’. Notice that

Autll = AutF|% < Aut%F.

Whence, we know that + € Aut %F.

Now if there is a ¢ € Aut%F such that P{ = P, then Ve, € X%(F), ((ey) =
¢(e)¢(z)- Now assume that e = (z,y) € E(I'), then by our convention, we know that
if e, = e € &, 3, then e, = fe. Now by the definition of an automorphism on the
semi-arc set X%(F), if ((e;) = fu, where f = (u,v), then there must be ((e,) = f,.
Notice that X%(F) = Xjs. We know that ((e,) = ((Be) = 6f = f,. We can also
extend the action of ¢ on X%(F) to X, 3 by ((ce) = a(e). Whence, we know that
Ve € X, .

ag(e) = Cale), B¢(e) = ¢Ble) and Pf(e) = Pa(e).
Therefore, the extend action of ( on &, 3 is an isomorphism between the map M,
and Ms. Whence, ( is an equivalence between the map M; and M. So the assertion
in (7) is true.

For the assertion in (47), if there is an element ( € Aut%F such that Pf = P,
then the map M; is isomorphic to M. If P = P; !, then Pt* = P,. The map M,
is also isomorphic to M. This is the sufficiency of (ii).

By the definition of an isomorphism & between maps M; and M, we know that

Vo € Xaﬂ,

ab(x) = Ea(w), BE(x) = E(x) and Pi(z) = Pa(x).
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By the convention, the condition

BE(x) = £B(x) and Pf(x) = Py(z).

is just the condition of an automorphism & or e on X 1 (T"). Whence, the assertion

in (47) is also true. b

3.2 A scheme for enumerating maps underlying a graph

For a given graph I', denoted by £9(I"), EV(T") and £X(T) the sets of embeddings
of T" on the orientable surfaces, on the non-orientable surfaces and on the locally
orientable surfaces, respectively. For determining the number of non-equivalent
embeddings of a graph on surfaces and non-isomorphic unrooted maps underlying a
graph, another form of the Theorem 1.3.2 using the group action idea is need, which

is stated as follows.

Theorem 1.3.3 For two maps My = (Xa 5, P1) and My = (X, 5, P2) underlying a
graph T, then

(i) My, My are equivalent iff My, My are in one orbits of Aut%F action on
Xo(T);

(it) My, My are isomorphic iff My, My are in one orbits of Aut%Fx < a >

action on X, 5.

Now we can established a scheme for enumerating the number of non-isomorphic
unrooted maps and non-equivalent embeddings in a given set of embeddings of a

graph on surfaces by using the Burnside Lemma as the following.

Theorem 1.3.4 For a given graph T, let £ C EX(T), then the numbers n(E,T) and
n(E,T) of non-isomorphic unrooted maps and non-equivalent embeddings in € are

respective

WET) = T [ay(9)

Q‘Autér‘ gEAut%F

where, ®1(g) = {P|P € € and PY =P or PI* =P} and
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1
N=—— P

g€Aut I’
2

where, ®o(g) = {P|P € € and P9 = P}.

Proof  Define the group H = Aut 1 I'x < a >. Then by the Burnside Lemma
and the Theorem 1.3.3, we get that

1
n(&,I) = H > [@(g)l;
‘ | geEH
where, ®1(g) = {P|P € £ and P! = P}. Now [H| = 2|Aut,'|. Notice that if
P9 = P, then P9* = P, and if P9* = P, then PY # P. Whence, ®1(g) NP1 (ga) = 0.

We have that

NCH y p— T W]

2|AUt%P| gEAut%F

where, ®1(g) = {P|P € £ and Py =P or PI* = P}.

A similar proof enables us to obtain that

1
n(€, ) = Pa(g)l;
€0 = ey, 2 [9400)
where, ®o(g) = {P|P € € and P9 = P}. h

From the Theorem 1.3.4, we get the following results.

Corollary 1.3.1 The numbers n°(T),n™¥(T) and n™(T) of non-isomorphic unrooted
ortentable maps ,non-orientable maps and locally orientable maps underlying a graph

I' are respective

1
O = Y o0 (13)
2|Aut%1—‘| gEAut%F
1
() == > &'l (1.32)
2|Aut%F| gEAut%F
1
(D) =g > [21(9)l,  (1.3.3)
2|Aut%1—‘| gehutyT
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where, ®9(g) = {P|P € E°(T') and P9 =P or P9* =P}, YV (g) = {P|P € EN(T)
and P9 =P or P9 =P}, &L(g) = {P|P € EL(T) and PI =P or P9 = P}.

Corollary 1.3.2 The numbers n°(T),n™ (') and n“(T") of non-equivalent embeddings

of a graph I on orientable ;non-orientable and locally orientable surfaces are respec-

tive
1
O o
n (') = 25 (9);  (1.3.4)
|Autér| gegéf‘ ’
1
N N
n(I) = 125 (9);  (1.35)
|AUt%F‘ g@A%lF ?
2
1

> 125(9)l,  (1.3.6)

geAut 1 I’
2

L
F p—
n(D) [Aut, T

where, ®F(g) = {P|P € E°(T) and PI = P}, &Y (g) = {P|P € EN(T) and PI =
P}, 5 (g) = {P|P € EL(T) and P9 = P}.

For a simple graph I, since Aut %F = Autl’ by the Theorem 1.3.1, the formula
(1.3.4) is just the scheme used for counting the non-equivalent embeddings of a
complete graph, a complete bipartite graph in the references [6], [54] — [55], [70]. For
an asymmetric graph I', that is, Aut 1 I' = idr, we get the numbers of non-isomorphic
maps underlying a graph I' and the numbers of non-equivalent embeddings of the
graph I' by the Corollary 1.3.1 and 1.3.2 as follows.

Theorem 1.3.5 The numbers n°(T), n™¥(T') and n™(T) of non-isomorphic unrooted
maps on orientable, non-orientable surface or locally surface with an asymmetric

underlying graph I' are respective

and
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n() = "7 =) T (p(v) = 1)L,

veV(T)
where, 3(T') is the Betti number of the graph I.
The numbers n°(T), ™ (T') and n*(T) of non-equivalent embeddings of an asym-

metric underlying graph I' are respective

and

84. A relation among the total embeddings and rooted maps of a

graph on genus

4.1 The rooted total map and embedding polynomial of a graph

For a given graph I with maximum valency > 3, assume that r;(I"), 7(I"),7 > 0
are respectively the numbers of rooted maps with an underlying graph I' on the
orientable surface with genus v(I') +¢ — 1 and on the non-orientable surface with
genus J(I') + ¢ — 1, where v(I') and J(I') denote the minimum orientable genus
and minimum non-orientable genus of the graph I', respectively. Define its rooted
orientable map polynomial r[I'|(x) , rooted non-orientable map polynomial 7[I'|(x)

and rooted total map polynomial R[I'|(x) on genus by:
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and

RI)(z) =Y _ry(T)z' + > _m(T)a"

i>0 i>1

The total number of orientable embeddings of I is [] (d — 1)! and non-
deD(T)

orientable embeddings is (2°M —1) T[] (d—1)!, where D(I') is its valency sequence.

deD(T)
Now let g;(I") and g;(I'), ¢ > 0 respectively be the number of embeddings of I on

the orientable surface with genus v(I') +7—1 and on the non-orientable surface with
genus Y(I') + ¢ — 1. The orientable genus polynomial g[U'|(x) , non-orientable genus

polynomial g[I'|(z) and total genus polynomial G[I'|(x) of ' are defined by

g[T)(x) = gi(T)a",

gll(x) = gﬁz(F)xi

and

G[[)(z) = >_ gDz’ +>_ G0z~

>0 i>1
The orientable genus polynomial ¢g[I'|(x) is introduced by Gross and Furst in
[23], and in [19], [23] —[24], the orientable genus polynomials of a necklace, a bouquet,
a closed-end ladder and a cobblestone are determined. The total genus polynomial is
introduced by Chern et al. in [13], and in [31], recurrence relations for the total genus
polynomial of a bouquet and a dipole are found. The rooted orientable map polyno-
mial is introduced in [43] — [44], [47] and the rooted non-orientable map polynomial
in [48]. All the polynomials r[I'|(z), 7[I'](z), R[['|(x) and ¢[I'|(z), g[I'](z), G[I'](z) are
finite by the properties of embeddings of I" on surfaces.
Now we establish relations of r[I'|(z) with g¢[['|(x), F[['}|(xz) with g[T'](z) and
R[I'|(z) with G[I'|(z) as follows.

Lemma 1.4.1([25][45]) For a given map M, the number of non-isomorphic rooted

maps by rooting on M is

4e(M)
|AutM|’
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where (M) is the number of edges in M.

Theorem 1.4.1  For a given graph T,

[Aut; P|r[[](x) = 2e(T)g[I'](x),

[Aut T[] (x) = 2e(T)g[l'](x)

and

[Aut PIR[I](x) = 2¢(I)G[I'](x),

where Aut%F and £(I") denote the semi-arc automorphism group and the size of ',

respectively.

Proof For an integer k, denotes by My (I, S) all the non-isomorphic unrooted
maps on an orientable surface S with genus v(I') + k£ — 1. According to the Lemma
1.4.1, we know that

4e(M)
MeM,,(T,S) |AutM]|

4¢(T) [Aut I'x <o > |
|Aut M |

|Aut%FX <a> ‘ MeM,(T,S)

Aut; I'x<a>

Since |Aut%F>< <a>|= |(Aut%F>< <a>)yl||lM oz | and |(Aut%F X
< a >) | = |AutM|, we have that

re(l) = 4e(0) > M

[AutiI'x < o> | MeM,,(T,S)

2e(I) gk ()
|Aut%F| ’

Aut 'x<a>
2

Therefore, we get that

|Aut%1"|r[l"](x) = |Aut%l"| > n(T)x

i>0
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= > |Aut, [r(D)x’

i>0
= D 2e(I)gi(l)a" = 2¢(I)g[L](x).
i>0
Similarly, let M(F , §) be all the non-isomorphic unrooted maps on an non-
orientable surface S with genus 5(I') + k& — 1. Similar to the proof for orientable

case, we can get that

4e(T Aut:I'x < o >
() = () Auts |
[Aut: I'x <a>| &= _ |Aut M |
2 MeM(T,S)
4e(T) Auti Ix<a>
M
|[Aut:1 I'x < a > | EN‘ ’ |
2 MeM(T,S)
2e(I)gr(T)
|Aut%F| .
Therefore, we also get that
mmgmmwzzgmmgmmf
= > 2e(I)gi(T)a" = 2¢()g[I](x).
i>0

Notice that

RI)(z) =>_ry(D)a" +>_ m(T)a™

i>0 i>1

and

Gl)(z) =>_ gD’ + > gz

i>0 i>1

By the previous discussion, we know that for k > 0,

_ 2¢([)gr(T)

ri(I) = |Aut%l"| _ 2Wall)

Therefore, we get that
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|Aut%F|R[F](X) = |Aut1F| > on(D)x + ) §(T)

i>0 i>1
= Z\Aumf\rl X' +Z\Autlf\rl( )X~
>0 i>1
= > 2e(D)g(D)’ + > 2e(D)gi(D)z™" = 2¢(I)GI().
i>0 i>0
This completes the proof. f

Corollary 1.4.1 Let be I a graph and s > 0 be an integer. If r4(T') and gs(I") are
the numbers of rooted maps underlying the graph I' and embeddings of I' on a locally

ortentable surface of genus s, respectively, then
\Aut%F\rs(F) = 2¢(I)gs(T).

4.2 The number of rooted maps underlying a graph on genus

The Corollary 1.4.1 in the previous section can be used to find the implicit
relations among r[I'](x), 7[I'](x) or R[['|(x) if the implicit relations among g[I'](x),
gll'](z) or GI'|(x) are known, and vice via.

Denote the variable vector (xy, za,---) by X,

g(l') = (-++,92(1), (1), 9o(), g1.(I'), g2(T), - - -).
The r(I') and g(I') are called the rooted map sequence and the embedding sequence
of the graph T.
Define a function F(x,y) to be y-linear if it can be represented as the following

form

F(X,}j) = f(Ilax2a"') + h(Ilax2> Zyz + l 1’1,1’2, Z A
el AeO

where, I denotes a subset of index and O a set of linear operators. Notice that
f(z1,29,--) = F(x,0), where 0 = (0,0, ---). We have the following general result.
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Theorem 1.4.2 Let G be a graph family and H C G. If their embedding sequences
g(I'), I € H, satisfies the equation

Fy(z, g(I')) =0, (4.1)
then its rooted map sequences ('), I’ € H satisfies the equation
P |Aut%m
e ooyt

and vice via, if the rooted map sequences r(I'),T" € H satisfies the equation

) =0,

Fy(z, (")) =0, (4.2)

then its embedding sequences g(I'),I" € H satisfies the equation

P, %g(r» ~0.

2e(T)
|Autl F| ’
2

If the embedding sequences g(I'),I" € ‘H satisfies the equation (4.1), then

Even more, assume the function F(z,y) is y-linear and I' € H is a constant.

Fyy(z, (1)) = 0,

where Fgy(z,y) = F(z, y) + (205

g(I'), I € H satisfies the equatfon (4.2), then

—1)F(z, 0) and vice via, if its rooted map sequence

Ffy(z, g(I')) = 0.
).

Proof According to the Corollary 1.4.1 in this chapter, for any integer s > o
and ' € 'H, we know that

|Autll—“
2

where Fy = F(z,y) + (W

—1)F(z,

[Aut; Tlry(T) = 22(I)gu(T).

Whence,

2¢(T)
o) = Crry 9:0)
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and

\AutlF\
gs(I') = 2= rs(T

Therefore, if the embedding sequences g(I'), I' € H satisfies the equation (4.1),

then

" ‘Aut%F|
s oy
and vice via, if the rooted map sequences r(I'),I" € H satisfies the equation (4.2),

) =0,

then

2¢(1)
’ |Aut%F|

Now assume that Fy(x,y) is a y-linear function and has the following form

Fr(x

g(I) =0.

Fu(x,y) = f(z1,20,+ ) + h(z,20,--) Y yi + Wzi,22,--) D Aly),
iel A€O

where O is a set of linear operators. If Fy(x,g(I')) = 0, that is

f(xl,QUQ,"') + h’ x17x27 Z gl + l x17x27 ) Z A(g(r)) :07
icI,TeH ACO,TEH
we get that
S A I o
X1, Lo, " + L1, Lo, " r;
iciren 2e(I)
I )y A o
_|_ xh :1;27 [P r = U.
A€OTEH 2e(I)

Since A € O is a linear operator and | A . )1“| I' € H is a constant, we also have

|Aut%F|h r
flovan) 4 pfrhlanre) 32 n(D
|Aut11“|
= l(xlux% T ) Z A(E(F» = 07

_'_
2¢(T) AEOTEH
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that is,

2¢(1)
|Aut%F|

f(z, 29, ) + h(x1, 29, - ) Z ri(T) + (2, 29, - +) Z A(x(T)) = 0.

iel,I'eH AeO'eH

Therefore, we get that

Similarly, if

then we can also get that

This completes the proof. b

Corollary 1.4.2 Let G be a graph family and H C G. If the embedding sequence
g(I') of a graph I' € G satisfies a recursive relation

> ali,D)gi(I) =0,

ieJTeH
where J is the set of index, then the rooted map sequence r(I') satisfies a recursive

relation

a(i, )| Aut, T
2e(T)

D

ieJ,'eH

I) =0,
and vice via.

A typical example of the Corollary 1.4.2 is the graph family bouquets B,,,n >
1. Notice that in [24], the following recursive relation for the number g,,(n) of
embeddings of a bouquet B, on an orientable surface with genus m for n > 2 was

found.

(n+1)gm(n) = 4(2n —1)(2n = 3)(n — 1)*(n = 2)gm-1(n — 2)
+ 4(2n—1)(n — 1)gm(n —1).
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and with the boundary conditions

gm(n) =01if m <0 or n < 0;

90(0) = go(1) = 1 and g, (0) = gn(1) = 0 for m > 0

90(2) =4,91(2) =2, 9,n(2) = 0 for m > 1.

Since |Aut 1 B,| = 2"n!, we get the following recursive relation for the number

rm(n) of rooted maps on an orientable surface of genus m underlying a graph B,, by
the Corollary 1.4.2

(n* —=1D(n—2)rnn) = 2n—1)2n—=3)(n—1)*(n — 2)rm_1(n —2)
+ 22n—1)(n—1)(n —2)rp(n —1),

and with the boundary conditions
rm(n) =0if m <0 or n < 0;
r0(0) = ro(1) = 1 and r,,(0) = 7,,(1) = 0 for m > 0;
ro(2) = 2,71(2) = 1,9m(2) =0 for m > 1.

Corollary 1.4.3 Let G be a graph family and H C G. If the embedding sequences
g(I'), I € G satisfies an operator equation

> AyD) =0,

A€OTeH
where O denotes a set of linear operators, then the rooted map sequences r(I'),I" € H

satisfies an operator equation

‘Aut%m
) =0

D

AeOT'eH

and vice via.

Let 0 = (01,04, --,0;) F 2n, ie., Ek: 8; = 2n with positive integers 6;. Kwak
and Shim introduced three linear opejr;cors ['© and A to find the total genus
polynomial of the bouquets Bp,n > 1in [31], which are defined as follows.

Denotes by zy and Ze = 1/z¢ the multivariate monomials H zp, and 1/ H 20,5
where 0 = (01,05, -,0x) F 2n. Then the linear operators T', @ and A are deﬁned
by
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and

A = Y 200,020 4 (2024

1<i<j<k ~0;%0; £0;%0;
Denotes by i[B,](z;) the sum of all monomial z, or 1/zy taken over all embed-

dings of B,, into an orientable or non-orientable surface, that is

iBa(2) = Y io(Ba)za + 3 0(Bu)zg s

OF2n OF2n

where, ig(B,,) and 44(B,) denote the number of embeddings of B, into orientable

and non-orientable surface of region type 6. They proved in [31] that

~

iBui](2) = (T + 6 + AYi[Bul(z) = (T +© + A) (= + 22).

z2
and

G[Bpii](x) = (' + 06 + A)”(Zi2 + Z%)|zj:x for j>1 and (C¥)-
Where, (Cx) denotes the condition
(Cx): replacing the power 1 +n —2i of x by i if i > 0 and —(1 +n+1i) by —i
if 1 <0.
Since
Ay Bl o

2¢(B,)  2n
and ', O, A are linear, by the Corollary 1.4.3 we know that

= 2" n —1)!

(T + 0 + A)i[B](%)

R[By1(x) = ] |2=a for j>1 and (Cx)
(T +O+A)"(4 +27)
= s zj=x for j>1 and (Cx)-
[T 2kk!

k=1
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For example, calculation shows that

41 42 22
R[Bs|(z) = e + = + — + 5 + 10z;

and

488 690 304 93
R[B4](ZL’) - ? + ? + ? + ; + 14+ 70!13' + 211’2.



Chapter 2 On the Automorphisms of a Klein Surface
and a s-Manifold

Many papers concerned the automorphisms of a Klein surface, such as,[1], [15],
[26], [38] for a Riemann surface by using Fuchsian group and [9] — [10], [21] for a
Klein surface without boundary by using NEC' groups. Since maps is a natural
model for the Klein surfaces, an even more efficient approach is, perhaps, by using
the combinatorial map theory. Establishing some classical results again and finding

their combinatorial refinement are the central topics in this chapter.

81. An algebraic definition of a voltage map

1.1 Coverings of a map

For two maps M = (X, g, P) and M = (X, 3, P), call the map M covering the
map M if there is a mapping 7 : Xp 5 — X, 5 such that Vo € X, g,

ar(z) = ra(z), fr(x) = 7f(z) and 7P(z) = Pr(z).

The mapping 7 is called a covering mapping. For Vo € X, 3, define the quadricell
set m1(x) by

7Y (x) = {Z|7 € (X, and 7(Z) = z}.

We have the following result.

Lemma 2.1.1 Let 7 : )?a,ﬁ — X, be a covering mapping. Then for any two
quadricells x1, x5 € X, ,
(i) |7~ an)| = |m = (2) .

(ii) If x1 # @9, then 7= (z) N7 (x2) = 0.

Proof (i) By the definition of a map, for z1, x5 € X, 3, there exists an element

o€V, =<a,(,P > such that x5 = o(x7).
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Since 7 is an covering mapping from M to M , it is commutative with «a, § and

P. Whence, 7 is also commutative with ¢. Therefore,

7 (a2) =7 (o (21)) = o} (21)).

Notice that 0 € ¥ is an 1 — 1 mapping on X, 5. Hence, |7 (z1)| = |7~ (x2)|.

(1) If 21 # x and there exists an element y € 7= (z1) N7 ' (xs), then there
must be x; = 7(y) = 2. Contradicts the assumption. h

The relation of a covering mapping with an isomorphism is in the following

theorem.

Theorem 2.1.1 Let 7 : )AC';,[; — X, 3 be a covering mapping. Then 7 is an isomor-

phism iff ™ is an 1 — 1 mapping.

Proof If 7 is an isomorphism between the maps M = (5(;5,75) and M =
(X,,P), then it must be an 1 — 1 mapping by the definition, and vice via. b
A covering mapping 7 from M to M naturally induces a mapping 7* by the

following condition:

Ve e Xyp,9 € AutM, 7 - g — mgm ().

We have the following result.

Theorem 2.1.2 [f 7 : 5(;5 — X, s a covering mapping, then the induced mapping

*

7™ 1s a homomorphism from AutM to AutM.

Proof First, we prove that for Vg € AutM and z € X, 5, 7*(g) € AutM.
Notice that for Vg € AutM and z € X, 4,

mgr ! (z) = w(gn () € Ko

and V1,29 € Xy, if 1 # xy, then mgr!(x1) # mgn '(x3). Otherwise, assume
that

7rg7r_1(:cl) = ﬂgﬂ_l(atg) =19 € X5,

then we have that z; = mg~'m~!(z¢) = 2. Contradicts to the assumption.

By the definition, for x € X, 3 we get that
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m*a(r) = mgrta(z) = rgar ! (z) = ragr ' (z) = argr ! (z) = an*(x),

T B(x) = mgn ' B(x) = mgBr (x) = wPgr ' (x) = Brgr(z) = B ().

Notice that 7(P) = P. We get that

mP(z) = mgn P(z) = mgPrH(x) = 7Pgn (x) = Prgr~'(z) = Pr*(x).

Therefore, we get that mgr—! € AutM, ie., 7* : AutM — AutM.
Now we prove that 7* is a homomorphism from AutM to AutM. In fact, for
Yag1,92 € AutM, we have that

™(g192) = m(q1g2)7 " = () (mgam ™) = 7 (91)7* (g2)-

Whence, 7* : AutM — AutM is a homomorphism. f

1.2 Voltage maps

For creating a homomorphism between Klein surfaces, voltage maps are exten-
sively used, which is introduced by Gustin in 1963 and extensively used by Youngs
in 1960s for proving the Heawood map coloring theorem and generalized by Gross
in 1974 (][22]). Now it already become a powerful approach for getting regular maps
on a surface, see [5], [7], [56] — [57], [65]], especially, [56] — [57]. It often appears as an
embedded voltage graph in references. Notice that by using the voltage graph the-
ory, the 2-factorable graphs are enumerated in [51]. Now we give a purely algebraic
definition for voltage maps, not using geometrical intuition and establish its theory

in this section and the next section again.

Definition 2.1.1 Let M = (X, 3,P) be a map and G a finite group. Call a pair
(M, V) a voltage map with group G if ¥ : X, — G, satisfying the following condi-
tion:

(i) Vo € X, 5,9 (ax) = J(z),(afz) = I(Bx) =9 (x);
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(ii) VF = (z,y,--,2)(Bz,---, By, Bx) € F(M), the face set of M, 9(F) =
z)I(y)---9(2) and < I(F)|F € F(u),u € V(M) >= G, where, F(u) denotes all

the faces incident with the verter u.

For a given voltage graph (M, 1), define

Xaﬁugﬁ = Xa,g x G

,Pﬁ - H H(zy,yg>'"azg)(azg>"'aaygaazg)a

(xvyvvz)(azyvayya‘r)ev(M) geG

and

619 = H (24, (ﬁx)gﬁ(w))-

2€X, 3,9€C
where, we use u, denoting an element (u, g) € X, 3 X G.

It can be shown that M7 = (Xao g0, P?) also satisfying the conditions of a map
with the same orientation as the map M. Hence, we can define the lifting map of a

voltage map as follows.

Definition 2.1.2 For a voltage map (M, V) with group G, the map M” = (X2 5, P")
is called its lifting map.
For a vertex v = (C)(aCa™') € V(M), denote by {C} the quadricells in the

cycle C'. The following numerical result is obvious by the definition of a lifting map.

Lemma 2.1.2 The numbers of vertices and edges in the lifting map MY are respective
v(M?) = v(M)|G| and e(M?) =e(M)|G|

Lemma 2.1.3 Let F' = (C*)(aC*a™) be a face in the map M. Then there are
|G|/o(F) faces in the lifting map M? with length |F|o(F) lifted from the face F,

where o( F') denotes the order of [] 9(x) in the group G.
ze{C}
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Proof Let F' = (u,v---,w)(fw,---, v, fu) be a face in the map M and k is
the length of F'. Then, by the definition, for V¢ € GG, the conjugate cycles

(C*)7 = (Ugs Vga(u)s "+ Uga(F)s Vgd(F)u)s * * * s Wai(F)2s " " * Wy go(F)—1 ()

B(tg, Uggiuy, -+ * s Uga(F)s Vga(FYou) s * * » Waa(F)2s -+ > Wogotm—1(py) B

is a face in M? with length ko(F). Therefore, there are |G|/o(F) faces in the lifting
map MV. altogether. .
Therefore,we get that

Theorem 2.1.3 The Euler characteristic x(MV) of the lifting map M? of the voltage
map (M, G) is
1
X(MY) = |GIO(M) + - >0 (=14 ),
meO(F(M))
where O(F(M)) denotes the order o(F') set of the faces in M.

Proof According to the Lemma 2.1.2 and 2.1.3, the lifting map M? has |G|v(M)

vertices, |Gle(M) edges and |G| >° L faces. Therefore, we get that
meO(F(M))

X(MY) = v(M") —e(M") + ¢(M")

= [Glv(M) —|Gle(M)+ |G| > %
meO(F(M))
= G~ o0+ > )
meO(F(M))
= [GIx(M)+ > (—1+%)), .
meO(F(M))

§2. Combinatorial conditions for a group being that of a map

Locally characterizing that an automorphism of a voltage map is that of its
lifting is well-done in the references [40] — [41]. Among them, a typical result is the

following:
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An automorphism ¢ of a map M with voltage assignment ¥ — G is an auto-
morphism of its lifting map MY if for each face F with 9(F) = 1g, 9(¢(F)) = 1g.

Since the central topic in this chapter is found what a finite group is an automor-
phism group of a map, i.e., a global question, the idea used in the references [40]—[41]

are not applicable. New approach should be used.

2.1 Combinatorial conditions for an automorphism group of a map

First, we characterize an automorphism group of a map.
A permutation group G action on € is called fized-free if G, = 15 for Vx € Q.
We have the following.

Lemma 2.2.1 Any automorphism group G of a map M = (X, g, P) is fized-free on
Xog-

Proof For Vx € X, g,since G = AutM, we get that G, < (AutM),. Notice that
(AutM), = 1g. Whence, we know that G, = 14, i.e., G is fixed-free. b
Notice that the automorphism group of a lifting map has a obvious subgroup,

determined by the following lemma.

Lemma 2.2.2 Let M? be a lifting map by the voltage assignment ¥ : X, 53 — G.
Then G is isomorphic to a fized-free subgroup of AutM? on V(M?).

Proof For Vg € G, we prove that the induced action g* : X0 go — X, go by
g* iz, — g, is an automorphism of the map M.

In fact, g* is a mapping on X, go and for Vo, € X go, we get g* 1 141, — .

Now if for xp,y; € Xyo g0, 2n # yy, we have that ¢g*(zn) = ¢*(yy), that is,
Zgh = Ygf, Dy the definition, we must have that x = y and gh = gf, i.e., h = f.
Whence, ), = yy, contradicts to the assumption. Therefore, g* is 1 — 1 on X,» go.

We prove that for x, € &X,» go, g* ia commutative with a?, 3” and PY. Notice
that

g a’z, = g (ax), = (ax) gy = axgy, = ag*(z,);

9* 8% () = g" (B)us(@) = (B2)guotz) = BTguia) = 0 (2gu) = 879" ()
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and

= g* H H(xuayua T '>Zu)(azua T 'aayu>axu)(xU)
(z,y, %) (az,,ay,az)EV (M) ueG

= 9 Yy = Ygu

= H H (Tgus Ygus * *» Zgu) (WZgus * * * 5 OYgus OTgu,) (Tgu)
(z,y,2)(az, - ay,ax)eV (M) gueG

= Prg) = P9 ().

Therefore, g* is an automorphism of the lifting map M?.
To see g* is fixed-free on V (M), choose Yu = (xp, yn, - - -, zn) (azn, - - -, ayp, axy) €
V(M),h €qG. If g*(u) = u, ie.,

(xghu Yghy* " s Zgh)(azgha c o, QYgh, OéIgh) = (SCh, Yhy vy Zh)(OéZh, c, QYp, Oéxh)-

Assume that z,, = wy,, where wy, € {xp, yn, - -, 20, 0Tp, Qyp, - - -,z }. By the
definition, there must be that x = w and gh = h. Therefore, g = 14, i.e., Vg € G,
g* is fixed-free on V(M).

Now define 7 : ¢* — ¢g. Then 7 is an isomorphism between the action of
elements in G on X,» 30 and the group G itself. f

According to the Lemma 2.2.1, given a map M and a group G =< AutM, we
can define a quotient map M /G = (X, 3/G,P/G) as follows.

Ko/ G = {2z € Xog},

where 2 denotes an orbit of G action on X, 5 containing z and

P/G: H (xG>yG>'")("WO‘yGaO‘ZEG%

(@,y,2)(az, - ay,az) €V (M)
since G action on &, s is fixed-free.
Notice that the map M may be not a regular covering of its quotient map M/G.
We have the following theorem characterizing a fixed-free automorphism group of a
map on V(M).



Chapter 2 On the Automorphisms of a Klein Surface and a s-Manifold 38

Theorem 2.2.1 An finite group G is a fized-free automorphism group of a map
M = (X, 5, P) on V(M) iff there is a voltage map (M/G,G) with an assignment
¥ Xop/G — G such that M = (M/G)’.

Proof The necessity of the condition is already proved in the Lemma 2.2.2. We
only need to prove its sufficiency.

Denote by 7 : M — M /G the quotient map from M to M/G. For each element
of 771(z%), we give it a label. Choose x € 7 1(z%). Assign its label | : © — 21,
i.e., l(x) = x1,. Since the group G acting on X, 5 is fixed-free, if u € 77 *(z%) and
u = g(z),9 € G, we label u with I(u) = x,. Whence, each element in 7~!(z) is
labelled by a unique element in G.

Now we assign voltages on the quotient map M/G = (X, 3/G, P/G). If fz =
y,y € 7 1(y%) and the label of y is l(y) = y;,h € G, where, I(y*) = 1¢g, then
we assign a voltage h on 2% i.e., 9(x%) = h. We should prove this kind of voltage
assignment is well-done, which means that we must prove that for Vo € 7~ 1(z%)
with [(v) = j,j € G, the label of fv is [(fv) = jh. In fact, by the previous labelling
approach, we know that the label of fuv is

[(Bv) = U(Bgx) = l(gfz)
= lgy) = l(ghy™) = gh.
Denote by M’ the labelled map M on each element in X, 5. Whence, M' = M.

By the previous voltage assignment, we also know that M is a lifting of the quotient
map M /G with the voltage assignment 9 : X, 3/G — G. Therefore,

M = (M/G).

This completes the proof. b
According to the Theorem 2.2.1, we get the following result for a group to be

an automorphism group of a map.

Theorem 2.2.2 If a group G,G = AutM, is fized-free on V (M), then

CM/G) + X (14 ) = x(M),
meO(F(M/G))
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Proof By the Theorem 2.2.1, we know that there is a voltage assignment 1 on
the quotient map M /G such that

M = (M/G).
Applying the Theorem 2.1.3, we know the Euler characteristic of the map M is

1
X(M) = GIx(M/G)+ 3, (=14 —).
meO(F(M/G))
Theorem 2.2.2 has some useful corollaries for determining the automorphism

group of a map.

Corollary 2.2.1 If M is an orientable map of genus p, G =< AutM is fized-free on
V(M) and the quotient map M /G with genus 7, then

2p — 2
G| = )
<] 2y-2+ ¥ (1-2)
meO(F(M/G))
Particularly, if M/G is planar, then
2p — 2
G| = .
= 1=
meO(F(M/G))

Corollary 2.2.2 If M is a non-orientable map of genus q, G < AutM 1is fized-free
on V(M) and the quotient map M /G with genus ¢, then

q—2

-2+ ¥ (1-2%)
meO(F(M/G))

Gl =

Particularly, if M /G is projective planar, then

q—2

1+ > (1=
meO(F(M/G))

Gl = =

By applying the Theorem 2.2.1, we can also calculate the Euler characteristic
of the quotient map, which enables us to get the following result for a group being

that of a map.
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Theorem 2.2.3 If a group G,G < AutM, then

XM+ > (12u(g)l + [Rs(9)]) = |GIX(M/G),

9€G.9#1a
where, ®,(g) = {vjv € V(M),v? = v} and @f(g) = {f|f € F(M), f9 = f}, and if
G is fixed-free on V(M), then

X(M)+ >0 124(g)| = IGIX(M/G).

9€G,9#1¢

Proof By the definition of a quotient map, we know that

O, (M/G) = orb, (G |G|g€2|<b
and
¢r(M/G) = orbs (G > 1®s(9)
‘G| geG

by applying the Burnside Lemma. Since G is fixed-free on X, g by the Lemma 2.1,
we also know that
e(M)
G|~
Applying the Euler-Poincaré formula for the quotient map M /G, we get that

e(M/G) =

Sl gy 5100

geG geqG
- + = x(M/G).
o e toqer WY
Whence, we have
D 1Pu(g)] = (M) + 3 |®4(9)] = |GIx(M/G).
geG geqG

Notice that v(M) = |®,(1¢)], ¢(M) = |P(1s)| and v(M) —e(M)+¢(M) = x(M).
We know that

X(M)+ > (12u(g)l + [Rs(9)]) = |GIX(M/G).

9€G,9#1¢
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Now if G is fixed-free on V(M), by the Theorem 2.1, there is a voltage as-
signment 1 on the quotient map M/G such that M = (M/G)”. According to the

Lemma 2.1.2, we know that

v(M)
v(M/G) = ——.
/) =
Whence, ¥ |®,(9)]=v(M)and > (|P,(g)| = 0. Therefore, we get that
geG 9€G,g#1¢
X(M)+ >0 (@)l = [GIx(M/G). 4
9€G,g#1¢

Consider the properties of the group G on F(M), we get the following interest-

ing results.

Corollary 2.2.3 If a finite group G, G = AutM is fized-free on V(M) and transitive
on F(M), for example, M is reqular and G = AutM, then M /G is an one face map

and

X(M) = [G[(x(M/G) — 1) + ¢(M)
Particularly, for an one face map, we know that

Corollary 2.2.4 For an one face map M, if G, G < AutM is fized-free on V (M),
then

X(M) = 1= |G|(x(M/G) = 1),
and |G|, especially, |AutM| is an integer factor of x(M) — 1.

Remark 2.2.1 For an one face planar map, i.e., the plane tree, the only fixed-free

automorphism group on its vertices is the trivial group by the Corollary 2.4.

2.2 The measures on a map

On the classical geometry, its central question is to determine the measures on
the objects, such as the distance, angle, area, volume, curvature, . ... For maps being
a combinatorial model of Klein surfaces, we also wish to introduce various measures

on a map and enlarge its application filed to other branch of mathematics..
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2.2.1 The angle on a map

Foramap M = (X, 3, P), x € X, 3, the permutation pair {(z, Pz), (ax, P azx)}
is called an angle incident with x, which is introduced by Tutte in [66]. We prove
in this section that any automorphism of a map is a conformal mapping and affirm
the Theorem 1.2.7 in Chapter 1 again.

Define an angle transformation © of angles of a map M = (X, g, P) as follows.

0= ][ (z,Pz).

SCEXQ,L;

Then we have

Theorem 2.2.4 Any automorphism of a map M = (X, g, P) is conformal.

Proof By the definition, for Vg € AutM, we know that

ag = ga, g = gf and Pg = gP.

Therefore, for Vo € X, g, we have

Og(x) = (g(x), Pg(z))

and

99(z) = g(z, Px) = (9(x), Pg(x))-

Whence, we get that for Vo € A, 3, Og(z) = ¢gO(x). Therefore, we get that
Og = gO.i.e., gOg~ ! =06.

Since for Vz € X, 3, 909 (z) = (g(z), Pg(z)) and O(x) = (x, P(x)), we have
that

(9(z), Py(x)) = (z, P(x)).
That is, g is a conformal mapping. il

2.2.2 The non-Euclid area on a map

For a given voltage map (M, G), its non-Euclid area pu(M,G) is defined by
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p(M,G) = 2m(—x(M)+ ¥ (14 )
meO(F(M))

Particularly, since any map M can be viewed as a voltage map (M, 1), we get the

non-Euclid area of a map M

p(M) = p(M,1g) = =2mx(M).

Notice that the area of a map is only dependent on the genus of the surface.

We know the following result.

Theorem 2.2.5 Two maps on one surface have the same non-Euclid area.

By the non-Euclid area, we get the Riemann-Hurwitz formula in Klein surface

theory for a map in the following result.

Theorem 2.2.6 If G < AutM is fized-free on V (M), then

(M)
= ey

where 9 is constructed in the proof of the Theorem 2.2.1.

Proof According to the Theorem 2.2.2, we know that

_ —x(M)
i ER SR G
meO(F(M))
_ —2mx (M) _u) !
M+ s () G0

As an interesting result, we can obtain the same result for the non-Euclid area

of a triangle as the classical differential geometry.

Theorem 2.2.7([42]) The non-Euclid area p(A) of a triangle A on a surface S with

internal angles 0,60, 0 is

w(A)=n+60+o—m.
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Proof According to the Theorem 1.2.1 and 2.2.5, we can assume there is a
triangulation M with internal angles 7,6, 0 on § and with an equal non-Euclid area

on each triangular disk. Then

PM)u(A) = p(M) = =2mx(M)
= —2r(w(M) —e(M) + ¢(M)).

Since M is a triangulation, we know that

Notice that the sum of all the angles in the triangles on the surface S is 2wv(M),
we get that

p(M)u(A) = =2r(w(M)—e(M)+d(M)) = (2v(M) — ¢(M))m
B(M)
= Z[(U+9+J)—7r]:gb(M)(n—i—@—i—a—ﬂ).

i=1

Whence, we get that

p(A)=n+60+o—m. b

83. A combinatorial refinement of Huriwtz theorem

In 1893, Hurwitz obtained a famous result for the orientation-preserving auto-
morphism group Aut*S of a Riemann surface S([11][18][22]):

For a Riemann surface S of genus g(S) > 2, Aut™S < 84(g(S) — 1).

We have known that the maps are the combinatorial model for Klein surfaces,
especially, the Riemann surfaces. What is its combinatorial counterpart? What we
can say for the automorphisms of a map?

For a given graph I', define a graphical property P to be its a kind of subgraphs,

such as, regular subgraphs, circuits, trees, stars, wheels, ---. Let M = (&, 3, P) be
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amap. Call a subset A of &, 3 has the graphical property P if the underlying graph
of A has property P. Denote by A(P, M) the set of all the A subset with property
P in the map M.

For refinement the Huriwtz theorem, we get a general combinatorial result in

the following.

Theorem 2.3.1 Let M = (X, 3, P) be a map. Then for VG < AutM,

[v°lv e V(M) | |G

and

G| | |A[lA(P, M),
where, [a,b, -] denotes least common multiple of a, b, - - .

Proof According to a well-known result in the permutation group theory, for
Yo € V(M), we know |G| = |G,||v¥]|. Therefore, [v¢]| | |G|. Whence,

[v%]lv € V(M)] 1 1G].

The group G is fixed-free action on X, 3, i.e., Vo € X, 3, we have |G,| =1 (see
also [28]).

Now we consider the action of the automorphism group G on A(P, M). Notice
that if A € A(P, M), then then Vg € G,A9) € A(P,M), i.e., A C A(P, M). That
is, the action of G on A(P, M) is closed. Whence, we can classify the elements in
A(P, M) by G. For Va,y € A(P, M), define x ~ y if and only if there is an element
g,9 € G such that 29 = y.

Since |G,| = 1, ie., |2°] = |G|, we know that each orbit of G action on X, 5
has a same length |G|. By the previous discussion, the action of G on A(P, M) is
closed, therefore, the length of each orbit of G action on A(P, M) is also |G|. Notice
that there are |A||A(P, M)| quadricells in A(P, M). We get that

GI [ AJLA(P, M)].

This completes the proof. b
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Choose property P to be tours with each edge appearing at most 2 in the map
M. Then we get the following results by the Theorem 2.3.1.

Corollary 2.3.1 Let Try be the set of tours with each edge appearing 2 times. Then
for VG < AutM,
_ = 12
|G| | ([ Trs|, I =1|T| = 5 >1, T €Try).

Let Try be the set of tours without repeat edges. Then

T
|G| | (20|Tri|,l=|T| = ‘2—| >1, TeTr,).
Particularly, denote by ¢(i,j) the number of faces in M with facial length i and

singular edges j, then

where,(a, b, - - ) denotes the greatest common divisor of a,b, - - -.

Corollary 2.3.2 Let T be the set of trees in the map M. Then for VG =< AutM,

G| | 2t 1 = 1),

where t; denotes the number of trees with | edges.

Corollary 2.3.3 Let v; be the number of vertices with valence i. Then for VG <
AutM,

G | (2ivi,i > 1).

Theorem 2.3.1 is a combinatorial refinement of the Hurwitz theorem. Applying

it, we can get the automorphism group of a map as follows.
Theorem 2.3.2 Let M be an orientable map of genus g(M) > 2. Then for VG <
Autt M,

G| < 84(g(M) —1)

and for VG < AutM,
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|G| < 168(g(M) —1).

Proof Define the average vertex valence v(M) and the average face valence

&(M) of a map M by

I/
z>1
d(M ¢( J;J@a

where,v(M),p(M),¢p(M) and ¢; denote the number of vertices, faces, vertices of
valence ¢ and faces of valence j, respectively.
Then we know that v(M)v(M) = ¢(M)p(M) = 2¢(M). Whence, v(M) =

E00 and o(M) =

¢ (M Accordmg to the Euler formula, we have that

v(M) —e(M) + ¢(M) = 2 —29(M),

where,e(M), g(M) denote the number of edges and genus of the map M. We get
that

2(g(M) — 1)
v(M)  $(M)
Choose the integers k = [v(M)] and I = [¢(M)]. We have that

2(g(M) — 1)
(M) < =————+.
(1-2-%)
Because 1 — % — % > 0, S0 k> 3,1l > ,f—_kz Calculation shows that the
2 1

minimum value of 1 — % — 7 is 57 and attains the minimum value if and only if

(k,1) = (3,7) or (7,3). Therefore,
e(M < 42(g(M) —1)).

According to the Theorem 2.3.1 and its corollaries, we know that |G| < 4e(M)
and if G is orientation-preserving, then |G| < 2¢(M). Whence,
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G| < 168(9(M) —1))

and if GG is orientation-preserving, then

G| < 84(g(M) — 1)),
with equality hold if and only if G = AutM, (k,1) = (3,7) or (7,3), b

For the automorphism of a Riemann surface, we have
Corollary 2.3.4 For any Riemann surface S of genus g > 2,
4g(S) + 2 < |Aut™S| < 84(g(S) — 1)
and
8g(S) + 4 < |AutS| < 168(g(S) — 1).

Proof By the Theorem 1.2.6 and 2.3.2, we know the upper bound for |AutS| and
ut . Now we prove the lower bound. We construct a regular map My = (Xg, Pk
Aut*S|. N he 1 bound. Wi 1 M X, P,

on a Riemann surface of genus g > 2 as follows, where £ = 2¢g + 1.

Xk = {xlu To, Tk, T, T2, "+, AT}, ﬁxb 6$2, ) 6xk7 aﬁxla Oéﬂ.]fg, Ty Oéﬂ.]}'k}

Pk = (xlu Ty, Tk, aﬂxlv Oéﬂl'Q, ) aﬂ«rk)<6$k7 ) ﬂflfg, 6$1, ALp, -+, T2, Oél'l).

It can be shown that M, is a regular map, and its orientation-preserving auto-
morphism group Aut™ M, =< P, >. Direct calculation shows that if k = 0(mod2),
M, has 2 faces, and if k = 1, M} is an one face map. Therefore, according to the
Theorem 1.2.6, we get that

|Aut*S| > 2e(M},) > 4g + 2,

and

AutS| > 4e(M,) > 8g +4.
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For the non-orientable case, we can also get the bound for the automorphism

group of a map.

Theorem 2.3.3 Let M be a non-orientable map of genus g'(M) > 3. Then for
VG < Autt M,
Gl < 42(g'(M) - 2)

and for VG < AutM,

|G| < 84(g'(M) —2),

with the equality hold iff M is a regular map with vertex valence 3 and face valence

7 or vice via.

Proof Similar to the proof of the Theorem 2.3.2, we can also get that

e(M < 21(g'(M) —2))
and with equality hold if and only if G = AutM and M is a regular map with vertex
valence 3, face valence 7 or vice via. According to the Corollary 2.3.3, we get that
|G| < 4e(M)

and if G is orientation-preserving, then

|G| < 2e(M).

Whence, for VG < Aut™ M,

|G| < 42(¢'(M) —2)

and for VG < AutM,

|G| < 84(g'(M) - 2),

with the equality hold iff M is a regular map with vertex valence 3 and face valence

7 or vice via. b
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Similar to the Hurwtiz theorem for a Riemann surface, we can get the upper

bound for a Klein surface underlying a non-orientable surface.

Corollary 2.3.5 For any Klein surface K underlying a non-orientable surface of

genus q > 3,

|[Aut™K| < 42(q — 2)

and

|Autk| < 84(q — 2).

According to the Theorem 1.2.8, similar to the proof of the Theorem 2.3.2 and

2.3.3, we get the following result for the automorphisms of an s-manifold as follows.

Theorem 2.3.4 Let C(T',n) be a closed s-manifold with negative Euler characteristic.
Then |AutC(T,n)| < 6n and

|AutC(T,n)| < —21x(C(T,n)),

with equality hold only if C(T,n) is hyperbolic, where x(C(T,n)) denotes the genus
of C(T,n).

Proof The inequality |[AutC (T, n)| < 6n is known by the Corollary 2.3.1. Similar
to the proof of the Theorem 2.3.2, we know that

—x(C(T,n))
e(C(T,n)) = 1_2
37 %
where k = V(Cép ™l > iv; < 7 and with the equality holds only if k£ =7, i.e., C(T,n)
™) >
is hyperbolic. f

84. The order of an automorphism of a Klein surface

Harvey [26] in 1966, Singerman [60] in 1971 and Bujalance [9] in 1983 considered
the order of an automorphism of a Riemann surface of genus p > 2 and a compact

non-orientable Klein surface without boundary of genus ¢ > 3. Their approach is
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by using the Fuchsian groups and N EC groups for Klein surfaces. The central idea
is by applying the Riemann-Hurwitz equation, stated as follows:
Let G be an NEC' graph and G' be a subgroup of G with finite index. Then

1(G')
n(G)
where, (1(G) denotes the non-Euclid area of the group G, which is defined as if

=[G : G,

= (g; :l:; [mlv o '7m7‘]; {(nllwnnlsl)v Ty (nklv te '7nk8>}>

is the signature of the group G, then

i(G) = 2mng + k — 2+Zl—1/ml +1/2ZZl—1/nU

i=1j=1
where, n = 2 if sign(c) = + and n =1 otherwise.

Notice that we have introduced the conception of non-Euclid area for the voltage
maps and have gotten the Riemann-Hurwitz equation in the Theorem 2.2.6 for a
fixed-free on V(M) group. Similarly, we can find the minimum genus of a map,
fixed-free on its vertex set by the voltage assignment on its quotient map and the

maximum order of an automorphism of a map.

4.1 The minimum genus of a fixed-free automorphism

Lemma 2.4.1 Let N = H pit,p1 < p2 < --- < pi be the arithmetic decomposition
of the integer N and m; 2 1,m;|N for i =1,2,--- k. Then for any integer s > 1,

Proof If s = 0(mod2), it is obvious that

° 1 1 1
1-—)>Y(1-—)>(1-=)s
;( m, ; Pl) ( Pl)
Now assume that s = 1(mod2) and there are m;, # p1,j = 1,2,---,1. If the

assertion is not true, we must have that
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1 l 1 1
1——)(1—-1) > 1— > (1——)I
(= =1) > Y- =0
Whence, we get that
1 1 1 1
l——) >1-——)l+1—— >(1——)I.
( Pl) ( p2) b1 ( P1)
A contradiction. Therefore, we have that
5 1 1. s
1——)>2(1——)|=].
N (I

Lemma 2.4.2 For a map M = (X, 3, P) with ¢(M) faces and N = H piipr <
Py < -+ < pg, the arithmetic decomposition of the integer N, there exzsts a voltage
assignment ¥ : X, 3 — Zn such that for VE € F(M), o(F) = py if o(M) = 0(mod2)
or there ezists a face Fy € F(M), o(F) = py forVEF € F(M)\{Fo}, but o(Fp) = 1.

Proof Assume that fi, fo, -, fn, where,n = ¢(M), are the n faces of the map
M. By the definition of voltage assignment, if z, Bx or x, afx appear on one face
fi, 1 <i < n altogether, then they contribute to J(f;) only with 9(z)9~'(z) = 14, .
Whence, not loss of generality, we only need to consider the voltage x;; on the
common boundary among the face f; and f; for 1 < 4,5 < n. Then the voltage

assignment on the n faces are

29(fl) = T12213 * * * T1n,

ﬁ(f2) = T21%23 * * * Ton,

ﬁ(fn) = Tp1Tn2 " Tp(n-1)-

We wish to find an assignment on M which can enables us to get as many
faces as possible with the voltage of order p;. Not loss of generality, we can choose

YPL(f1) = 1z, in the first. To make ¥71(f,) = 1z, choose T3 = 13, - - -, Ton = T1,r.
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If we have gotten ¥P'(f;) = 1z, and i < n if n = 0(mod2) or i < n — 1 if

n = 1(mod2), we can choose that

T(i+1)(i+2) = SCZ-_(Z-1+2), T(i+1)(i+3) = %_(il+3)= L (il = Lo
which also make VP (f;11) = 14,

Now if n = 0(mod2), this voltage assignment makes each face f;,1 < i < n
satisfying that 9P (f;) = 1z,. But if n = 1(mod2), it only makes ' (f;) = 1z, for
1 <i<n-—1,but J(f,) = 1z,. This completes the proof. il

Now we can prove a result for the minimum genus of a fixed-free automorphism

of a map.

Theorem 2.4.1 Let M = (X,3,P) be a map and N = p*---pF,p1 < pa <
< pi, be the arithmetic decomposition of the integer N. Then for any voltage
assignment ¥ : X, 3 — Zn,
(i) if M is orientable, the minimum genus G, of the lifting map M?® which

admits an automorphism of order N, fived-free on V(M?), is

L, o(M)

Gmin =1+ N{g(M) -1+ (1 — —
meo(F(M)) P1

(ii) if M is mon-orientable, the minimum genus g, of the lifting map M"

which admits an automorphism of order N, fived-free on V(M?), is

b =2+ N{gar) —2+20 - )| 20y

Proof (1) According to the Theorem 2.2.1, we know that

1

2-2(M') = N{(2-2(M) + > (-14 )}
meO(F(M))
Whence,
2(M’) =2+ N{2g(M) =24 > (1)}
meO(F(M))

Applying the Lemma 2.4.1 and 2.4.2, we get that
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gmin = L+ N{g(00) ~ 1+ (1= )| 220 )

(74) Similarly, by the Theorem 2.2.1, we know that

1
2—g(M") = N{2—g(M))+ > (-1+—)}
meO(F(M))
Whence,
1
gM?)=2+N{g(M) -2+ > (1-—)}
meO(F(M)) m
Applying the Lemma 2.4.1 and 2.4.2, we get that
1 M
b =2+ N{gan) —2+20 - )20y

4.2 The maximum order of an automorphism of a map

For the maximum order of an automorphism of a map, we have the following

result.

Theorem 2.4.2 The maximum order N,,.. of an automorphism g of an orientable

map M of genus> 2 is

Nmax S 2g(M) + 1

and the mazimum order N} .. of a non-orientable map of genus> 3 is

Npow < g(M) +1,

where g(M) is the genus of the map M.

Proof According to the Theorem 2.2.3, denote G =< g >, we get that

X(M)+ > (12u(g)l + [Rs(9)]) = |GIX(M/G),

9€G.g#1a
where, ®¢(g) = {F|F € F(M),F9 = F} and ®,(9) = {v|[v € V(M),v9 = v}. If
g # 1g, direct calculation shows that ®;(g) = ®;(¢*) and ®,(g) = ®,(¢%). Whence,
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> |2u(g)l = (1G] = D|u(g)]

9€G,g#1¢

and

> 2@l = (G = D|2s(g)]-

9€G,9#1¢

Therefore, we get that

X(M) + (1G] = D]@y(9)] + (1G] = D[®s(9)] = [GIx(M/G)

Whence, we have that

X(M) = (14(9)] + @ (9)]) = [GI(X(M/G) = (|Pu(9)] + [@£(9)]))-

1£ X(M/G) — (18,(9)] + |25(9)]) = O, X(M/G) = [B,(g)]| + |®;(g)] > 0, then
we get that g(M) < 1if M is orientable or g(M) < 2 if M is non-orientable. Con-
tradicts to the assumption. Therefore, x(M/G) — (|®,(g)| + |Pf(g)|) # 0. Whence,
we get that

0D - (0 < o))
= TG = g+ 10y~ @ fi9)

Notice that |G/, x(M) — (|4 (9)| +[®f(g)) and x(M/G) = (|®u(g)| +[®f(g)]) are in-
tegers. We know that the function H (v, f; g) takes its maximum value at x(M/G) —
(|P,(g)| + |®f(g)]) = —1 since x(M) < —1. But in this case, we get that

|G| = |Py(9)] + |®s(g)] = X(M) =1+ x(M/G) — x(M).
We divide the discussion into to cases.
Case 1 M 1is orientable.

Since x(M/G) +1 = (|®,(9)| + |®¢(g9)]) > 0, we know that x(M/G) > —1.
Whence, x(M/G) = 0 or 2. Therefore, we have that

Gl =1+ x(M/G) —x(M) <3 —x(M)=29(M) +1.
That is, Npax < 2g(M) + 1.
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Case 2 M 1is non-orientable.

In this case, since x(M/G) > —1, we know that y(M/G) = —1,0,1 or 2.
Whence, we have that

|Gl =1+ X(M/G) = x(M) <3 =x(M) = g(M) +1.

This completes the proof. h
According to this theorem, we get the following result for the order of an auto-
morphism of a Klein surface without boundary by the Theorem 1.2.7, which is even

more better than the results already known.

Corollary 2.4.1 The maximum order of an automorphism of a Riemann surface
of genus> 2 is 2g(M) + 1, and the maximum order of an automorphism of a non-

orientable Klein surface of genus> 3 without boundary is g(M) + 1.

The maximum order of an automorphism of a map can be also determined by

its underlying graph, which is stated as follows.

Theorem 2.4.3 Let M be a map underlying the graph G and 0m4:(M, g), 0mae (G, )

be the maximum order of orientation-preserving automorphism in AutM and in
Aut%G. Then

and the equality hold for at least one map underlying the graph G.

The proof of the Theorem 2.4.3 will be delayed to the next chapter after we

prove the Theorem 3.1.1. By this theorem, we get the following interesting results.

Corollary 2.4.2 The maximum order of an orientation-preserving automorphism of

a complete map K,,,n > 3, is at most n.

Corollary 2.4.3 The maximum order of an orientation-preserving automorphism of
a plane tree T is at most |T| — 1 and attains the upper bound only if the underlying

tree is the star.



Chapter 3 On the Automorphisms of a Graph on Sur-
faces

For determining the automorphisms of a map, an alternate approach is to con-
sider the action of the semi-arc automorphism group of its underlying graph on
the quadricells and to distinguish which is an automorphism of the map and which
is not. This approach is first appeared in the reference [43] as an initial step for
the enumeration of the non-equivalent embeddings of a graph on surfaces, and also

important for enumeration unrooted maps underlying a graph on surfaces used in
Chapter 4.

81. A necessary and sufficient condition for a group of a graph being

that of a map

Let T = (V, E) be a connected graph. Its automorphism is denoted by Autl.
Choose the base set X = E(I'). Then its quadricells X, 5 is defined to be:

Xa,ﬁ = U {x7a$7ﬁ$7ﬁaﬁ$}v

zeX
where, K = {1, a, 3, a3} is the Klein 4- elements group.
For Vg € Autl', define an induced action g|*e# of g on X, 5 as follows.

ForVz € X, 3, if 29 =y, then define (ax)? = ay, (Bx)? = Py and (afz)? =
afy.

Let M = (X,3,P) be a map. According to the Theorem 1.2.5, for an auto-
morphism g € AutM and gy 1 u — v, u,v € V(M), if w9 = v, then call ¢
an orientation-preserving automorphism. if u9 = v~!, then call g an orientation-
reversing automorphism. For any g € AutM, it is obvious that g|r is orientation-
preserving or orientation-reversing and the product of two orientation-preserving au-
tomorphisms or orientation-reversing automorphisms is orientation-preserving, the
product of an orientation-preserving automorphism with an orientation-reversing

automorphism is orientation-reversing.
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For a subgroup G < AutM, define Gt =< G being the orientation-preserving
subgroup of G. Then the index of Gt in G is 2. Assume the vertex v to be
v = (21,%2,-, Tpw)) (A p(v), - - -, T2, 7). Denote by < v > the cyclic group
generated by v. Then we get the following property for the automorphisms of a

map.

Lemma 3.1.1 Let G =< AutM be an automorphism group of a map M. Then
Yo e V(M),
(i) if Vg € G,qg is orientation-preserving, then G, < < v >, is a cyclic group;
(ii)) G, 2 <v>X<a>.

Proof (i)Let M = (X,,P). since for any Vg € G, g is orientation-preserving,

we know for Vv € V(M),h € G,, v" = v. Assume the vertex

v = (Il, To, -+, xp(v))(ozxp(v), ozxp(v)_l, Tty OéZL’l).

Then

(21, T, - -+, Tp) (AT (), 5 gy )] = (21, T,y - -+, Tp)) (AT (s 5 T, ).

Therefore, if h(z1) = 11,1 < k < p(v), then

h = [(SL’l, Xy e, xp(v))(axp(v)v AT p(p)—15 """ axl)]k = Uk-
If h(z1) = axpy—r41,1 < k < p(v), then
h = [(xl, To, -+, xp(v))(ozxp(v), Ozxp(v)_l, Ty, Oz:L’l)]ka = Ukoz.

But if h = v*a, then we know that v» = v® = v~!, i.e., h is not orientation-
preserving. Whence, h = v* 1 < k < p(v), i.e., each element in G, is the power of
v. Assume € is the least power of elements in G,. Then G, =< v* >< < v > is a
cyclic group generated by v¢.

(7i)For Vg € G, v9 = v, i.e.,

[(Ila Loy ey l’p)(OéZlfp, ATp—1," ", CV:El)]g = (1'1, Loy, l’p)(OéZlfp, ATp—1," ", aIl)-
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Similar to the proof of (i), we know there exists an integer s,1 < s < p, such

that g = v*® or g = v’*a. Whence, g €< v >or g e<wv > a,i.e.,
G, <v>x<a>. il

Lemma 3.1.2 Let I" be a connected graph. If G < Autl', and Vv € V(I'),G, <X <
v > X < >, then the action of G on X, g is fized-free.

Proof Choose a quadricell z € X, 3. We prove that G, = {1¢}. In fact, if
g € G, then 29 = x. Particularly, the incident vertex wu is stable under the action

of g, i.e., u9 = u. assume

U = (ZIZ’, Y,y yp(u)—l)(aza AYp(u)—15 """ ayl)a

then since G, = < u > X < a >, we get that

2! =2,y = Y1, Y1 = Yow)—1

and

(O‘x)g = ax, (ayl)g =Yy, -, (ayp(U)—l)g = OYp(u)—1;

that is, for any quadricell e, incident with the vertex u, €4 = e,. According to the

definition of the induced action Autl’ on X, g, we know that

(ﬁx>g = 61’, (6y1)g = ﬁylv ) (ﬁyp(u)—1>g = 6yp(u)—l

and

(afr)? = afz, (afyr)? = aByr, -, (BYpw)-1)? = aBYpu)—1-

Whence, for any quadricell y € X, 3, assume the incident vertex of y is w,
then by the connectivity of the graph I', we know that there is a path P(u,w) =
uvivy - - - v,w in I' connecting the vertex u andw. Not loss of generality, we assume
that [y is incident with the vertex v;. Since (Byx)? = Pyr and G,, < < v; > X <

a >, we know that for any quadricell e,, incident with the vertex vy, eJ = e,,.
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Similarly, if a quadricell e,, incident with the vertex v; is stable under the action
of g, i.e., (ey,)? = ey, then we can prove that any quadricell e,,,, incident with the
vertex v;,1 is stable under the action of g. This process can be well done until we
arrive the vertex w. Therefore, we can get that any quadricell e,, incident with the
vertex w is stable under the action of g. Particularly, we have that y?¢ = y.

Therefore, we get that g = 1g. Whence,G, = {1¢}. i

Now we prove a necessary and sufficient condition for a subgroup of a graph

being an automorphism group of a map underlying this graph.

Theorem 3.1.1 Let I' be a connected graph. If G < Autl', then G is an auto-
morphism group of a map underlying the graph T iff for Yv € V(I'), the stabler
G, 2 <v>x<a>.

Proof According to the Lemma 3.1.1(i7), the condition of the Theorem 3.1.1 is
necessary. Now we prove its sufficiency.

By the Lemma 3.1.2, we know that the action of G on &, 3 is fixed-free, i.e.,
forVe € X, p, |G;| = 1. Whence, the length of orbit of x under the action G is
|29] = |G.||z%| = |G|, i.e., for Vz € X, 5, the length of x under the action of G is
|G].

Assume that there are s orbits O1,0,, -+, O of G action on 7 V(I'), where,
O1 = {uy,ug, -+, u}, Oy ={v1, 09, -, 0}, +,05 = {wy, we, -+, w; }. We construct
the conjugatcy permutation pair for every vertex in the graph I' such that they
product P is stable under the action of G.

Notice that for Vu € V(I'), since |G| = |G, ||u®]|, we know that [k,[,--- ]| |G|.

In the first, we determine the conjugate permutation pairs for each vertex
in the orbit O;. Choose any vertex u; € O, assume that the stabler G, is

m—1
{1¢, 1, 9201, - -, ']:[1 gm—i}, where, m = |G,,| and the quadricells incident with

vertex uy is N(uy) in the graph I' . We arrange the elements in N(u;) as follows.

Choose a quadricell u§ € N(uy). We use G,, action on uf and au§, respec-

m—1
tively. Then we get the quadricell set A; = {u%, g1(uf), -+, II gm—i(uf)} and
i=1

m—1

aA; = {ouf,agi(u}), -, IT gm—i(uf)}. By the definition of the action of an
i=1

automorphism of a graph on its quadricells we know that A; NaA; = (). Arrange

. — m—1
the elements in Ay as Ay = u§, g1(uf), -+, TI gm—i(uf).
i=1
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If N@l) \ A;UaA; = 0, then the arrangement of elements in N@l) is El)
If N@l) \ AjUaA; # 0, choose a quadricell u} € N@l) \ A;UaA;. Similarly,

m—1
using the group G,,, acts on u}, we get that Ay = {u}, g1 (u}), -+, TI gm_i(ub)} and
i=1

ady = {aul, ag(ub), -« 1:[ gm—i(u})}. Arrange the elements in A; |J Ay as
i=1

e

AIUA2 = uf, g1(uf), H U1791 U1 H

If N@l) \ (A1UA UaA; Uads) = 0, then the arrangement of elements in
ATUAyis Ay U Asy. Otherwise, N@l) \ (A1 UAsUad; UaAy) # 0. We can choose
another quadricell u§ € N@l) \ (A1 UAsU aA;UaAs). Generally, If we have got-
ten the quadricell sets A, Ag, -+, A, 1 < r < 2k, and the arrangement of ele-
ment in them is Ay | JAs|J---|J A, if N(u1) \ (A1 UA;U---UA Uad Uad;U

—-UaA,) # 0, then we can choose an element u¢ € N@l)\(Al UAdU---UA Uady
UadsU---UaA,) and define the quadricell set

Ar—l—l {ulvgl ul H

m—1
OZA7«+1 = {auclla agi (ucll)v e, H gm—l(utli)}
=1

and the arrangement of elements in A, is

—_—
Ar+1 - u1791 ul H Im—i ul

Define the arrangement of elements in U A to be
j=1

——
r+1

UA —UAZ, r+1-

Whence,

N(w) = (U 4)Ule U 4)

and Ay, is obtained by the action of the stabler G, on uf. At the same time, the
——
k

arrangement of elements in the subset U A;jof N (ul) to be | A;.
Jj= j=1
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Define the conjugatcy permutation pair of the vertex u; to be

0w, = (C)(aC "),

where,

m—1 m—1 m—1
C= (ulllv ull)v e ,UT; gl(utll)agl(ull)% o '7gl(ui)7 Ty H (uclt)v H (ull))v Tty H (ui))
i=1 =1 =1

For any vertex u; € O1,1 < i < k, assume that h(u;) = w;, where h € G, then

we define the conjugatcy permutation pair g,, of the vertex u; to be

0u; = 0, = (C")(aC™a™).

Since O is an orbit of the action G on V/(I'), then we have that

k k
1=1 1=1

Similarly, we can define the conjugatcy permutation pairs ., , Ovys = * 5 Ovys = * * » Ows »

Owsyy* * * s Ow, Of vertices in the orbits Os, - -+, O,. We also have that

l l
i=1 =1

t t
i=1 1=1

Now define the permutation

P = (1:[1 Qui) X (1:[1 Qvi) Koo X (l:Ilng)

Then since O1, Oy, - - -, O, are the orbits of V(I') under the action of G, we get
that
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PG = (1:[1 Qui)G X (1:[1 Qvi)G X X (1:[1 Qwi)G
k l t
= (l:Ilgui>X(ljlgvi)x"'x(l:llgwi)zp.

Whence, if we define the map M = (X, 3, P), then G is an automorphism of
the map M. il

For the orientation-preserving automorphism, we have the following result.

Theorem 3.1.2 Let ' be a connected graph. If G =< Autl’, then G is an orientation-
preserving automorphism group of a map underlying the graph U iff for Vv € V(I'),
the stabler G, =< <wv > 1is a cyclic group.

Proof According to the Lemma 3.1.1(7), we know the necessary. Notice the ap-
proach of construction the conjugatcy permutation pair in the proof of the Theorem
3.1.1. We know that G is also an orientation-preserving automorphism group of the
map M. il

According to the Theorem 3.1.2, we can prove the Theorem 2.4.3 now.

The Proof of the Theorem 2.4.3

Since every subgroup of a cyclic group is also a cyclic group, we know that any
cyclic orientation-preserving automorphism group of the graph I is an orientation-
preserving automorphism group of a map underlying the graph I" by the Theorem
3.1.2. Whence, we get that

Omax(Mvg) < Omax(Gvg)- h

Corollary 3.1.1 For any positive integer n, there exists a vertex transitive map
M underlying a circultant such that Z, is an orientation-preserving automorphism

group of the map M.

Remark 3.1.1 Gardiner et al proved in [20] that if add an additional condition ,
i.e, G is transitive on the vertices in I', then there is a regular map underlying the

graph T
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82. The automorphisms of a complete graph on surfaces

A map is called a complete map if its underlying graph is a complete graph.
For a connected graph I', the notations £9(I"), EV(T') and £L(T") denote the embed-
dings of I' on the orientable surfaces, non-orientable surfaces and locally surfaces,
respectively. For Ve = (u,v) € E(T'), its quadricell Ke = {e, ae, fe,afe} can be
represented by Ke = {u"" u’~ v v~ }.

Let K,, be a complete graph of order n. Label its vertices by integers 1,2, ..., n.
Then its edge set is {ij|1 <i,j < n,i# jij = ji}, and

Xog(Kn) = {721 <i,j <mi# M 1<, 5 <ni#j},

a = H (ij+,’ij_),

1<i,j<n,i#j
o= I @Ho96Ei).
1<i,j<n,i#j
We determine all the automorphisms of complete maps of order n and give they
concrete representation in this section.
First, we need some useful lemmas for an automorphism of a map induced by

an automorphism of its underlying graph.

Lemma 3.2.1 Let I" be a connected graph and g € Autl'. If there is a map M €
EL(T) such that the induced action g* € AutM, then for ¥(u,v), (z,y) € E(T),

[19(u),l?(v)] = [I9(x),1?(y)] = constant,

where, 19(w) denotes the length of the cycle containing the vertex w in the cycle

decomposition of g.

Proof According to the Lemma 2.2.1, we know that the length of a quadricell
u’" or «¥~ under the action ¢g* is [I9(u), [9(v)]. Since ¢g* is an automorphism of map,

therefore, ¢g* is semi-regular. Whence, we get that

[19(u),l9(v)] = [I9(x),1%(y)] = constant. h
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Now we consider conditions for an induced automorphism of a map by an

automorphism of graph to be an orientation-reversing automorphism of a map.

Lemma 3.2.2 If £« is an automorphism of a map, then éa = aé.

Proof Since £« is an automorphism of a map, we know that

((a)a = alfa).
That is, £a = af. h

Lemma 3.2.3 If £ is an automorphism of map M = (X, s, P), then {a is semi-
reqular on X, g with order o(§) if o(§) = 0(mod2) and 20(&) if o(§) = 1(mod2).

Proof Since £ is an automorphism of map by the Lemma 3.2.2, we know that

the cycle decomposition of £ can be represented by
5 = H(xlu Lo, - ',LUk)(Oé.flfl, QTo, -, Oéxk),
i
where, [], denotes the product of disjoint cycles with length k& = o(§).

Therefore, if k = 0(mod2), we get that

504 = H(xlv QTo, T3, "+, Oé.flfk)
k

and if k£ = 1(mod2), we get that

504 = H(xlv QTo, X3, "+, Tk, AT, T2, XT3, ", Oé.flfk).
2k
Whence, £ is semi-regular acting on X, g. h

Now we can prove the following result for orientation-reversing automorphisms

of a map.

Lemma 3.2.4 For a connected graph T, let K be all automorphisms in Autl’ whose
extending action on X, 3, X = E(I'), are automorphisms of maps underlying the
graph T'. Then for VY& € IC, o(&*) > 2, &*a € K if and only if o(¢*) = 0(mod2).

Proof Notice that by the Lemma 3.2.3, if £* is an automorphism of map with

underlying graph I', then {*« is semi-regular acting on X, 3.
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Assume £* is an automorphism of map M = (X, g, P). Without loss of gener-

ality, we assume that

P=CiGy--Cy,
where,C; = (21, %2, -+, 2y5,) is a cycle in the decomposition of {|vr) and z; =
{(e™ e - ') (e, e -+ ae®?)} and.
§|E(F) = (611, €12, ", 651)(621, €22, ", 6232) ce (611, €12, ", 6131)-
and
¢ =C(aC™a),
where, C' = (e11, €12, -, €5 ) (€21, €22, -+, €25,) - - - (€11, €12, - -+, €15,). Now since £* is
an automorphism of map, we get that s; = s9 =--- =5, = 0(¢*) = s.
If 0(¢*) = 0(mod2), define a map M* = (X, g, P*), where,
P =CiC;5---Cy,
where, Cf = (@17 Tigs oy xfji)v Ty = {(6:17 Cioy "t s 6212.)(0462‘17 O‘e;'ktiv Ty €f2)} and

ef; = epq. Take ef; = e, if ¢ = 1(mod2) and ej; = aey, if ¢ = 0(mod2). Then
we get that M = M.

Now if o(£*) = 1(mod2), by the Lemma 3.2.3, o({*a) = 20(£*). Therefore, any
chosen quadricells (e, e?, .- e'i) adjacent to the vertex x; for i = 1,2,--+ n,
where, n = |I'|, the resultant map M is unstable under the action of £a. Whence,
£a is not an automorphism of one map with underlying graph T'. b

Now we determine all automorphisms of a complete map underlying a graph
K,, by applying the previous results. Recall that the automorphism group of the

graph K, is just the symmetry group of degree n, that is, AutK, = S,,.

Theorem 3.2.1 All orientation-preserving automorphisms of non-orientable com-

plete maps of order> 4 are extended actions of elements in

& &

57 s
and all orientation-reversing automorphisms of non-orientable complete maps of

order> 4 are extended actions of elements in
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ag[(2s)?&s}’ Oég[(2s)24_s}’ Oég[l,l,ﬂ?

where, & denotes the conjugatcy class containing element 0 in the symmetry group

S

Proof First, we prove that the induced permutation £* on a complete map of
order n by an element £ € S, is an cyclic order-preserving automorphism of non-

orientable map, if, and only if,

é- c 88% Ug[l sngl}

Assume the cycle index of ¢ is [1%1,2F2 .. nkn]  If there exist two integers
ki kj # 0, and 4,7 > 2,7 # j, then in the cycle decomposition of £ , there are two

cycles

(Ul,UQ,...,Ui) and (’Ul,Ug,...,’Uj).

Since

[1(ua), 1¥(uz)] =i and  [I(01), 1 (v2)] = j

and ¢ # j, we know that £* is not an automorphism of embedding by the Lemma
2.5. Whence, the cycle index of & must be the form of [1*, s!].

Now if £ > 2, let (u), (v) be two cycles of length 1 in the cycle decomposition
of £&. By the Lemma 2.5, we know that

[1(u), 5 (v)] = 1.
If there is a cycle (w, ...) in the cycle decomposition of £ whose length greater

or equal to two, we get that

[1(w), 1 (w)] = [1,1(w)] = I (w).

According to the Lemma 3.2.1, we get that {*(w) = 1, a contradiction. There-
fore, the cycle index of & must be the forms of [s!] or [1,s']. Whence,sl = n or

sl +1 = n. Calculation shows that [ = = or [ = n—l That is, the cycle index of &

s

n—1

is one of the following three types [17], [1,5"5 | and [s*] for some integer s .
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Now we only need to prove that for each element & in 5[1 e and 5[5%} , there
exists an non-orientable complete map M of order n with the induced permutation
&* being its cyclic order-preserving automorphism of surface. The discussion are

divided into two cases.
Case 1 € € 5[8%}

Assume the cycle decomposition of € being & = (a,b,---,¢) - (x,y,- -+, 2) - (u,v,
-+, w), where, the length of each cycleis k, and 1 < a,b,- -+, ¢, x,y, -+, z,u,v, -+, w <

n . In this case, we can construct a non-orientable complete map M; = (Xi,ﬁ>P1)

as follows.
Xog={7":1 <0, <G 1 <4, <n,i #j},
Py = II (C(2))(aC(z) '),
ZBE{[l,b,'",C,"',Lv,y,'",z,u,l},~--,’w}
where,
C(ZE’) = (xa—‘r’ >$x*> ’l,u—i-’xb—i-’l,y—i-"_"_‘_’Iv-l—’xc-‘r’ >Iz+> ’xw-‘r)’

It is clear that Mf = M;. Therefore, £* is an cyclic order-preserving automor-

phism of the map M.

Case 2 e 5[1 ,25t)

We assume the cycle decomposition of ¢ being

E=(a,b,....c)..(z,y,....2)..(u,v, ..., w)(t),

where, the length of each cycle is k beside the final cycle, and 1 < a,b...c,z,y..., 2,
u,v,...,w,t <n . In this case, we construct a non-orientable complete map My =
(X2 5, P,) as follows.
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X2g={i":1<ij<mi# i} UF 1<i,j<ni#j}

Py = (A)(aA™) II (C(2))(aC(2) a),
ze{a,b,....c,....T,Y,...2,U,0,...,w}
where,
A= (40T 7 T T v T e T )
and
QA o = (10T T T T T T T T L)
and
C(I) - (xa—‘r’ 7Ix*7 7xu+7$b+7 7'Z'y+7 "7IU+7 7$c+7 7'Z'Z+7 7Iw+)
and
OKC(ZL')_loé = (Ia_7$w_’ ”Z’Z_’ ”Z’C_’ ’xv_7 ’xy_’ 7Ib_7$u_’ )

It is also clear that ]\425 = Ms. Therefore, £* is an automorphism of a map M,

Now we consider the case of orientation-reversing automorphism of a complete
map. According to the Lemma 3.2.4, we know that an element {a, where, & € 5,,,

is an orientation-reversing automorphism of a complete map, only if,

§E€E n  nom .
F(2k) 2]
Our discussion is divided into two parts.

Case 3 n=n

Without loss of generality, we can assume the cycle decomposition of ¢ has the

following form in this case.

E=(1,2 - k) (k+1,k+2,-.2k) - (n—k+Ln—k+2-,n).
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Subcase 3.1 k = 1(mod2) and k > 1

According to the Lemma 3.2.4, we know that £*« is not an automorphism of

map since o(£*) = k = 1(mod2).
Subcase 3.2 k = 0(mod2)

Construct a non-orientable map Mz = (X2 5, P3), where X* = E(K,) and

Ps= Il (C@)aCl) o),

1€{1,2,---,n}
where, if i = 1(mod2), then
(14 k414 n—k+1+ 2+ ‘n—k+2+ % k4 -2k+ n+
C(Z>_(7’ b ) b U X ) vy Uy ) X )7
-1 _ (1= -n— 2k— k- k41—
aC()ta= (1, d" i A )
and if i = 0(mod2), then
_ (1= k41— n—k+1— -2— ‘n—k+2— % k— 2k— n—
C(Z)_(Z X ) X X ) X ) A2 y 2 ’ ’ X )7
N1 et md 2kt k4 k414
aC(i) o= (4, d" e T AT e ).

Where, i™* denotes the empty position, for example, (2%, 2%+, 23 21 25) = (21 23 21 25).

It is clear that P3” = Ps, that is, {« is an automorphism of map Ms;.
Case 4 ny #n

Without loss of generality, we can assume that

5 = (1a277k)(k+17k+277n1)(nl_k+1an1_k+2a>nl)
X (L2 4 2K+ 2k 1, g AR) (= 2k 1, )

Subcase 4.1 k = 0(mod2)
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Consider the orbits of 12 and n; + 2k + 1'* under the action of < o >, we
get that

lorb((17F)=57)| = &

and

lorb(((ny + 2k + 1)17)<¢>)| = 2k.
Contradicts to the Lemma 3.2.1.
Subcase 4.2 k = 1(mod2)

In this case, if k # 1, then k£ > 3. Similar to the discussion of the Subcase 3.1,

we know that £« is not an automorphism of complete map. Whence, £ = 1 and

£ € Epngna).

Without loss of generality, assume that

E=(1)(2)--(n)(n1+1,ny +2)(ng +3,n1 +4)---(ng +n2 — 1,101 + no).

If ny > 2, and there exists a map M = (X, 3, P), assume the vertex v; in M
being

v = (1112+ 1113+ . 1l1n+>(1l12_ 1l1n_ 1113—)

where, l;; € {+2,—-2,+3,-3,---,+n,—n} and l;; # l4; if i # j.
Then we get that

(Ul)&l — (1l12—’ 1113—’ . 1l1n_)(1112+’ 111n+’ . 1113+) 7& vy

Whence, £« is not an automorphism of map M. A contradiction.
Therefore, ny = 1. Similarly, we can also get that n; = 2. Whence, £ =
(1)(2)(34) and n = 4. We construct a stable non-orientable map M, under the

action of £« as follows.

M4 = (Xiﬁu P4)7
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where,

734 _ (12+ 13+ 14+)(21+ 23+ 24+)(31+ 32+ 34+)(41+ 42+ 43+)
x (177,107, 1P7)(20, 21, 2°7) (31,30, 37 (41, 47 47,

Therefore, all orientation-preserving automorphisms of non-orientable complete

maps are extended actions of elements in

g g n—1

n
55D et

and all orientation-reversing automorphisms of non-orientable complete maps are
extended actions of elements in
af af

[(25)25]° [(25)75] 0‘5[17172}'
This completes the proof. b

According to the Rotation Embedding Scheme for orientable embedding of
a graph, First presented by Heffter in 1891 and formalized by Edmonds in [17],
each orientable complete map is just the case of eliminating the sign + and - in
our representation for complete map. Whence,we have the following result for an

automorphism of orientable surfaces, which is similar to the Theorem 3.2.1.

Theorem 3.2.2 All orientation-preserving automorphisms of orientable complete

maps of order> 4 are extended actions of elements in

g g n—1

57 “nsts

and all orientation-reversing automorphisms of orientable complete maps of order>

4 are extended actions of elements in

af af

[(23)%}’ [(28)%}7 ag[l,l,Z}v

where,Ey denotes the conjugatcy class containing 6 in S,.

Proof The proof is similar to that of the Theorem 3.2.1. For completion, we only
need to construct orientable maps M? i = 1,2,3,4, to replace the non-orientable
maps M;, 7 =1,2,3,4 in the proof of the Theorem 3.2.1.
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In fact, for orientation-preserving case, we only need to take M, M to be
the resultant maps eliminating the sign + and - in My, M, constructed in the proof
of the Theorem 3.2.1.

For the orientation-reversing case, we take MY = (E(K,)a., PS) with

ie{1,2,-n}
where, if i = 1(mod2), then
N (1 k41 n—k+1 2 ‘n—k+2 e -k 2k -
C(Z)—(Z,Z ,"‘,Z ,Z,"‘,Z ,"‘,Z,"',Z,Z ’...’z )’
and if i = 0(mod2), then
N (1 k41 n—k+1 2 ‘n—k+2 e ko -2k -n\—1
O(Z)_(Z>Z y Tty y Uy, y Tyl 7"')7') )

where i* denotes the empty position and MY = (E(K4)a.s, P4) with

734 = (127 137 14)(217 237 24)(317 347 32)(417 42a 43)

It can be shown that (MP)® = MP for i = 1,2,3 and 4. h

83. The automorphisms of a semi-regular graph on surfaces

A graph is called a semi-reqular graph if it is simple and its automorphism
group action on its ordered pair of adjacent vertices is fixed-free, which is considered
in [43],[50] for enumeration its non-equivalent embeddings on surfaces. A map
underlying a semi-regular graph is called a semi-regular map. We determine all
automorphisms of maps underlying a semi-regular graph in this section.

Comparing with the Theorem 3.1.2, we get a necessary and sufficient condition

for an automorphism of a graph being that of a map.

Theorem 3.3.1 For a connected graph I, an automorphism & € Autl is an orientation-
preserving automorphism of a non-orientable map underlying the graph I' iff & is

semi-reqular acting on its ordered pairs of adjacent vertices.
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Proof According to the Lemma 2.2.1, if £ € Autl' is an orientation-preserving
automorphism of a map M underlying graph [, then £ is semi-regular acting on its
ordered pairs of adjacent vertices.

Now assume that £ € Autl’ is semi-regular acting on its ordered pairs of adja-
cent vertices. Denote by {|v(r), {|p(r), the action of { on V/(I') and on its ordered

pairs of adjacent vertices,respectively. By the given condition, we can assume that

g‘V(I‘):(a,b,-..’c)...(g’h’...,k)...(x,y’...,Z)

and

éla@), = Ci---Cy-Cn,

where, s,|/C(a)| = -+ = 54|C(g)] = -+ = s,|C(x)|, and C(g) denotes the cycle

containing ¢ in {|y ) and
1 31 1 2 12 2
Clz(a,b,---,c,a,b,---,c,---,as‘l,bs‘l,---,cs‘l),

7ysza ) Zsz)'
Now for V€, & € Autl. We construct a stable map M = (X, g, P) under the

action of ¢ as follows.

X = E()

and

P= 11 II (Co)(aCh).

geTY 2eC(9)

Assume that u = £/(g), and

Nr(g) ={9"". 9%, -, 97"}
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Obviously, all degrees of vertices in C(g) are same. Notices that &|n, (g is
circular acting on Nr(g) by the Theorem 3.1.2. Whence, it is semi-regular acting

on Nr(g). Without loss of generality, we can assume that

§|Nr(g) — (921’ 922’ e gzs)(gzs+1’ gzs+2’ - ’9225) . (gz(k—l)s+1’gz(k71)s+2’ . ’gzks)’

where, [ = ks. Choose

_ 21+ zs+1t Z(k— + 2o+ zZs+ot zst+  z2s kst
Cg—<g 7gs+ 7"'7g(k Dst1 » g 79é+ 7"'7gs » g é7"'7g ° )

Then,

Cx — (LL’Z1+, xz$+1+7 .. ’xZ(k,l)SJFl—i-, $22+, xzs+2+’ . SL’ZS+, SL’ZQS, ee S(,’Zk3+),

where,

vt = ¢l (g7,

fori=1,2,--- ks. and

aC;l _ (Oz:lle+, axzsﬂ-i-’ e al.z(k—l)erl'f" a:Ezs-i-’ al,zzs’ cee szks-l-).

Immediately, we get that M¢ = ¢ME! = M by this construction. Whence, &
is an orientation-preserving automorphism of the map M. b

By the Rotation Embedding Scheme, eliminating a on each quadricell in Tutte’s
representation of an embedding induces an orientable embedding with the same
underlying graph. Since an automorphism of an embedding is commutative with «
and 3, we get the following result for the orientable-preserving automorphisms of

the orientable maps underlying a semi-regular graph.

Theorem 3.3.2 If I" is a connected semi-regular graph, then for V& € Autl’, £ is an

orientation-preserving automorphism of orientable maps underlying the graph T'.

According to the Theorem 3.3.1 and 3.3.2, if I" is semi-regular, i.e., each au-

tomorphism acting on the ordered pairs of adjacent vertices in I' is fixed-free, then
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every automorphism of the graph I' is an orientation-preserving automorphism of
orientable maps and non-orientable maps underlying the graph I'. We restated this

result as the following.

Theorem 3.3.3 If I is a connected semi-reqular graph, then for V& € Autl', &
s an orientation-preserving automorphism of orientable maps and non-orientable

maps underlying the graph I

Notice that if ¢* is an orientation-reversing automorphisms of a map, then ¢*«
is an orientation-preserving automorphism of the same map. By the Lemma 3.2.4,
if 7 is an automorphism of maps underlying a graph I', then 7« is an automorphism
of maps underlying this graph if and only if 7 = 0(mod2). Whence, we have the

following result for the automorphisms of maps underlying a semi-regular graph

Theorem 3.3.4 Let I' be a semi-reqular graph. Then all the automorphisms of

orientable maps underlying the graph I' are

g|*? and ah|¥#, g, h € Autl’ with h = 0(mod2).

and all the automorphisms of non-orientable maps underlying the graph I are also

g|*? and ah|¥#, g, h € Autl’ with h = 0(mod2).

Theorem 3.3.4 will be used in the Chapter 4 for the enumeration of unrooted

maps on surfaces underlying a semi-regular graph.

84. The automorphisms of one face maps

There is a well-know result for the automorphisms of a map and its dual in
topological graph theory, i.e., the automorphism group of a map is same as its dual.
Therefore, for determining the automorphisms of one face maps, we can determine
them by the automorphisms of a bouquet B,, on surfaces.

A map underlying a graph B,,,n > 1 has the form B, = (X,5,P,) with X =
E(B,) ={e,e2,--+,e,} and
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P = (21,29, - -+, Top) (@1, Aoy, - - -, Xg)

where, z; € X, X or afX and satisfying the condition (C%) and (C77) in the Section
2.2 of Chapter 1. For a given bouquet B, with n edges, its semi-arc automorphism

group is

Form group theory, we know that each element in S,[Ss] can be represented by
(g; h1,ha, -+, hy) with g € S, and h; € Sy = {1,a8} fori =1,2,---,n. The action
of (g; hy, ha, -+, hy) on a map B,, underlying a graph B, by the following rule:

if v € {ei, ae;, Bei, afe}, then (g; ha, ha, -+ ha)(x) = g(hi(z)).
For example, if h’l = 05/8, then?(g; h’17 h’2a ) h’n)(el) = a/@g(el)> (97 h’la h27 ) h’n)(ael)

= Byg(e1), (g5 h1, ha, - -+, hy)(Ber) = agler) and (g; ha, h, - -, hy)(aBer) = g(er).
The following result for automorphisms of a map underlying a graph B, is

obvious.

Lemma 3.4.1 Let (g; hy, ho, -+, hy) be an automorphism of a map B,, underlying a
graph B,,. Then

(97 h’1> h’2a Ty h’n) = (zla Za, ..., $2n)k>

and if (g; hi, ho, -+, hy)a is an automorphism of a map B, then

(97 h'17 h?v Ty hn)Oé = (flfl,l’g, o .7:1:2”)/6

for some integer k,1 < k < n. Where, x; € {e1,ea,---,e,},i = 1,2,--- 2n and
Analyzing the structure of elements in the group S,[Ss], we get the automor-

phisms of maps underlying a graph B,, by the Theorem 3.3.1 and 3.3.2 as follows.

Theorem 3.4.1 Let B, be a bouquet with n edges 1,2,---.n. Then the automor-
phisms (g; hi, ha, - -+, h,) of orientable maps underlying a B,,n > 1, are respective
(O]') geg[k%}a hi=1,i=1,2,---,n;
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(02) g€ 5 . and if g = n/k(il,i2,~-~ik), where i; € {1,2,---,n},n/k
0(mod2), then h;, = (1,a0),1 = 1 2 g and hy, =1 for j > 2;
2s (n—2ks)/2k
(03) g € g[kzs7( )" 2’“3 and if g = l(zlaZQa Zk) jl;ll (6j1,6j2, o -,6]-%),
where ij,e;, € {1,2,-- ,n}, then h; = (1 af), i =1,2,---,8,h;; =1 for 1l >
2and hj, =1 fort=1,2,---,2k

and the automorphisms (g; hy, he, - - -, hy) of non-orientable maps underlying a B,,,n

> 1, are respective

(k&)
n/k
(N2) g€ 5[1@%} and if g = Zl:[l(il,z'g, “iy), where i; € {1,2,---,n},n/k =

0(mod2), then hy, = (1,a8), (1, B) with at least one h,, (1, 3),i = 1,2,---, F and h;,
1 for j>2;

25 ) ] (n—2ks)/2k
(N3) g€ E[k% (%)n ke and if g = (Zl,Zg, “ig) 'Hl (€j1s €jas s Ele )
where i;,e;, € {1,2,---,n}, then h; = (1 af), (1, 5) with at least one h;,, =

(1,6),i=1,2,---,8,hjy =1 for | >2and h;, =1 fort=1,2,---,2k,
where, & denotes the conjugacy class in the symmetry group S, containing the

element 0.

Proof By the structure of the group S,[Ss], it is clear that the elements in the
cases (i), (74) and (4i7) are its all semi-regular elements. We only need to construct
an orientable or non-orientable map B,, = (X, 3, P,,) underlying B, stable under the

action of an element in each case.

n/k
(1) g= i];ll(z'l,i2,~-~z'k) and h; =1,i=1,2,---,n, where i; € {1,2,---,n}.
Choose
n/k
X;ﬂ = U K{ilvi% te '77;/6}7
i=1

where K = {1,a, 3, a8} and

Py = Ci(aCita™)

n

with
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n

n n
Ci=( 1, 217"'7(E)luaﬁllaaﬂzla”'7a6(E)17127227"'7(%)27
n n n
a6127 aﬁ227"'7055(%)27"'711672167'"7(%)]@70‘611670‘61]67'"7aﬁ(%>k)'

Then the map B, = (X, 5,P,) is an orientable map underlying the graph B, and
stable under the action of (g; hy, ho, -+, hy).

For the non-orientable case, we can chose

n n

Cr=( 1i, 21,"',(%)1,511,521,“'>ﬁ(k)1,12,22,“'>(g)2,
612a /622776(%)2771167219’a(%)k>ﬁlkaﬁlka>ﬁ(%)k)

Then the map Bl = (XO{,B,P}L) is a non-orientable map underlying the graph B,
and stable under the action of (g; hy, ha, -+, hy).

n/k
(ZZ) g = il;ll(il’i2’ o Zk), hl = (1a/6) or (1,(1//6),1 = 1727 e n, % = O(m0d2)7

where 7; € {1,2,---,n}.

If hyy = (1,a0) fori=1,2,---,% and h;, = 1 for t > 2. Then

n/k
(97 h'17 h?v ) hn) = H(ilvaﬁi% o 'aﬁikaaﬁilai% o 7Zk>

i=1

Similar to the case (i), we take X7 ; = X, 5 and

’PEL = 02(0402_104_1)

with

n n
CQ = ( 117 217 ) (%)17a6127a5227 o '7055(%)270551/%0‘62/67
n n n n
7a6(E)k7a6117a5217"'7055(%)17127227'"7(%)27"'71k72k7"'7(E)k)-

Then the map B} = (X7 3, P2) is an orientable map underlying the graph B, and
stable under the action of (g; hy, ho,-- -, hy,). For the non-orientable case, the con-
struction is similar. It only need to replace each element o¢; by B¢, in the con-

struction of the orientable case if h;, = (1, 3).
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25 | (n—2ks)/2k .
(Z”> g = ~H1(Zl’ b2, 'Zk) 'Hl (€j17 €jas """ ejZk) and hil = (17 O‘6>7 t =
1= j=

1,2,---,8,h; =1 forl>2and hj, =1 fort=1,2,---,2k

In this case, we know that

s (n—2ks)/2k
(97 h17h27"'7h’n):H(iluaﬁi%'"aﬁik7a6i17i2v'”7ik) H (ejlvejzv"'7€j2k>’
i=1 j=1

Denote by p the number (n — 2ks)/2k. We construct an orientable map B =
(Xj’,ﬁ, P3) underlying B, stable under the action of (g; hy, ho, - -+, hy) as follows.
Take X2 ; = X, 5 and

’Ps = 03(0403_10&_1)

with

03:( 11 ,21,"',81,611,621,"',€p1,0é/612,0é622,'",04/652,

€1y, €25, ", €pyy '7a61k7a62k7 o '7aﬁsk761k762k7' Ty
Epps O4/6117&/621’ T '7a/681761k+1a62k+1a T '7epk+1a 12a22a Ty
52, 61k+2762k+27 o '>6pk+27 o '>1k>2ka Ty Sk Clgy s €290 7 '>6p2k)'

Then the map B} = (X2 ;,P}) is an orientable map underlying the graph B, and
stable under the action of (g; hy, ho, -+, hy).

Similarly, replacing each element oi; by [(i; in the construction of the ori-
entable case if h;; = (1, 3), a non-orientable map underlying the graph B, and stable
under the action of (g; hy, ho, -+, hy,) can be also constructed. This completes the
proof. h

We use the Lemma 3.4.1 for the enumeration of unrooted one face maps on

surfaces in the next chapter.



Chapter 4 Application to the Enumeration of Unrooted
Maps and s-manifolds

All the results gotten in the Chapter 3 is more useful for the enumeration of
unrooted maps on surfaces underlying a graph. According to the theory in Chapter
1, the enumeration of unrooted maps on surfaces underlying a graph can be carried

out by the following programming;:

STEP 1. Determine all automorphisms of maps underlying a graph;
STEP 2. Calculate the the fixing set F'iz(s) for each automorphism ¢ of a map;

STEP 3. Enumerate the unrooted maps on surfaces underlying a graph by
Corollary 1.3.1.

The advantage of this approach is its independence of the orientability, which enables
us to enumerate orientable or non-orientable maps on surafces. We present the

enumeration results by this programming in this chapter.

81. The enumeration of unrooted complete maps on surfaces

We first consider a permutation and its stabilizer . A permutation with the
following form (x1, s, ..., x,)(ax,, @, ..., axy) is called a permutation pair. The

following result is obvious.

Lemma 4.1.1 Let g be a permutation on the set Q = {x1,xs,...,x,} such that

ga =ag. If
9(T1, 9, ooy T ) (AT, ATy 1, -y axl)g_l = (21, %2, oo, Tp) (QTp, ATy _1, ..., 1),
then

g = (z1,29, ..., 2y)

and if
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ga(xy, T, ..., Tp) Ty, 1, ..., oa)sl)(gOz)_1 = (21, %2, ..., Ty) (AT, ATy _1, ..., T7),
then

g = (axy, ap_1, ..., xy)"

for some integer k,1 < k < n.

Lemma 4.1.2 For each permutation g,g € 5[k%] satisfying g = ag on the set
Q = {x1,29,...,x,}, the number of stable permutation pairs in ) under the action

of g or ga is

26(k)(n — 1)!
B

[k%1|

where ¢(k) denotes the Euler function.

Proof Denote the number of stable pair permutations under the action of g or
ga by n(g) and C the set of pair permutations. Define the set A = {(g,C)|g €
5[ CeC and C9=C or C9* = (C}. Clearly, for Vgy,¢92 € E[k
n(g1) = n(g2). Whence, we get that

K By, We have

41 = 1€, n(a). (411

On the other hand, by the Lemma 4.1.1, for any permutation pair C' = (x1, z3, ..., T,)

(axy,, ax,_1, ..., axy), since C is stable under the action of g, there must be g =

(ZL’l, T2y ouny l’n)l

1. Therefore, there are 2¢(k) permutations in S[k%

or ga = (ay, @p_1, ..., ax1)', where | = 52,1 < s < k and (s, k) =
| acting on it stable. Whence, we
also have

A| = 26(k)|C|. (4.1.2)

Combining (4.1.1) with (4.1.2), we get that

20(k)IC] _ 2¢(k)(n —1)!

|g[k%}

n(g) = y

|€[k%}

Now we can enumerate the unrooted complete maps on surfaces.
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Theorem 4.1.1 The number n*(K,) of complete maps of order n > 5 on surfaces

18

1 20(n:k) (1, — 2)1% B(k)2500) (n, — 2)1"%
g =5+ Y ) et Y —
kln  kln,k=0(mod2) =(3)! k| (n—1),k#1 n—=
where,
n3) i k= 1(mod2);
s> if k= 0(mod2),
and

(n=D(n=2) i p— ;
6(,” k) _ 2% ) lf k= (m0d2)7
) =D0=3) ik = 0(mod2).

and n*(K,) = 11.

Proof According to (1.3.3) in the Corollary 1.3.1 and the Theorem 3.2.1 for

n > 5, we know that

1

ST < (

2|AutK,,| 916;
[k

+ > e

hel -1

[LE k]

1
= o Xl lle@l+ X 15

k|n l|n,l=0(mod2)

3 1E, e 0D,

l|(n—1)

n"(K,) = Do)+ DY [®(g0)]
]

g2¢€

=3

E n
[(25)35)

|D(g20v)]|

where, g, € €[k%},g2 € 5[1%} and h € 5[1 o are three chosen elements.
Without loss of generality, we assume that an element ¢g,g € S[k%} has the

following cycle decomposition.

n

g=0,2, k) k+1,k+2, .., 21{:)...((% —Dk+1,(= —Dk+2,...n)

o

and
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P =11, xIL,

where,

[1, = (1, 10 1202, 20 22y (nfe e pitnim),

and

[L, = oI, o,
being a complete map which is stable under the action of g, where s;; € {k+,k—|k =
1,2,..n}.

Notice that the quadricells adjacent to the vertex ”1” can make 2" 2(n —
2)!different pair permutations and for each chosen pair permutation, the pair permu-
tations adjacent to the vertices 2,3, ..., k are uniquely determined since P is stable
under the action of g.

Similarly, for each given pair permutation adjacent to the vertex k + 1,2k +
1,...,(% — 1)k + 1, the pair permutations adjacent to k + 2,k + 3, ..., 2k and 2k +
2,2k+3,...,3k and,...,and (7 —1)k+2, (3 —1)k+3, ...n are also uniquely determined
because P is stable under the action of g.

Now for an orientable embedding M; of K, all the induced embeddings by
exchanging two sides of some edges and retaining the others unchanged in M; are
the same as M; by the definition of maps. Whence, the number of different stable

embeddings under the action of g gotten by exchanging z and ax in M; for x €

UU C X, where X3 = U {z,82} , is 296)=% where g(¢) is the number of
Z'EE(K'rL)

orbits of E(K,) under the action of g and we substract 7 because we can chosen

124 k+ 1Y% 2k + 1. n — k 4+ 1 first in our enumeration.

Notice that the length of each orbit under the action of g is k for Vo € E(K,,)
if k£ is odd and is g for x = z'”%,z' =1,k+1,---.n—k+1, or k for all other edges

if k is even. Therefore, we get that

gle) =

hof3 ~

{ ) i k= 1(mod2);

D72 ik = 0(mod2).

Whence, we have that
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a(n. k) = gle) - " = nn8) if k= 1(mod2);
k n2) if k= 0(mod2),

and
| (g)| = 270" (n — 2)!IF, (4.1.3)

Similarly, if £ = 0(mod2), we get also that

|B(ga)| = 2900 (n — 2)1% (4.1.4)

for an chosen element ¢,g € EUC%}

Now for Vh € E[I’k noi s , without loss of generality, we assume that h = (1,2, ..., k)
(k+1,k+2,..,2k)..(%= —Dk+1, (%52 -1k +2,...,(n—1))(n). Then the above
statement is also true for the complete graph K, _; with the vertices 1,2,---,n — 1.
Notice that the quadricells n'*, n?*, ... n"='* can be chosen first in our enumera-
tion and they are not belong to the graph K,,_;. According to the Lemma 4.1.2, we
get that

1B(R)| = 200F) (1 — 2)1*F x W (4.1.5)

Where

eno1) _ nol o (n=Dnod) - ge g = 1(mod2);

_ _ Z S 2k
B(n, k) = h(e) = { Wnm) _nl D) e | = O(mod2).

2k

Combining (4.1.3) — (4.1.5), we get that

1

n*(K,) = e Q Iz 1)l + > 1€2)]|®(g100)]
k|n l|n,l=0(mod2)
2 1 e 120D
1 n!200k) (n — 2)1% n1200k) (n — 2)1%
kln () k|n,k=0(mod2) =(3)
n! 20(k)(n — 212600 (n, — 2)1"5
+ > =y X n=1)] )
KDt KF (555)! o=

kR (2
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1 20(nk) ( — 2)1% 128008 (1, — )15
= 2+ > ) ﬁ(nﬂ, e (k)27 (n —2)7
2 ke (f)!

kln  k|n,k=0(mod2)

k| (n—1),k#1 n—1

For n = 4, similar calculation shows that n”(K,) = 11 by consider the fixing
E . a and ol . il

3, 4«
[Lss] "[(28)25]" [(25)25]
For the orientable case, we get the number n®(K,) of orientable complete maps

set of permutations in 5[83},5

of order n as follows.

Theorem 4.1.2 The number n®((K,,) of complete maps of order n > 5 on orientable

surfaces is

R =
:

kln  k|n,k=0(mod2) ( )

k|(n—1),k#1

and n(K,) = 3.

Proof According to Tutte’s algebraic representation of map, a map M = (X, 3, P)
is orientable if and only if for Vo € &, 3, v and afz are in a same orbit of &, 3 un-
der the action of the group ¥; =< a3, P >. Now applying (1.3.1) in the Corollary
1.3.1 and the Theorem 3.2.1, Similar to the proof of the Theorem 4.1.1, we get the

number n?(K,) for n > 5 as follows

n—1

nO(Kn) — %(Z_'_ Z )(n — 2)!E + Z ¢(k)(n_ 2)!7_

i knk=oimodz) FEGY b Tk n—1

and for the complete graph K}, calculation shows that n(K,) = 3. b

Notice that n?(K,)+n™(K,) = n*(K,). Therefore, we can also get the number
n™V(K,) of unrooted complete maps of order n on non-orientable surfaces by the
Theorem 4.1.1 and the Theorem 4.1.2 as follows.

Theorem 4.1.3 The number n™ (K,,) of unrooted complete maps of order n,n > 5

on non-orientable surfaces is

kln  k|n,k=0(mod2)

Ly SWE e

k| (n—1),k#1 n—1
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and n™ (K,) = 8. Where, a(n, k) and 3(n, k) are same as in Theorem 4.1.1.

For n = 5, calculation shows that n’(Kj;) = 1080 and n?(K5) = 45 based on
the Theorem 4.1.1 and 4.1.2. For n = 4, there are 3 unrooted orientable maps and
8 non-orientable maps shown in the Fig.4.1. All the 11 maps of K, on surfaces are

non-isomorphic.

Fig.4.1

Now consider the action of orientation-preserving automorphisms of complete

maps, determined in the Theorem 3.2.1 on all orientable embeddings of a complete
graph of order n. Similar to the proof of the Theorem 4.1.2, we can get the number
of non-equivalent embeddings of a complete graph of order n, which has been done

in [43] and the result gotten is same as the result of Mull et al in [54].
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82. The enumeration of a semi-regular graph on surfaces

The non-equivalent embeddings of a semi-regular graph on surfaces are enu-
merated in the reference [50]. Here, we enumerate the unrooted maps underlying a
semi-regular graph on orientable or non-orientable surfaces.

The following lemma is implied in the proof of the Theorem 4.1 in [50].

Lemma 4.2.1 Let I' = (V| E) be a semi-reqular graph. Then for £ € Autl’

20(e)] = T (-2 )

SCETév O(£|Nr(x))

and
PL(£)| = ol TEI-ITY ] d(x) Y
27 C xyT&v(O(i\Nm)) *

where, TY , TF are the representations of orbits of & acting on v(T') and E(T) ,re-
spectively and Eny(z) the restriction of £ to Np(x).

According to the Corollary 1.3.1, we get the following enumeration results.

Theorem 4.2.1 Let I' be a semi-reqular graph. Then the numbers of unrooted maps

on orientable and non-orientable surfaces underlying the graph I are

WO0) = o M@ T o

geAutl 2eTy 0(&|nr ()

— 1)l

and

1
| Autl|

X > (Q‘TEEHTsV‘—l))\(&) I ¢ d(z)

N
n™(I) = _ )
€ AutT veTy 0(€|Nr(x))

-1
where AN(€) = 1 if o(€) = 0(mod2) and %, otherwise.

Proof By the Corollary 1.3.1, we know that

1
O - - O

geAut I’
2
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and

1
L T
n= () = @1 (9)].
Q‘Autlr‘ gEA%lF '
2
According to the Theorem 3.3.4, all the automorphisms of orientable maps

underlying the graph I" are

g|*# and ah|Y?, g, h € Autl’ with h = 0(mod2).

and all the automorphisms of non-orientable maps underlying the graph I' are also

g|**# and ah|*?, g h € Autl’ with h = 0(mod2).

Whence, we get the number of unrooted orientable maps by the Lemma 4.2.1

as follows.

w0 = g ¥ 1990

g€Autl
1 _d@)
B 2|AutF|{( 2 I (O(SINF(m))

geAutl ngEV
d(z)

+ 2

seAutl,o(¢)=0(mod2) xeTV O(g|NF(m)>
d(x)

= A€
e 2, 0 T Gy

eAutl ngV

— 1)l

— 1))

— )L

Similarly, we enumerate the unrooted maps on locally orientable surface under-
lying the graph I' by (1.3.3) in the Corollary 1.3.1 as follows.

1
n“(l) = |7 (9)]
2|Autl| ge%tf !

= SAwT 2 (o<s|Nr<x>>‘”!

feAutl ngV

n 3 QITE-ITY | T

s€AutT’,o(s)=0(mod2) reTY 0 g|NF )

_ AE)2TEITY Y
|AutF|§Z )2 1 <s|NF(x> Y

cAutl xeTV
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Notice that n°(T") + n™(I") = n(T"), we get the number of unrooted maps on

non-orientable surfaces underlying the graph I' as follows.

nM() = nH(I) —n?(I)

~ o < 3 @R T (g

£€AutT’ 2eTy 0(&|Nr())

— 1)l

This completes the proof. b
If T is also a k-regular graph, we can get a simple result for the numbers of

unrooted maps on orientable or non-orientable surfaces.

Corollary 4.2.1 Let ' be a k-regular semi-reqular graph. Then the numbers of
unrooted maps on orientable or non-orientable surfaces underlying the graph I' are

respective

or Ag)(k — )T
n(l) = |AutF| P>

geAutl’

and

n"(T) =

S Mg) T 1y (e — 11T

geAutl’
where, M(€) = 1 if o(€) = 0(mod2) and %, otherwise.

|AutF |

Proof In the proof of the Theorem 4.2 in [50], it has been proved that

vz € V(I), 0(Enp@a)) = 1
Whence, we get n?(T") and n™(T") by the Theorem 4.2.1. b

Similarly, if I' = Cay(Z, : S) for a prime p, we can also get closed formulas for

the number of unrooted maps underlying the graph T'.

Corollary 4.2.2 Let I' = Cay(Z, : S) be connected graph of prime order p with
(p—1,|S]) =2. Then

(S| = D + 2p(|S] - D= + (p— 1)(IS] = 1)!

n? ([, M) = ™

and
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(2" 7 = D)(IS| = D + 22" — (S| — DIF
2p
(277 — )(p—1)(S| — 1)
4p '

nN(I,M) =

Proof By the proof of the Corollary 4.1 in [50], we have known that

1, if o(g)=p
IT)|=3 25 if o(g) =2
p, if o(g) =1
and
B if o(g) =p
TP =3 2 o(g) =2
2L i o(g) =1

Notice that AutI’ = D, (see [3][12]) and there are p elements order 2, one order
1 and p — 1 order p. Whence, we have

(S| = D' + 2p(|S] = D" + (p— 1)(IS] — 1)!

n?(T, M) =

4p
and
23l pISI-2p-2) it
N = DS =D+ 227 - (s - DY
) 2p
1s|-2
L 2 =D =nis =yt

4p
By the Corollary 4.2.1. b

83. The enumeration of a bouquet on surfaces

For any integer k, k|2n, let Jj be the conjugacy class in S,,[S2] with each cycle in

the decomposition of a permutation in Jj being k-cycle. According to the Corollary
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1.3.1, we need to determine the numbers |®°(£)| and |®%(¢)| for each automorphism

of a map underlying a graph B,,.

2n/k
Lemma 4.3.1 Let £ = [] (C(i))(aC(i)a™t) € Ty, where, C(i) = (zi1, Tiz, -+, Tix)
i=1
15 a k-cycle, be a cycle decomposition. Then
(1) If k # 2n, then

29(6)] = k¥ (2~ 1)

and if k=2n, then |®°(&)| = ¢(2n).
(1) Ifk >3 and k # 2n, then

24(6)] = (20 (7~ 1)t

and

[@4(&)] = 2"(2n —1)!
€ = (x1)(w2) - - (wn) (@) (aws) - - - () (B21)(Bas) - - - (Bn) (@Bxr ) (@fs) - - - (afn),

and

L) =1
if § = (w1, afBw1) (w2, aBxz) - - - (T, afn) (1, Brr) (s, Bag) - - - (p, BTn), and
n!

(n — 2s)!s!
if§ = (ier 69, 6n and ( € Epn-2s 95) for some integer s, e, = (1,af) for1 <i <'s

|[25(8)] =

and 5 = 1 for s +1 < j < n,where, Ejn-2s 95 denotes the conjugate class with the

type [1"725,2%] in the symmetry group S,, and

[@5(6)] = ¢(2n)
if § = 061,60, ,6p and 0 € Epry and g5 = 1 for 1 <i <n—1, ¢, = (1,ap),
where, ¢(t) is the Euler function.

. 2n
) k0
< Ppn,af3 > is not transitive on X, 3, there is one and only one stable orientable

map B,, = (X, 3, P,) with X = E(B,) and P, = C(aC~'a™), where,

Proof (i) Notice that for a given representation of C'(7),7 = 1,2, - since
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C = (9311,1'21, T >172Tf11,9521,1'22, e ',ﬂf%g,xlk,iﬂzk, e ,IL"ZT%)

2n

Counting ways of each possible order for C'(i),7 = 1,2,---, 5%, and different repre-

sentations for C'(i), we know that

20(6)] = ¥ (5" — 1)

for k # 2n.
Now if k& = 2n, then the permutation itself is a map with the underlying graph
B,,. Whence, it is also an automorphism of the map with the permutation is its

power. Therefore, we get that
99 (&)] = ¢(2n)

(77) For k > 3 and k # 2n, since the group < P,,aff > is transitive on X, g
or not, we can interchange C'(i) by aC(i)~'a™! for each cycle not containing the
quadricell z1;. Notice that we only get the same map if the two sides of some edges

are interchanged altogether or not. Whence, we get that

24(0) =28 E T - = R R (2 - 1)

Now if § = (z1, aBx1) (22, aBx2) - - - (2, aBxy) (a1, B1) (T2, BT2) - - - (T, B),

there is one and only one stable map (X, g, P.) under the action of &, where

Prll = (xlvx% T ',.Z'n,aﬂxl,@éﬂ.]}'g, T '7aﬂxn)(axlaﬁxn7 e 7ﬁx17axn7 o ',Oé.fl}'l).

Which is an orientable map. Whence, |®%(¢)| = |99(€)| = 1.
If &= (z1)(w2) - - (zn) (1) (ams) - - - (a@n ) (B21) (B2) - - - (Bn) (@far) (fs)

-+ (afz,), we can interchange (afx;) with (fz;) and obtain different embeddings

of B,, on surfaces. Whence, we know that

|[D4(€)] = 2"(2n — 1)\.

Now if £ = ((;e1,€2, -+, €,) and ¢ € En-2s 9s) for some integer s, €; = (1,af)

for 1 <i<sande; =1for s+1<j <mn, we can not interchange (z;, ofz;) with
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(ax;, Bx;) to get different embeddings of B, for it just interchanging the two sides
of one edge. Whence, we get that
1BL(¢)| = n! % 98 — _ont
17=25(p — 25)123s! ~(n—2s)ls!”
For § = (0;e1,62, -+ ,6p), 0 €Epyand g; = 1for 1 <i <n—1,¢, = (1,a8), we

can not get different embeddings of B, by interchanging the two conjugate cycles,

whence, we get that

[B5(6)] = |29(6)] = o (2n).
This completes the proof. b
Recall that the cycle index of a group G, denoted by Z(G; sy, 892, -, Sy), iS
defined by ([30])

Z(G 51,82, 8n) Zs’\l(g . 32”(9),

‘G| geG

where, \;(g) is the number of i-cycles in the cycle decomposition of g. For the

symmetric group S, its cycle index is known as follows:

A1 A A
s71sy2 - Skk

1)‘1>\1!2)‘2>\2. ]f)‘k)\k'

Z(Sn;817827 te '7811) =
A1 +2X2+-+kAg=n

For example, we have that Z(S;) = > +52 . By a result of Polya ([56]), we know the

cycle index of S,,[S5] as follows:

1 (8§+82 ))\1(83-1-84))\2 L (8%"1‘8%))%

(Sn[SZ];SbSQa'”aSQn) 2 2 2
Z A A U 9
20 ) o e DIAIDT ]

Now we can count maps on surfaces with an underlying graph B,.

Theorem 4.3.1 The number n®(B,,) of non-isomorphic maps on orientable surfaces

underlying a graph B, is

on 1,2 1 0% (Z(S,]S
0By = 3 kg TGN,
k|2n,k#2n (?) 88,;

I(Z(5a[5:]))

082n

+ ¢(2n)

| s2n,=0
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Proof According to the formula (1.3.1) in the Corollary 1.3.1, we know that

OB =5 X 107

T EESK[S2] X <a-
Now since for V&, & € S,[S2], if there exists an element 6§ € S,[Ss], such that

& = 0&,071, then we have that |99 (&) = [99(&;)] and |BC(€)| = |99 (£a)|. Notice
that |®°(¢)| has been gotten by the Lemma 4.3.1. Using the Lemma 4.3.1(i) and
the cycle index Z(S,[52]), we get that

1o) . 1 %_1 2n_ |
R e T DL S u I AR CO )
m 1 2n 1 0% (Z(5,[S3)))
= k k 1(_ - ]‘)' n 2n |8k=
k|2n,zk:¢2n k (2?)' s,k ’
o(Z(S,,|S:
+ on 2y

Now we consider maps on the non-orientable surfaces with an underlying graph
B,,. Similar to the discussion of the Theorem 4.1, we get the following enumeration

result for the non-isomorphic maps on the non-orientable surfaces.

Theorem 4.3.2 The number n™ (B,,) of non-isomorphic maps on the non-orientable

surfaces with an underlying graph B,, is

n k|2n 3<k<2n 83,j

Q”n' Z (n— 25 Is! +4%(n - 1>!<an<Z(858;:L[S2])) lea=0 = LgJ))

Proof Similar to the proof of the Theorem 4.3.1, applying the formula (1.3.3)
in the Corollary 1.3.1 and the Lemma 4.3.1(i7), we get that

nb(B) = =D o

n!

0"(Z(Su[52]))
8S§n

1 n! . 9"(Z(Sn[5:])) n
¥ oo (> -+ 4"(n —1)!(Tlszzo— 151)

s (n — 2s)!s!
i 3 (Qk)%—l(%_l)!af( (1[52]))%]6:0‘

k|2n,3<k<2n Os;F

| s2n,=0
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Notice that n?(B,) +n"(B,) = n*(B,). Applying the result in the Theorem
4.3.1, we know that

2n

2n 9% (Z(5n[5:]))

nN(B,) = Tk Y (@R ) =0
n: k|2n,3<k<2n s
1 n! O"(Z(S,[52])) n
4"(n — DN(————— =0 — | =])).
2nn) (; (n — 2s)!s! 4% (n = DX 0s% lsa=0 L2J))
This completes the proof. b
Calculation shows that
sT+ o
Z(81[%]) = —

and

sT+ 28259 + 353 + 254
8 )
For n = 2, calculation shows that there are 1 map on the plane, 2 maps on the

Z(55]5]) =

projective plane, 1 map on the torus and 2 maps on the Klein bottle. All of those
maps are non-isomorphic and same as the results gotten by the Theorem 4.3.1 and
4.3.2, which are shown in the Fig. 2.

OO (A) |

Fig. 4.2
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84. A classification of the closed s-manifolds

According to the Theorem 1.2.8, We can classify the closed s-manifolds by

triangular maps with valency in {5,6,7} as follows:

Classical Type:

(1) Ay = {5 — regular triangular maps} (elliptic);
(2) Ay = {6 — regular triangular maps}(euclid);
(3) As = {7 — regular triangular maps}(hyperbolic).

Smarandache Type:

(4) Ay = {triangular maps with vertex valency 5 and 6} (euclid-elliptic);

(5) Ay = {triangular maps with vertex valency 5 and 7} (elliptic-hyperbolic);
(6) Ag = {triangular maps with vertex valency 6 and 7} (euclid-hyperbolic);
(7) A7 = {triangular maps with vertex valency 5,6 and 7} (mized).

We prove each type is not empty in this section.

Theorem 4.4.1 For classical types A1 ~ As, we have that
(1) Ay = {020, P10};
(2) Ay ={T}, K;,1 <i,j < +o00};
(3) Az ={H;,1 <i< +oof,
where, Oy, Pig are shown in the Fig.4.3, Ty, K3 are shown in the Fig. 4.4 and H;

is the Hurwitz maps, i.e., triangular maps of valency 7.

Fig. 4.3
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Fig. 4.4

Proof If M is a k-regular triangulation, we get that 2e(M) = 3¢p(M) = kv(M).

Whence, we have

e(M) = 3¢(2M) and v(M) = 35(}{]\/[)‘
By the Euler-Poincare formula, we know that
3 1
X(M) = v(M) = (M) + 6(M) = (&~ 2)o(M).

If M is elliptic, then & = 5. Whence, x(M) = %1\51) > 0. Therefore, if M
is orientable, then x(M) = 2, Whence, ¢p(M) = 20,v(M) = 12 and (M) = 30,
which is the map Oq. If if M is non-orientable, then x (M) = 1, Whence, ¢(M) =
10,v(M) = 6 and (M) = 15, which is the map Py.

If M is euclid, then £k = 6. Whence, x(M) = 0, i.e., M is a 6-regular tri-
angulation 7; or K; for some integer ¢ or j on the torus or Klein bottle, which is
infinite.

If M is hyperbolic, then k& = 7. Whence, x(M) < 0. M is a T-regular
triangulation, i.e., the Hurwitz map. According to the results in [65], there are
infinite Hurwitz maps on surfaces. This completes the proof. il

For the Smarandache Types, the situation is complex. But we can also obtain

the enumeration results for each of the types Ay ~ Ay, First, we prove a condition

for the numbers of vertex valency 5 with 7.

Lemma 4.4.1 Let Let C(T,n) be an s-manifold. Then
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vy > U5 + 2

if x(C(T,n)) < —1 and

U7 S Vg — 2
if x(C(T,n)) > 1. where v; denotes the number of vertices of valency i in C(T,n).

Proof Notice that we have know

(T, n)) = XET

1
3
where k is the average valency of vertices in C(T,n). Since

H5vs + 6vg + Tur
U5 + Vg + VU7
and (C(T,n)) > 3. Therefore, we get that
(1) If x(C(T',n)) < —1, then

k:

1 2U5+2U6—|—2U7 -0
3 bus + 6ug + Tz ’

ie., vy > v5+ 1. Now if v; = v5 + 1, then

5vs + 6vg + Tvr = 1205 + 6vg + 7 = 1(mod2).

Contradicts to the fact that Y ,cy ) pr(v) = 2¢(I') = 0(mod2) for a graph T
Whence we get that

’U7ZU5+2.

(17) If x(C(T,n)) > 1, then

1 2U5+2U6+2U7 <0
3 5’05 + 6’06 + 71)7 ’

ie., vy <wvs—1. Now if v; = v5 — 1, then

5v5 + 6vg + Tvr = 1205 + 6vg — 7 = 1(mod2).
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Also contradicts to the fact that 3-,cy(r) pr(v) = 2¢(I') = 0(mod2) for a graph T
Whence, we have that

vy < vg — 2. il
Corollary 4.4.1 There is no an s-manifold C(T,n) such that

|’U7 — ’U5| S 1,

where v; denotes the number of vertices of valency i in C(T,n).
Define an operator =: M — M* on a triangulation M of a surface as follows:
Choose each midpoint on each edge in M and connect the midpoint in each
triangle as shown in the Fig.4.5. Then the resultant M™* is a triangulation of the

same surface and the valency of each new vertex is 6.

v W
VAVA

- /\/\

Z4 A4 7

Fig. 4.5
Then we get the following result.

Theorem 4.4.2 For the Smarandache Types Ay ~ Az, we have
(1) |As] = 2;
(7i) Each of |A4|, |Ag¢| and |A;| is infinite.

Proof For M € Ay, let k be the average valency of vertices in M, since

k;:

505 + 6
2O g and (M) = X
'U5+'U6 3%
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we have that (M) > 1. Calculation shows that vs = 6 if x(M) =1 and vs = 12 if
X(M) = 2. We can construct a triangulation with vertex valency 5,6 on the plane

and the projective plane in the Fig. 4.6.

(a) {b)

Fig. 4.6
Now let M be a map in the Fig. 4.6. Then M® is also a triangulation of the
same surface with vertex valency 5,6 and M® # M. Whence, |A,| is infinite.
For M € As, by the Lemma 4.4.1, we know that v; < wvs — 2 if x(M) > 1 and
vy > vs + 2 if x(M) < —1. We construct a triangulation on the plane and on the
projective plane in the Fig.4.6.

{a) {(b)
Fig. 4.7
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For M € Ag, we know that k = %%f™z > 6 Whence, x(M) < —1. Since

ve+v7

30(M) = 6vg + Tv; = 2e(M), we get that

6vg + 7 6vs + 7
Vg + U7 — 1)62 kL U63 U7:x(M).

Therefore, we have v; = —x(M). Since there are infinite Hurwitz maps M on

surfaces. Then the resultant triangular map M* is a triangulation with vertex
valency 6,7 and M* # M. Whence, |Ag| is infinite.
For M € A7, we construct a triangulation with vertex valency 5, 6,7 in the Fig.

4.8 as follows.

Fig. 4.8
Let M be one of the maps in the Fig.4.8. Then the action of © on M results

infinite triangulations of valency 5,6 or 7. This completes the proof. f

Conjecture 4.4.1 The number |As| is infinite.



Chapter 5 Open Problems for Combinatorial Maps

As a well kind of decomposition of a surface, maps are more concerned by math-
ematician in the last century, especially in the enumeration of maps ([33] —[35]) and
graphs embedding on a surface ([22], [35], [53],[70]). This has its own right,also its
contribution to other branch of mathematics and sciences. Among those map ap-
plication to other branch mathematics, one typical example is its contribution to
the topology for the classification of compact surfaces by one face, or its dual, one
vertex maps, i.e., a bouquet B,, on surfaces. Another is its contribution to the group
theory for finding the Higman-Sims group (a sporadic simple group ([6])) and an
one sentence proof of the Nielsen-Schreier theorem, i.e., every subgroup of a free
group is also free ([63] — [64]). All those applications are to the algebra, a branch of
mathematics without measures. From this view, the topics discussed in the graph
theory can be seen just the algebraic questions. But our world is full of measures.
For applying combinatorics to other branch of mathematics, a good idea is pullback
measures on combinatorial objects again, ignored by the classical combinatorics and
reconstructed or make combinatorial generalization for the classical mathematics,
such as, the algebra, differential geometry, Riemann geometry, Smarandache ge-
ometries, --- and the mechanics, theoretical physics, ---. For doing this, the most
possible way is, perhaps by the combinatorial maps. Here is a collection of open

problems concerned maps with the Riemann geometry and Smarandache geometries.

5.1 The uniformization theorem for simple connected Riemann sur-

faces

The uniformization theorem for simple connected Riemann surfaces is one of

those beautiful results in the Riemann surface theory, which is stated as follows([18]).

If § is a simple connected Riemann surface, then S is conformally equivalent
to one and only one of the following three:

(a) CUoo;

(b) C;
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(¢c) A={zelllz] <1}.

We have proved in the Chapter 2 that any automorphism of a map is conformal.
Therefore, we can also introduced the conformal mapping between maps. Then, how
can we define the conformal equivalence for maps enabling us to get the uniformiza-
tion theorem of maps? What is the correspondence class maps with the three type

(a) — (¢) Riemann surfaces?

5.2 The Riemann-Roch theorem

Let S be a Riemann surface. A divisor on § is a formal symbol

U = ﬁ f)z‘a(Pi)

i=1
with P, € S, a(P;) € Z. Denote by Div(S) the free commutative group on the
points in § and define

deg = a(P).

i=1
Denote by H(S) the field of meromorphic function on S. Then for Vf € H(S)\
{0}, f determines a divisor (f) € Div(S) by

(f) =11 P,

Pes
where, if we write f(z) = 2"¢g(z) with g holomorphic and non-zero at z = P, then

the ordpf = n. For Uy = [ PP Uy = [] P**P) € Div(S), call Uy > U, if
Pes Pes
a1 (P) > ay(P). Now we define a vector space

L) ={f € HIS)I(f) = U,U € Div(S)}

QU) = {w|w is an abelian dif ferential with (w) > U}.

The Riemann-Roch theorem says that([71])

dim(LU™)) = degd — g(S) + 1 + dimQ(S).
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Comparing with the divisors and their vector space, there ia also cycle space
and cocycle space in graphical space theory ([35]). What is their relation? Whether

can we rebuilt the Riemann-Roch theorem by map theory?

5.3 Combinatorial construction of an algebraic curve of genus

A complex plane algebraic curve C; is a homogeneous equation f(z,y,z) = 0
in P,C = (C*\ (0,0,0))/ ~, where f(z,y,z) is a polynomial in z,y and z with
coefficients in C. The degree of f(x,y,z2) is said the degree of the curve C;. For
a Riemann surface S, a well-known result is ([71])there is a holomorphic mapping
¢ : S — PyC such that ¢(S) is a complex plane algebraic curve and

(d(e(S5)) — 1)(d(¢(5)) — 2)

g(9) = 5 :

By map theory, we know a combinatorial map also is on a surface with genus.

Then whether we can get an algebraic curve by all edges in a map or by make
operations on the vertices or edges of the map to get plane algebraic curve with

given k-multiple points? and how do we find the equation f(x,y,z) = 0%

5.4 Classification of s-manifolds by maps

We have classified the closed s-manifolds by maps in the Section 4 of Chapter 4.
For the general s-manifolds, their correspondence combinatorial model is the maps
on surfaces with boundary, founded by Bryant and Singerman in 1985 ([8]). The
later is also related to the modular groups of spaces and need to investigate further

itself. The questions are

(1) how can we combinatorially classify the general s-manifolds by maps with
boundary?

(7i) how can we find the automorphism group of an s-manifold?

(7i1) how can we know the numbers of non-isomorphic s-manifolds, with or
without root?

(1) find rulers for drawing an s-manifold on a surface, such as, the torus, the

projective plane or Klein bottle, not the plane.
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The Smarandache manifolds only using the triangulations of surfaces with ver-
tex valency in {5, 6, 7}. Then what are the geometrical mean of the other maps, such
as, the 4-reqular maps on surfaces. It is already known that the later is related to
the Gauss cross problem of curves([35]). May be we can get a geometry even more

general than that of the Smarandache geometries.

5.5 Gauss mapping among surfaces

In the classical differential geometry, a Gauss mapping among surfaces is defined
as follows([42]):

Let 8 C R3 be a surface with an orientation N. The mapping N : S — R3

takes its value in the unit sphere

S?={(z,y,2) € R*|2* +y*+ 2 =1}
along the orientation N. The map N : S — S2, thus defined, is called the Gauss
mapping.

we know that for a point P € S such that the Gaussian curvature K(P) # 0

and V' a connected neighborhood of P with K does not change sign,
N(A

where A is the area of a region B C V and N(A) is the area of the image of B by
the Gauss mapping N : S — S2. The questions are

(1) what is its combinatorial meaning of the Gauss mapping? How to realizes
it by maps?

(13) how we can define various curvatures for maps and rebuilt the results in

the classical differential geometry?

5.6 The Gauss-Bonnet theorem

Let § be a compact orientable surface. Then
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//S Kdo =27x(S),

where K is Gaussian curvature on S.

This is the famous Gauss-Bonnet theorem for compact surface ([14], [71] —[72]).
This theorem should has a combinatorial form. The questions are

(1) how can we define the area of a map? (Notice that we give a definition of
non-Euclid area of maps in Chapter 2.)

(ii) can we rebuilt the Gauss-Bonnet theorem by maps?

5.7 Riemann manifolds

A Riemann surface is just a Riemann 2-manifold. A Riemann n-manifold (M, g)
is a n-manifold M with a Riemann metric g. Many important results in Riemann
surfaces are generalized to Riemann manifolds with higher dimension ([14], [71] —
[72]). For example, let M be a complete, simple-connected Riemann n-manifold
with constant sectional curvature ¢, then we know that M is isometric to one of the
model spaces R"™, Sgn or Hpn. There is also a combinatorial map theory for higher
dimension manifolds (see [67] — [68]). Whether can we systematically rebuilt the
Riemann manifold theory by combinatorial maps? or can we make a combinatorial
generalization of results in the Riemann geometry, for example, the Chern-Gauss-
Bonnet theorem ([14],[37],[71])? If we can, a new system for the Einstein’s relative

theory will be found.
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Abstract

A combinatorial map is a connected topological graph cellularly embedded
in a surface. This monograph concentrates on the automorphism group
of a map, which is related to the automorphism groups of a Klein surface
and a Smarandache manifold, also applied to the enumeration of unrooted
maps on orientable and non-orientable surfaces. A number of results for the
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and non-orientable surfaces are discovered. An elementary classification for
the closed s-manifolds is found. Open problems related the combinatorial
maps with the differential geometry, Riemann geometry and Smarandache
geometries are also presented in this monograph for the further applications
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