NEW CLASSES OF CODES FOR
CRYPTOLOGISTS AND
COMPUTER SCIENTISTS

W. B. Vasantha Kandasamy
e-mail: vasanthakandasamy @ gmail.com
web: http:/mat.iitm.ac.in/~wbv
www.vasantha.net

Florentin Smarandache
e-mail: smarand@unm.edu

INFOLEARNQUEST
Ann Arbor
2008



This book can be ordered in a paper bound reprint from:

Books on Demand

ProQuest Information & Learning

(University of Microfilm International)

300 N. Zeeb Road

P.O. Box 1346, Ann Arbor

MI 48106-1346, USA

Tel.: 1-800-521-0600 (Customer Service)
http://wwwlib.umi.com/bod/

Peer reviewers:

Prof. Dr. Adel Helmy Phillips.

Faculty of Engineering, Ain Shams University

1 El-Sarayat st., Abbasia, 11517, Cairo, Egypt.
Professor Paul P. Wang, Ph D

Department of Electrical & Computer Engineering
Pratt School of Engineering, Duke University
Durham, NC 27708, USA

Professor Diego Lucio Rapoport

Departamento de Ciencias y Tecnologia
Universidad Nacional de Quilmes

Roque Saen Pefia 180, Bernal, Buenos Aires, Argentina

Copyright 2008 by InfoLearnQuest and authors
Cover Design and Layout by Kama Kandasamy

Many books can be downloaded from the following
Digital Library of Science:
http://www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm

ISBN-10: 1-59973-028-6
ISBN-13: 978-1-59973-028-8
EAN: 9781599730288

Standard Address Number: 297-5092
Printed in the United States of America



CONTENTS

Preface

Chapter One
BASIC CONCEPTS

1.1 Introduction of Linear Code
and its basic Properties
1.2 Bimatrices and their Generalizations

Chapter Two
BICODES AND THEIR
GENERALIZATIONS

2.1 Bicodes and n-codes
2.2 Error Detection and Error Correction
in n-codes (n > 2)

45

45

103



2.3 False n-matrix and Pseudo
False n-matrix
2.4 False n-codes (n > 2)

Chapter Three
PERIYAR LINEAR CODES

3.1 Periyar Linear Codes and their Properties
3.2 Application of these New Classes of Codes

FURTHER READING
INDEX

ABOUT THE AUTHORS

137
156

169

169
193

195

199

206



PREFACE

Historically a code refers to a cryptosystem that deals with
linguistic units: words, phrases etc. We do not discuss such
codes in this book. Here codes are message carriers or
information storages or information transmitters which in time
of need should not be decoded or read by an enemy or an
intruder. When we use very abstract mathematics in using a
specific code, it is difficult for non-mathematicians to make use
of it. At the same time, one cannot compromise with the
capacity of the codes. So the authors in this book have
introduced several classes of codes which are explained very
non-technically so that a strong foundation in higher
mathematics is not needed. The authors also give an easy
method to detect and correct errors that occur during
transmission. Further some of the codes are so constructed to
mislead the intruder. False n-codes, whole n-codes can serve
this purpose.

These codes can be used by computer scientists in
networking and safe transmission of identity thus giving least
opportunity to the hackers. These codes will be a boon to
cryptologists as very less mathematical background is needed.

To honour Periyar on his 125" birth anniversary and to
recognize his services to humanity the authors have named a
few new classes of codes in his name. This book has three
chapters. Chapter one is introductory in nature. The notion of
bicodes and their generalization, n-codes are introduced in
chapter two. Periyar linear codes are introduced in chapter three.



Many examples are given for the reader to understand these new
notions. We mainly use the two methods, viz. pseudo best n-
approximations and n-coset leader properties to detect and
correct errors.

The authors deeply acknowledge the unflinching support of
Dr.K.Kandasamy, Meena and Kama.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

BASIC CONCEPTS

In this chapter we introduce the basic concepts about linear
codes which forms the first section. Section two recalls the
notion of bimatrices and n-matrices (n a positive integer) and
some of their properties.

1.1 Introduction of Linear Code and its basic Properties

In this section we just recall the definition of linear code and
enumerate a few important properties about them. We begin by
describing a simple model of a communication transmission
system given by the figure 1.1.

SENDER CODING

RECEIVER DECODING

Figure 1.1



Messages go through the system starting from the source
(sender). We shall only consider senders with a finite number of
discrete signals (eg. Telegraph) in contrast to continuous
sources (eg. Radio). In most systems the signals emanating from
the source cannot be transmitted directly by the channel. For
instance, a binary channel cannot transmit words in the usual
Latin alphabet. Therefore an encoder performs the important
task of data reduction and suitably transforms the message into
usable form. Accordingly one distinguishes between source
encoding the channel encoding. The former reduces the message
to its essential(recognizable) parts, the latter adds redundant
information to enable detection and correction of possible errors
in the transmission. Similarly on the receiving end one
distinguishes between channel decoding and source decoding,
which invert the corresponding channel and source encoding
besides detecting and correcting errors.

One of the main aims of coding theory is to design methods
for transmitting messages error free cheap and as fast as
possible. There is of course the possibility of repeating the
message. However this is time consuming, inefficient and crude.
We also note that the possibility of errors increases with an
increase in the length of messages. We want to find efficient
algebraic methods (codes) to improve the reliability of the
transmission of messages. There are many types of algebraic
codes; here we give a few of them.

Throughout this book we assume that only finite fields
represent the underlying alphabet for coding. Coding consists of
transforming a block of k message symbols a;, a,, ..., a; & € Fq
into a code word X = X; Xz ... Xn; Xi € Fg, Where n > k. Here the
first ki symbols are the message symbols i.e., X; = a;; 1 <i <Kk;
the remaining n — k elements Xy.1, Xks2, ---, Xn are check symbols
or control symbols. Code words will be written in one of the
forms X; Xi, X2, ..., Xn OF (X1 X2 ... Xp) OF X1 Xz ... X,. The check
symbols can be obtained from the message symbols in such a
way that the code words x satisfy a system of linear equations;
Hx" = (0) where H is the given (n — k) x n matrix with elements
in Fq = Zyn(q = p"). A standard form for H is (A, I,) with n —k

x k matrix and I, the n — k x n — k identity matrix.



We illustrate this by the following example.

Example 1.1.1: Let us consider Z, = {0, 1}. Taken=7, k = 3.
The message a; a, az is encoded as the code word X =a; a, as X4
X5 Xg X7. Here the check symbols X4 X5 Xg X7 are such that for this
given matrix

:(A;IA);

o o r o
o o o m
e =)
o o o r
o o r o
o O o
m O O o

we have Hx" = (0) where

X =ajp dr dz Xz X5 Xg X7.
a+Xx,=0
atazt+xs=0
a3+ Xe=0
a3+ %x;,=0.

Thus the check symbols x4 Xs Xg X; are determined by a; a, as.
The equation Hx" = (0) are also called check equations. If the
message a =1 0 0 then, x4 =0, Xs = 1, X¢ = 0 and x; = 0. The
code word xis1 00010 0. If the message a=1 1 0 then x, =1,
X5 =1, X6 =1=X;. Thus the codeword x=1101100.

We will have altogether 2° code words given by

0000000 1101100
1000100 1010011
0101100 0111111
0010111 1111011

DEFINITION 1.1.1: Let H be an n — k x n matrix with elements
in Z,. The set of all n-dimensional vectors satisfying Hx" = (0)
over Z, is called a linear code(block code) C over Z, of block



length n. The matrix H is called the parity check matrix of the
code C. Cis also called a linear(n, k) code.

If H is of the form(A, l,) then the k-symbols of the code
word X is called massage(or information) symbols and the last
n — k symbols in X are the check symbols. C is then also called a
systematic linear(n, k) code. If g = 2, then C is a binary code.
k/n is called transmission (or information) rate.

The set C of solutions of X of Hx' = (0). i.e., the solution
space of this system of equations, forms a subspace of this

system of equations, forms a subspace of Z; of dimension k.

Since the code words form an additive group, C is also called a
group code. C can also be regarded as the null space of the
matrix H.

Example 1.1.2: (Repetition Code) If each codeword of a code
consists of only one message symbol a; € Z, and (n — 1) check
symbols x; = X3 = ... = X, are all equal to a; (a, is repeated n — 1
times) then we obtain a binary (n, 1) code with parity check
matrix

- O O B
- O O B
- O, O
-k, O O

1000 .. 1]

There are only two code words in this code namely 00 ... 0 and
11..1.

If is often impracticable, impossible or too expensive to send the
original message more than once. Especially in the transmission
of information from satellite or other spacecraft, it is impossible
to repeat such messages owing to severe time limitations. One
such cases is the photograph from spacecraft as it is moving it
may not be in a position to retrace its path. In such cases it is
impossible to send the original message more than once. In
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repetition codes we can of course also consider code words with
more than one message symbol.

Example 1.1.3: (Parity-Check Code): This is a binary (n, n — 1)
code with parity-check matrix to be H=(1 1 ... 1). Each code
word has one check symbol and all code words are given by all
binary vectors of length n with an even number of ones. Thus if
sum of the ones of a code word which is received is odd then
atleast one error must have occurred in the transmission.

Such codes find its use in banking. The last digit of the
account number usually is a control digit.

DEFINITION 1.1.2: The matrix G = (I, —-A") is called a
canonical generator matrix (or canonical basic matrix or
encoding matrix) of a linear (n, k) code with parity check matrix
H =(A, I,2). In this case we have GH' = (0).

Example 1.1.4: Let

1000100
G=|01 01 00O
0010111

be the canonical generator matrix of the code given in example
1.1.1. The 2% code words x of the binary code can be obtained
fromx =aG witha=a;a,as3, a; € Z,, 1 <i < 3. We have the set
of a = a; a, a3 which correspond to the message symbols which
is as follows:

[000],[100],[010],[00 1],
[110],[101],[011]and [111].

1000100
x = [0 000101000

0010111
= [00000 0 0

11
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1000100
x = [L110101000

0010111
= 11110 11.

The set of codes words generated by this G are

(0000000),(1000100),(0101000),(0010111),(L
101100),(1010011),(0111111)and(1111011).

The corresponding parity check matrix H obtained from this G
is given by

0101000
1010100
H= 0010010
0010001
Now
0 1 0 0]
1000
10001000111
GH'=|0 101 000|1000
001011 1llo100
0010
00 0 1]
0000
= o0 0 0
0000

We recall just the definition of Hamming distance and
Hamming weight between two vectors. This notion is applied to
codes to find errors between the sent message and the received

13



message. As finding error in the received message happens to be
one of the difficult problems more so is the correction of errors
and retrieving the correct message from the received message.

DEFINITION 1.1.3: The Hamming distance d(x, y) between two
VECtOrs X =Xy Xo ... Xpand y =y1 Y, ... yn in Fqn is the number of

coordinates in which x and y differ. The Hamming weight o(x)
of a vector X = Xy Xz ... Xp in Fqn is the number of non zero co

ordinates in X; . In short o(x) = d(x, 0).

We just illustrate this by a simple example.

Suppose x=[1011110]andy e [0111101]belongto
F/ thenD(X,y)=(x~y)=(1011110)~(0111101)=
(z~0,0~1,1~1,1~1,1~1,1~0,0~1)=(1100011)=4. Now
Hamming weight o of X is o(x) = d(x, 0) = 5 and w(y) = d(y, 0)
=5.

DEFINITION 1.1.4: Let C be any linear code then the minimum
distance dy;, of a linear code C is given as

d.,=min d(u,v).
u,veC
u=v

For linear codes we have
d(u, v) =d(u-v, 0) = &(u —v).

Thus it is easily seen minimum distance of C is equal to the
least weight of all non zero code words. A general code C of
length n with k message symbols is denoted by C(n, k) or by a
binary (n, k) code. Thus a parity check code is a binary (n,
n — 1) code and a repetition code is a binary (n, 1) code.

If H= (A, l._) be a parity check matrix in the standard form
then G = (l,, —A") is the canonical generator matrix of the linear
(n, k) code.

The check equations (A, I,_i) X" = (0) yield

14



Xk.+2 —_A X, —_A 3:2
X, X, a,
Thus we obtain
X &
X2 Ik aZ
: {—A} L
X, a,

We transpose and denote this equation as

(Xy X2 ... Xn) = (a1 @2 ... &) (I, —A")
=(@a ... &) G.

We have just seen that minimum distance
d.,=min d(u,v).

u,veC
u=v

If d is the minimum distance of a linear code C then the
linear code of length n, dimension k and minimum distance d is
called an (n, k, d) code.

Now having sent a message or vector x and if y is the
received message or vector a simple decoding rule is to find the
code word closest to x with respect to Hamming distance, i.e.,
one chooses an error vector e with the least weight. The
decoding method is called “nearest neighbour decoding” and
amounts to comparing y with all g code words and choosing
the closest among them. The nearest neighbour decoding is the
maximum likelihood decoding if the probability p for correct
transmission is > %5.

Obviously before, this procedure is impossible for large k
but with the advent of computers one can easily run a program
in few seconds and arrive at the result.

We recall the definition of sphere of radius r. The set Si(x) = {y

e R} /d(x,y) <r} is called the sphere of radius r about x € F;'.
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In decoding we distinguish between the detection and the
correction of error. We can say a code can correct t errors and
can detect t + s, s > 0 errors, if the structure of the code makes it
possible to correct up to t errors and to detectt + j, 0 <j<s
errors which occurred during transmission over a channel.

A mathematical criteria for this, given in the linear code is ;
A linear code C with minimum distance dn;, can correct upto t
errors and can detectt +j, 0 <j<s, errors if and only if zt + s <
dmin OF equivalently we can say “A linear code C with minimum

distance d can correct t errors if and only if tz{(d—z_l)] The

real problem of coding theory is not merely to minimize errors
but to do so without reducing the transmission rate
unnecessarily. Errors can be corrected by lengthening the code
blocks, but this reduces the number of message symbols that
can be sent per second. To maximize the transmission rate we
want code blocks which are numerous enough to encode a given
message alphabet, but at the same time no longer than is
necessary to achieve a given Hamming distance. One of the
main problems of coding theory is “Given block length n and
Hamming distance d, find the maximum number, A(n, d) of
binary blocks of length n which are at distances > d from each
other”,

Let u = (uy, Uy, ..., Uy) and v = (vy, Vy, ..., V) be vectors in

Fqn and let u.v = ugvy + UpV, + ... + UyV, denote the dot product

of u and v over F;. If uv = 0 then u and v are called
orthogonal.

DEFINITION 1.1.5: Let C be a linear (n, k) code over F,. The
dual(or orthogonal)code C* = {u|uv=0forallv e C}, u e

Fq”. If C is a k-dimensional subspace of the n-dimensional
vector space Fqn the orthogonal complement is of dimension n —

k and an (n, n — k) code. It can be shown that if the code C has a
generator matrix G and parity check matrix H then C* has
generator matrix H and parity check matrix G.

16



Orthogonality of two codes can be expressed by GHT = (0).

Example 1.1 .5: Let us consider the parity check matrix H of a
(7, 3) code where

1001000
H=0010100
1100010
1010001

The code words got using H are as follows

0000000O0
1001011 0110111
0100010 1011110.
0010101 1111100
1101001

Now for the orthogonal code the parity check matrix H of the
code happens to be generator matrix,

1001000
c_[001 0100
1100010
1010001
0]'f1 001000
o/|lo o1 0100
X = =[0000000].
o||1 1 00010
0|1 010001

17
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10010 0 0]
0010100

x=[1 0 1 1] =[1111011]
1100010
101000 1
100100 0]
0010100

x=[0 1 1 1] =[0100111]
1100010
101000 1
1001000
0010100

x=[1 1 1 1] =[1101111].
1100010
1010001

The code words of C(7, 4) i.e., the orthogonal code of C(7, 3)
are

{(0000000),(1001000),(0010100),(1100010),
(1010001),(1011100),(0101010),(0011001), (L
110110),(1000101),(0110011),(0111110),(00
01101),(1111011),(0100111),(1101111)}

Thus we have found the orthogonal code for the given code.
Now we just recall the definition of the cosets of a code C.

DEFINITION 1.1.6: Fora € F' wehavea+C={a+x/x €
C}. Clearly each coset contains q* vectors. There is a partition
of Fof the form F'=C u{a® + C} v{a® + C} u... U{a'

+Clfort=qg"™*-1. Ifyisa received vector then y must be an
element of one of these cosets say a' + C. If the code word x®
has been transmitted then the error vector

e=y-xP ea®+Cc-xP=a"+cC.

20



Now we give the decoding rule which is as follows.

If a vector y is received then the possible error vectors e are
the vectors in the coset containing y. The most likely error is the
vector € with minimum weight in the coset of y. Thus y is
decodedas X =y—¢€.[23, 4]

Now we show how to find the coset of y and describe the
above method. The vector of minimum weight in a coset is
called the coset leader.

If there are several such vectors then we arbitrarily choose
one of them as coset leader. Let a®, a®, ..., a® be the coset
leaders. We first establish the following table

k -
V=0 | x®=0]..] x99 codewordsinC
k
a® 1 x® [a® 1 x@ | ] g® 4 x@

other cosets

k
a® £ x® | a® L x@ | | g® 4 x@)
coset
leaders

If a vector y is received then we have to find y in the table.
Let y = a® + x¥; then the decoder decides that the error Eis
the coset leader a”. Thus y is decoded as the code word
X =y—g&=x9. The code word X occurs as the first element

in the column of y. The coset of y can be found by evaluating the
so called syndrome.

Let H be parity check matrix of a linear (n, k) code. Then
the vector S(y) = Hy' of length n—k is called syndrome of vy.
Clearly S(y) = (0) ifand only ify € C.

Sy®) =sy?) ifand only ify® + C=y@ + C.
We have the decoding algorithm as follows:
If y € F is a received vector find S(y), and the coset

leader € with syndrome S(y). Then the most likely transmitted
code word is X = y—€ we have d(X,Yy).=min{d(x, y)/x e C}.

We illustrate this by the following example.

21



Example 1.1.6: Let C be a (5, 3) code where the parity check

matrix H is given by
101 1 0]
H=
1001

1 .
and
1 0011
G=1(0 1 01
00110

The code words of C are

{(000 00),(10011),(01001),(00110),(11010),(10
101),(01111),(11100)}

The corresponding coset table is

Message| 000 | 100 | 010 | 001 | 110 | 101 | 011 | 111
code 1 53000(10011 |01001{00110{11010 | 10101 | 01111 [ 11100

words

10000{00011{11001{10110{01010({00101|11111|01100
01000{11011{00001/01110{10010{11101{00111|10100
00100{10111{01101/00010{11110{10001{01011|11000
coset
leaders

other
cosets

Ify=(11110) is received, then y is found in the coset with
the coset leader (0010 0)
y+(00100)=(11110)+(00100)=(11010)isthe
corresponding message.

Now with the advent of computers it is easy to find the real
message or the sent word by using this decoding algorithm.

A binary code C,, of length n = 2"- 1, m>2withmx 2" -1
parity check matrix H whose columns consists of all non zero
binary vectors of length m is called a binary Hamming code.

We give example of them.

22



Example 1.1.7: Let

101111001011 000
|_|:110111100100100
11101011001 0010
1111000111000 0°1

which gives a C,(15, 11, 4) Hamming code.

Cyclic codes are codes which have been studied extensively.
Let us consider the vector space F over F,. The mapping
Z.F —>F
where Z is a linear mapping called a “cyclic shift” if Z(ao, aj,
LR an—l) = (an—].! aO! ry an—z)

A = (Fq[x], +, ., .) is a linear algebra in a vector space over
Fq. We define a subspace V,, of this vector space by

V, = {v e Fyx]/degree v <n}
{Vo+Vix + VX2 + .+ VX v e Fg; 0<i<n-1}.

We see that V, = Fq” as both are vector spaces defined over the
same field F,. Let I" be an isomorphism

T(Vo, Vi, «vvy Vi) = {Vo + ViX + VX2 + ... + VX
w: B O F[x]/x"-1
i.e., W (Vo, Vi, ..., V) = Vo + VaX + ... + VX

Now we proceed onto define the notion of a cyclic code.

DEFINITION 1.1.7: A k-dimensional subspace C of Fq” is called

a cyclic code if Z(v) e C for all v e C that is v = vy, vy, ..., Vna
e C implies (Vp_1, Vo, ..., Vao) e Cforv e Fq”.

We just give an example of a cyclic code.

23



Example 1.1.8: Let C c F; be defined by the generator matrix
1110100 g®

G=|0 11101 0(=|g?]|
0011101 g®

The code words generated by Gare {(0000000),(111010
0,(0111010),(0011101),(1001110),(1101001),
(0100111),(1010011)}.

Clearly one can check the collection of all code words in C
satisfies the rule if (ag ... as) € Cthen (as ag ... a4) € C i.e., the
codes are cyclic. Thus we get a cyclic code.

Now we see how the code words of the Hamming codes looks
like.

Example 1.1.9: Let

H=

o o K
o - O
m O o
o b k.
=
=)
N =S =

be the parity check matrix of the Hamming (7, 4) code.

Now we can obtain the elements of a Hamming(7,4) code.

We proceed on to define parity check matrix of a cyclic
code given by a polynomial matrix equation given by defining
the generator polynomial and the parity check polynomial.

DEFINITION 1.1.8: A linear code C in V, = {vp + vix + ... +
VXt | vi € Fg, 0 <'i <n -1} is cyclic if and only if C is a
principal ideal generated by g € C.

The polynomial g in C can be assumed to be monic.
Suppose in addition that g / X" -1 then g is uniquely determined
and is called the generator polynomial of C. The elements of C
are called code words, code polynomials or code vectors.

24



Letg=go+giX+ ... +gnX" € Vy, g/ x"-1and degg=m<n.
Let C be a linear (n, k) code, with k = n — m defined by the
generator matrix,

9 9, ... 9, 0O .. O g
Go 0 g:0 vev Opy 0, ... O _| X9
0 0 % O 0n] [X“9

Then C is cyclic. The rows of G are linearly independent and
rank G = k, the dimension of C.

Example 1.1.10: Let g = x* + x> + 1 be the generator
polynomial having a generator matrix of the cyclic(7,4) code
with generator matrix

1011000
620101100
0010110
0001011

The codes words associated with the generator matrix is
0000000, 1011000, 0101100, 0010110, 0001011, 1110100,
1001110, 1010011, 0111010, 0100111, 0011101, 1100010,
1111111, 1000101, 0110001, 1101001.

The parity check polynomial is defined to be

7
h= X' =1
g
7
hzx—_z1 =x*+ 3+ X2+ 1.
X2+ x%+1

x" -1

If =hy+ hx + ... + hx.
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the parity check matrix H related with the generator polynomial
g is given by

0 0 h, h, h,
4| 0 e Ny h, O
h, h, h, 0

For the generator polynomial g = x* + x? +1 the parity check
matrix

T

Il
= O O
N =)
N
o L
[ o T =
o O

1
0
0

where the parity check polynomial is given by x* + x3 + x* + 1 =
7 —

3)(—21 . It is left for the reader to verify that the parity check

X" +x°+1

matrix gives the same set of cyclic codes.

We now proceed on to give yet another new method of

decoding procedure using the method of best approximations.
We just recall this definition given by [4, 23, 39]. We just

give the basic concepts needed to define this notion. We know

that F}'is a finite dimensional vector space over F,. If we take

Z, = (0, 1) the finite field of characteristic two. zg =7Z,%x 7y, X%

Z, X Zy x Z, is a 5 dimensional vector space over Z,. Infact {(1
0000),(01000),(00100),(00010),(00001)}isa

basis of Z>. Z> has only 2° = 32 elements in it. Let F be a field

of real numbers and V a vector space over F. An inner product
on V is a function which assigns to each ordered pair of vectors
o, B in 'V ascalar (o /B ) in F in such a way that for all o, 3, y in
V and for all scalars c in F.

@) (a+PB/y)=(ah)+(Bl)
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(b) (ca/B) = c(a/P)
(c) (Bla) =(a/P)
(d) (aloy>0ifa=0.

On V there is an inner product which we call the standard inner
product. Let o = (Xy, X2, ..., Xp) and B = (Y1, Y2, ..., Yn)

(a/B) = inyi :

This is called as the standard inner product. (o/o) is defined as
norm and it is denoted by ||ajl. We have the Gram-Schmidt
orthogonalization process which states that if V is a vector
space endowed with an inner product and if By, B2, ..., Bn be any
set of linearly independent vectors in V; then one may construct
a set of orthogonal vectors o, oy, ..., a, in V such that for each
k=12, ..,nthe set {ay, ..., ok} is a basis for the subspace
spanned by By, B2, ..., Bk Where a1 = ;.

o, =B2_<Bl/a;> Oy
[loy |

0‘3:[33_<B3/a;> 1_<[33/0(§> o,
[louy Il oy Il

and so on.

Further it is left as an exercise for the reader to verify that if
a vector B is a linear combination of an orthogonal sequence of
non-zero vectors oy, ..., om, then B is the particular linear
combination, i.e.,

In fact this property that will be made use of in the best
approximations.
We just proceed on to give an example.

27



Example 1.1.11: Let us consider the set of vectors ; = (2, 0, 3),
B, = (-1, 0, 5) and B3 = (1, 9, 2) in the space R® equipped with
the standard inner product.

Define a; = (2, 0, 3)

((-1,0,5)/(2, 0, 3))
13
13 _
=(-10.5)-72(2.0,3) =(-3,0,2)

(-19,2)/(2,0,3))
13

o,=(-10,5)-

(2,0,3)

o =(1,9,2)—<

(2,0,3)

{(,9,2)/(-3,0,2) (30.2)
13

O D
= (1,9,2)—13 (2,0,3) 13( 3,0,2)
“ao-(2.02) (202

13 13 13 13

:(1’9’2)_{[16—3, 0 24+2j}
13 13

=(1,9,2)-(1,0,2)
= (0, 9, 0).

Clearly the set {(2, 0, 3), (-3, 0, 2), (0, 9, 0)} is an orthogonal
set of vectors.

Now we proceed on to define the notion of a best
approximation to a vector $ in V by vectors of a subspace W
where B ¢ W. Suppose W is a subspace of an inner product
space V and let  be an arbitrary vector in V. The problem is to
find a best possible approximation to B by vectors in W. This
means we want to find a vector o for which || — | is as small
as possible subject to the restriction that o should belong to W.
To be precisely in mathematical terms: A best approximation to
B by vectors in W is a vector o in W such that || — o || < |IB = ¥I|
for every vector y in W ; W a subspace of V.

By looking at this problem in R? or in R® one sees
intuitively that a best approximation to 3 by vectors in W ought
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to be a vector o in W such that B — o is perpendicular
(orthogonal) to W and that there ought to be exactly one such o.
These intuitive ideas are correct for some finite dimensional
subspaces, but not for all infinite dimensional subspaces.
We just enumerate some of the properties related with best
approximation.
Let W be a subspace of an inner product space V and let 8
be a vector in V.
(i) The vector o in W is a best approximation to B by
vectors in W if and only if B — a is orthogonal to
every vector in W,

(i) If a best approximation to 3 by vectors in W exists,
it is unique.
(iii) If W is finite-dimensional and {oy, oy, ..., an} is

any orthonormal basis for W, then the vector

_Z<B/OLH> o, , Where o is the (unique)best
k
approximation to 3 by vectors in W.

Now this notion of best approximation for the first time is used
in coding theory to find the best approximated sent code after
receiving a message which is not in the set of codes used.
Further we use for coding theory only finite fields Fq. i.e., |Fg| <
o . If C is a code of length n; C is a vector space over Fqand C

= Fqk c K, k the number of message symbols in the code, i.e.,

C is a C(n, k) code. While defining the notion of inner product
on vector spaces over finite fields we see all axiom of inner
product defined over fields as reals or complex in general is not
true. The main property which is not true is if 0 = x € V; the
inner product of x with itself i.e., (X / X) = (X, X) #0 if x #0 is
not true i.e., (x/ x) = 0 does not imply x=0.

To overcome this problem we define for the first time the
new notion of pseudo inner product in case of vector spaces
defined over finite characteristic fields [4, 23].

DEFINITION 1.1.9: Let V be a vector space over a finite field F,
of characteristic p, p a prime. Then the pseudo inner product on
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Visamap (), : V x V — F, satisfying the following
conditions.

1. & x), =0forall x e Vand & xJ) = 0 does not in
general imply x = 0.

2. & yhr=d@ x)forallx,y eV.

3. X+y,zh=&zh+ ¢ z)hforallxy zeV.

4. Ky+zh=& Yyt & z)hforallx,y,z eV.

5 (ax,yh=ay)and

6. & Lyr=pxyhforallx,y, eVand o, g F,.

Let V be a vector space over a field F, of characteristic p, p is a
prime; then V is said to be a pseudo inner product space if there
is a pseudo inner product (), defined on V. We denote the
pseudo inner product space by (V, ().

Now using this pseudo inner product space (V, (,),) we proceed
on to define pseudo-best approximation.

DEFINITION 1.1.10: Let V be a vector space defined over the

finite field F, (or Z,). Let W be a subspace of V. For g € V and

for a set of basis {«, ..., a} of the subspace W the pseudo best
k

p !

approximation to g, if it exists is given by > (B,a,) ;. If
i=1

k

Z{ﬂ,ai>pai = 0, then we say the pseudo best approximation
i=1
does not exist for this set of basis {a1, @, ..., a}. In this case

we choose another set of basis for W say {1, », ..., n} and
[

calculate Z(ﬂ,mpyﬁ and i(,&%%yi is called a pseudo best
i=1

i=1
approximation to f.

Note: We need to see the difference even in defining our pseudo
best approximation with the definition of the best
approximation. Secondly as we aim to use it in coding theory
and most of our linear codes take only their values from the
field of characteristic two we do not need (X, X) or the norm to
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be divided by the pseudo inner product in the summation of
finding the pseudo best approximation.

Now first we illustrate the pseudo inner product by an example.

Example 1.1.12: Let V = Z, x Z, x Z, X Z, be a vector space
over Z,. Define (,), to be the standard pseudo inner product on
V;soifx=(1011)andy=(1111)areinV then the pseudo
inner product of

X, ¥p=¢(1011),(1111)),=1+0+1+1=1.
Now consider

X, X)p=¢1011),(1011)),=1+0+1+1%0
but

M, Yp=(1111),(1111)),=1+1+1+1=0.

We see clearly y = 0, yet the pseudo inner product is zero.

Now having seen an example of the pseudo inner product we
proceed on to illustrate by an example the notion of pseudo best
approximation.

Example 1.1.13: Let
V=2=2Z, x Z, x...xZ,

8 times

be a vector space over Z,. Now
W={00000000),(10001011),(01001100),(0010
0111),(00011101),(11000010),(01101110),(0
0111010),(01010100),(10101100),(210010 112
0),(11100101),(01110011),(11011111),(1011
0001),(11111000)}

be a subspace of V. Choose a basis of W as B = {a, o, a3, oz}
where
0;=(01001001),
0;=(11000010),
a3=(11100101)
and
0;=(11111000).
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Suppose p=(11111111)isavectorinV using pseudo best
approximations find a vector in W close to . This is given by a
relative to the basis B of W where

o= Z(B!a‘k>p Oy

= ((11111111),(01001001)) 04+
(11111111),(11000010)) ap +
(11111111),(11100101)) az+
((11111111),(11111000)), as.
1.(11+1.(12+1.(X3+1.(14.
(01001001)+(11000010)+(11100101)+(11
111000)

(10010110) e W.

Now having illustrated how the pseudo best approximation of a
vector 3 in V relative to a subspace W of V is determined, now
we illustrate how the approximately the nearest code word is
obtained.

Example 1.1.14: Let C = C(4, 2) be a code obtained from the

parity check matrix
1010
H= :
11 01

The message symbols associated with the code C are {(0, 0), (1,
0), (1, 0), (1, 1)}. The code words associated with H are C = {(0
000),(1011),(0101),(1110)}. The chosen basis for C is
B = {oy, oo} where oy =(0101)and o, = (1 0 1 1). Suppose
the received message is p = (1 1 1 1), consider HB" = (0 1) = (0)
so B ¢ C. Let o be the pseudo best approximation to {3 relative
to the basis B given as
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a:fX&aQﬂk = ((1111),(0101))0

k=1

+((1111), (101 1))0,.
= (1011).

Thus the approximated code word is (101 1).
This method could be implemented in case of algebraic linear
bicodes and in general to algebraic linear n-codes; n > 3.

Now having seen some simple properties of codes we now
proceed on to recall some very basic properties about bimatrices
and their generalization, n-matrices (n > 3).

1.2 Bimatrices and their Generalizations

In this section we recall some of the basic properties of
bimatrices and their generalizations which will be useful for us
in the definition of linear bicodes and linear n-codes
respectively.

In this section we recall the notion of bimatrix and illustrate
them with examples and define some of basic operations on
them.

DEFINITION 1.2.1: A bimatrix Ag is defined as the union of two
rectangular array of numbers A; and A, arranged into rows and
columns. It is written as follows Az = A; A, where A; = A,
with

a; 8 &,
1 1 1
a a a

Al —_ 21 22 2n
1 1 1

aml am2 amn

and
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a; &, &,
2 2 2
a a a
Az = .21 22 2n
2 2 2
aml amz amn

‘(/ is just the notational convenience (symbol) only.

The above array is called a m by n bimatrix (written as
B(m x n) since each of A; (i = 1, 2) has m rows and n columns).
It is to be noted a bimatrix has no numerical value associated
with it. It is only a convenient way of representing a pair of
array of numbers.

Note: If Ay = A, then Ag = A; U A, is not a bimatrix. A
bimatrix Ag is denoted by (ailj) U (aﬁ) . If both A; and A, are m

x n matrices then the bimatrix Ag is called the m x n rectangular
bimatrix.

But we make an assumption the zero bimatrix is a union of
two zero matrices even if A; and A, are one and the same; i.e.,
A1 = A2 = (O)

Example 1.2.1: The following are bimatrices
. 3 01 0 2 -1

l. Ag = )
-1 21 110

is a rectangular 2 x 3 bimatrix.

is a column bimatrix.
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iii. A's=(3,-2,0,1,1)u(1,1,-1,1,2)
is a row bimatrix.

In a bimatrix Ag = A; UA, if both A; and A, are m x n
rectangular matrices then the bimatrix Ag is called the
rectangular m x n bimatrix.

DEFINITION 1.2.2: Let Ag = A; U A, be a bimatrix. If both A;
and A, are square matrices then Ag is called the square
bimatrix.

If one of the matrices in the bimatrix Az = Ay U Ay is a
square matrix and other is a rectangular matrix or if both A;
and A, are rectangular matrices say m; x n; and m, x n, with m;
#M, Or Ny =N, then we say Ag is a mixed bimatrix.

The following are examples of a square bimatrix and the mixed
bimatrix.

Example 1.2.2: Given

3 01 4 11

Ag=|2 1 1ju|2 1 0

-1 10 0 01

is a 3 x 3 square bimatrix.
1100 2 0 0 1
, 2 001 -1 0 1 O
AB = U

0 00 3 0 -1 0 3
101 2 -3 -2 0 0

is a 4 x 4 square bimatrix.
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Example 1.2.3: Let

Ag

11
R N O W
o O O
O F— B
o O N
o N B
A PN

then Ag is a mixed square bimatrix.
Let

o N
o R o
N O B
T

A'g is a mixed bimatrix.

Now we proceed on to give the operations on bimatrices.

Let Ag = A; U A, and Cg = C; U C, be two bimatrices we
say Ag and Cg are equal written as Ag = Cg if and only if A; and
C, are identical and A, and C, are identical i.e., A; = C; and A,
= Cz.

If Az = Ay U Az and Cg = C; U C,, we say Ag is not equal
to Cg, we write Ag = Cg if and only if A; = C, or A, = C.

Example 1.2.4: Let

3 20 0 -1 2
AB = U
2 11 0 0 1

111 2 01
CB: Y
0 00 1 0 2

clearly Ag = Cg. Let

and
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0 01 0 4 -2
AB = o
L 1 2} {—3 0 O }
0 01 0 00O
CB = U
[1 1 2} L 0 J
clearly Ag # Cg.

If Ag = Cg then we have Cg = Ag.

We now proceed on to define multiplication by a scalar.
Given a bimatrix Ag = A; U By and a scalar A, the product of A
and Ag written A Ag is defined to be

Aad,, - Ay, Ab, -+ Aby,
7\.AB: |\

each element of A; and B; are multiplied by A. The product A
Ag is then another bimatrix having m rows and n columns if Ag
has m rows and n columns.

i\z\!te [ha; Ju[2by]
[an]u[b]

= AB A
Example 1.2.5: Let
(2 0 1] 0 1 -1
AB = U
13 3 -1 210
and A = 3 then
(6 0 3] [0 3 -3
3AB = o
19 9 -3 16 3 0
IfA=-2for
Ag = [312-4]u01-10],
AAg = [-6-2-48]u[0-220].
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Let Ag = A; U By and Cg = A, U B, be any two m x n
bimatrices. The sum Dg of the bimatrices Ag and Cg is defined
aSDB=A3+CB=[A]_UB]_]"'[AzUBz]:(A1+A2)U[Bz+
B,]; where A; + A, and B; + B, are the usual addition of
matrices i.e., if

Aa= (a) (b))
and
Co = (aj) (b])
then
Ag+Cg=Dg = (aj+aj ) U (bj+bf) (Vij).
If we write in detail

1 1 a1 1 ]
ap o, b11 T bln
Ag = : ) :
1 1 1 1
_aml amn_ bml bmn
42 2 ] [ a2 2
ay a, b11 bln
CB = |\ :
2 2 2 2
_aml amn_ bml bmn
AB + CB =
1 2 1 2 1 2 1 2
a,+a; ... a,+a;, b, +b; ... by, +Dby,
: : ) : :
1 2 1 2 1 2 1 2
A, tan, ... an, +an, b,+b, ... b, +b,

The expression is abbreviated to
DB AB + CB

(A1 U B1) + (A2 U By)

(A1 + Az) U (B1 + By).
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Thus two bimatrices are added by adding the corresponding
elements only when compatibility of usual matrix addition
exists.

Note: If Ag = A' U A? be a bimatrix we call A! and A? as the
components of Ag or component matrices of the bimatrix Ag.

Example 1.2.6:
(i) Let
3 11 4 0 -1
AB= |\
-1 0 2 0 1 -2]
and
-1 0 1 3 3 1]
CB: O 1
{2 2 —J [0 -1}
then,
Dg = Ag+Cg
(3 1 1 -1 0 1
= +
-1 0 2 2 2 -1
(4 0 -1 3 3 1
10 1 -2 0 2 -1
2 1 2 7 3 0
= U
1 21 0 3 -3
(i) Let

Ag=(32-101)u(0110-1)
and
Ce=(11111)u((-1203),

Ag+Cs=(43012)U(50302).
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Example 1.2.7: Let

6 -1 3 1
Ag=|2 2 |u |0 2
_1 -1 -1 3
and
(2 -4 1
Ce=14 -1lu |2 1
3 0 31
12 -2 6 2
AB + AB =4 4 1u| 0 4|= 2AB
2 -2 -2 6
4 -8 2 8
CB + CB =8 2|ul|4d4 2|= 2CB
6 0 6 2
Similarly we can add
18 -3 9 3
AB+AB+AB:3AB: 6 6 |lul0 6]
3 -3 -3 9

Note: Addition of bimatrices are defined if and only if both the
bimatrices are m x n bimatrices.

301 11 1
AB = |\
120 0 2 -1

Let

and
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31 1 1
Cg=12 1|u |2 -1|.
0 0 3 0

The addition of Ag with Cg is not defined for Ag isa 2 x 3
bimatrix where as Cg is a 3 x 2 bimatrix.

Clearly Ag + Cg = Cg + Ag When both Ag and Cg are m x n
matrices.

Also if Ag, Cg, Dg be any three m x n bimatrices then Ag +
(Cg + Dg) = (Ag + Cg) + Dg.

Subtraction is defined in terms of operations already considered
for if

AB = Al U A2
and
BB = Bl U Bz
then
Ag - Bg = Ag + (_BB)
= (ALUA)+(-B1u-By)
= (A1-B;)U (A2-By)
= [Ar + (-B))] U [A + (-By)l.
Example 1.2.8:
i. Let
3 1 5 -2
Ag=|-1 2|u |l 1
0 3 3 2
and

8 -1 9 2
Be=|4 2|u|2 9
-1 3 -11

Ag —Bg = Ag + (—Bg).
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(3 1 5 -2 8 -1 9 2
=<-1 2{u|l 1 |}+-4/4 2|ul 2 9
|0 3 3 2 -1 3 -1 1
3 1 8 -1] -2
=<:-1 2|—-|4 2|;u 11-12 9
0 3| [-1 3] -2 |-1 1
-5 2 4 4
=|-5 0|lu|-1 -8
1 0 4 -3
ii. Let
Ag = (1,2,3,-1,2,1)u(3,-1,20,3,1)
and
Bs = (-1,1,1,1,1,0uv(2,0,-2,0,3,0)
then
As+(-Bg) = (2,1,2,-2,1,1)uU(1,-1,4,0,0,1).

Now we have defined addition and subtraction of bimatrices.
Unlike in matrices we cannot say if we add two bimatrices the
sum will be a bimatrix.

Now we proceed onto define the notion of n-matrices.

DEFINITION 1.2.3: A n matrix A is defined to be the union of n
rectangular array of numbers Ay, ..., A, arranged into rows and
columns. It is written as A= A; ... A, where A; =A; with

a; ap &
i i i
ay ay a, p

a.  al a
ml m2 mp
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i=1,2,..,n.
"U' is just the notional convenience (symbol) only (n > 3).
Note: If n = 2 we get the bimatrix.

Example 1.2.9: Let

3101 2110
A= ) )
{O 01 1} {0 11 0]
1 0 01 51 0 2]
V)
01 01 7 -1 0 3]

A is a 4-matrix.
Example 1.2.10: Let

A=A TUVUA UA;UA,UA;

31 2
= [100Q v |-1] v (0 1 1
0 9 7 -8
_0_
7 9 8 11 0
2135 1 20 9 7
U{OlOZ}U057—18;
4 66 0 1

A is a 5-matrix. Infact A is a mixed 5-matrix.
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Example 1.2.11: Consider the 7-matrix

N O P oW
N =l

=ALUVUA U

- Lol vl

5]
6

-1
3
[ 2]

ul[37810]uv

-1
0 4

... UA; Aisamixed 7-matrix.
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Chapter Two

BICODES AND THEIR GENERALIZATIONS

This chapter has four sections. We introduce in this chapter four
classes of new codes. Section 1 contains bicodes and the new
class of n-codes (n > 3) and their properties. Section two deals
with error correction using n-coset leaders and pseudo best n
approximations. The notion of false n-matrix and pseudo false
n-matrix are introduced in section three. Section four introduces
4 new classes of codes viz false n-codes, m-pseudo false n-
codes, (t, t) pseudo false n-codes and (t, m) pseudo false n-codes
which has lot of applications.

2.1 Bicodes and n-codes

In this section we introduce the notion of bicodes and n-codes
and describe some of their basic properties. Now for the first
time we give the use of bimatrices in the field of coding theory.
Very recently we have defined the notion of bicodes [43, 44].

A bicode is a pair of sets of markers or labels built up from
a finite “alphabet” which can be attached to some or all of the
entities of a system of study. A mathematical bicode is a bicode
with some mathematical structure. In many cases as in case of
codes the mathematical structure of a bicodes refers to the fact
that it forms a bivector space over finite field and in this case
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the bicode is linear. Let Zy(m) = Z, (m,) v Z, (m,). Denote

the m-dimensional linear bicode in the bivector space V = V; U
V. where V; is a m; dimensional vector space over Z, where g,
is a power of the prime p and V; is a m, — dimensional vector
space over Z, where q is a power of the prime p, then Z, (m) =
Z, (m) v Z, (m,) isabicode over Z,.

Thus a bicode can also be defined as a ‘union’ of two codes
C, and C, where union is just the symbol.
For example we can have a bicode over Z,.

Example 2.1.1: Let C = C; U C, be a bicode over Z, given by

C:C1UC2
={(000000),(011011),(2110110),(001110),(100
011),(111000),(010101),(101101)}v {(0000), (1
110),(1001),(0111),(0101),(0010),(1100),(101
1)} over Z,.

These codes are subbispaces of the bivector space over Z, of
dimension (6, 4). Now the bicodes are generated by bimatrices
and we have parity check bimatrices to play a role in finding the
check symbols. Thus we see we have the applications of linear
bialgebra / bivector spaces in the study of bicodes.
C (N1 W Ny, Ky, kz) = Cy (g, K1) U Cz (2, ko)

is a linear bicode if and only if both C; (ny, k;) and C, (n,, k»)
are linear codes of length n; and n, with k; and k, message
symbols respectively with entries from the same field Z,. The
check symbols can be obtained from the k; and k, messages in
such a way that the bicode words x = x* U x? satisfy the system
of linear biequations.

i.e. Hx" = (0)
ie. (Hy U Hy) (X Ux®)T = (0) U (0)
ie. H: 6X)T U H, (33T = (0) L (0)

where H = H; U H, is a given mixed bimatrix of order (n; — k; x
Ny, Ny — kK, x ny) with entries from the same field Zg, H = H; U
H; is the parity check bimatrix of the bicode C.
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The standard form of H is (A;, Inrkl) U (A, Inszz) with
A; a ng — ky x k; matrix and A, a n, — ky x ky, matrix.
[ and |n2-k2 are ng — ki xng—kiand n, — ky x ny = ky
identity matrices respectively. The bimatrix H is called the

parity check bimatrix of the bicode C = C, u C,. C is also called
the linear (n, K) = (n; U ny, kg U k) = (ng, K1) W (N, k,) bicode.

n-kq

Example 2.1.2: LetC (n,k)=C (6 L 7,3u4)=C;(6,3) UC,
(7, 4) be a bicode got by the parity check bimatrix, H = H; u H,
where

011100 1110100
H=/1 0101 0juj01 1101 0f.
110001 1101001

The bicodes are obtained by solving the equations.
Hx"= H,x; UH, x; =(0)u (0).

There are 2% U 2* bicode words given by

{(000000),(011011),(110110),(0011110),(100
011),(111000),(010101),(101101)}u{000000
0),(1000101),(0100111),(0010110),(0001011),
(1100010),(1010011),(1001111),(0110001),(0
101100),(0011101),(1110100),(1101001),(10
11000),(0111010),(111111 1)}

Clearly this is a bicode over Z,. Now the main advantage of a
bicode is that at a time two codes of same length or of different
length are sent simultaneously and the resultant can be got.

As in case of codes if X = X; U X, is a sent message and y =
Y1 U Y, is a received message using the parity check bimatrix H
= H; U H, one can easily verify whether the received message is
a correct one or not.

For if we consider Hx" = H,x; U H,x; then Hx" = (0) U
(0) for x = x; U X, is the bicode word which was sent. Lety =y,

47



U Y, be the received word. Consider Hy" = H,y; UH,y], if

Hy" = (0) U (0) then the received bicode word is a correct
bicode if Hy" = (0), then we say there is error in the received
bicode word. So we define bisyndrome S® (y) = Hy' for any
bicodey =y; U y».

Thus the bisyndrome

s? (Y) =S,(y1) W S,(y,) = Hlle o sz;-

If the bisyndrome S® (y) = (0) then we say y is the bicode word.
If S® (y) = (0) then the word y is not a bicode word. This is the
fastest and the very simple means to check whether the received
bicode word is a bicode word or not.

Now we proceed on to define the notion of bigenerator
bimatrix or just the generator bimatrix of a bicode C(n, k) =
Ci(ng, k1) U Ca (ny, ko).

DEFINITION 2.1.1: The generator bimatrix G = (I, - A") = G,
U G, = (Ili1 —Af)u(lf2 —AZT) is called the canonical
generator bimatrix or canonical basic bimatrix or encoding
bimatrix of a linear bicode, C(n, k) = C(n; v ny, ki U ky) with
parity check bimatrix;, H = H; v Hy, = (A,
I5.) Y (A, 12, ). We have GHT = (0) i.e. GH, U G,H]
=(0) v (0).

We now illustrate by an example how a generator bimatrix
of a bicode functions.

Example 2.1.3: Consider C (n, k) = C; (ny, k) w C;, (ny, ky) a
bicode over Z, where C; (ny, ki) is a (7, 4) code and C, (ny, ky) is
a (9, 3) code given by the generator bimatrix

GzG]_UGzz
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1000101

100100100
0100111

uf01 001001 0]|
0010110

0010010001
0001011

One can obtain the bicode words by using the rule x; = aG
where a is the message symbol of the bicode. x; U X, =

a'G,ua’G, witha=a'u a’;
where
a' = aaj a;
and
a’=a’ a5 a5 a5 aZ a’.

We give another example in which we calculate the bicode
words.

Example 2.1.4: Consider a C (n, k) = C; (6, 3) U C, (4, 2)
bicode over Z,.

The 2% U 2% code words x* and x? of the binary bicode can
be found using the generator bimatrix G = G; U G..

1

0 1
1 011

1 0 1|vu .
01 01

1 0

1
G=1|0
0 1

o +— O
= O O

X = aG ie, x* U x* = alG; U a’G, where a' =

a; aj a3 and a®=a’ a5 where the message symbols are

000 001 100 010 01 10
) .
110 011 101 111 00 11

Thus x = x* U x? = alG, U a%G,.
We get the bicodes as follows:
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000000 011011 110110 001110 0000 1010
)
100011 111000 010101 101101 0101 1110

Now we proceed on to define the notion of repetition bicode
and parity check bicode.

DEFINITION 2.1.2: If each bicode word of a bicode consists of
only one message symbol a = a; v a, € F; and the (n; — 1) v
(n, — 1) check symbols and X;=X;=... =X, =& and

X; =X;=..=X; =a,, 8 repeated n; — 1 times and a, is

repeated n, — 1 times. We obtain the binary (n, 1) = (n;, 1) v
(n,, 1) repetition bicode with parity check bimatrix, H = H; v
Hy;

110 --- O 110 ... O
. 101 --- O 101 0
e, H= . : V) . .
100 1 n;—=1xng 100 n,—-1xn,

There are only 4 bicode words in a repetition bicode.
{(1111...1),(000...00yu{(111111...1),(00... 0)}.

Example 2.1.5: Consider the Repetition bicode (n, k) = (5, 1) U
(4, 1). The parity check bimatrix is given by

11000

1100
10100

U1 010
10010

100 1]
10001 .

4x5

The bicode words are
{(11111),(000003}u{1111),(0000)}.

We now proceed on to define Parity-check bicode.
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DEFINITION 2.1.3: Parity check bicode is a (n, n-1) = (ny, n;-1)
v (ny,, n, — 1) bicode with parity check bimatrix H =
(11..1), u(11..1)

Each bicode word has one check symbol and all bicode
words are given by all binary bivectors of length n = n; v n,
with an even number of ones. Thus if the sum of ones of a
received bicode word is 1 at least an error must have occurred
at the transmission.

Ixng 1xn,

Example 2.1.6: Let (n, k) = (4, 3) U (5, 4) be a bicode with
parity check bimatrix.
H = 1111)vu(11111)
= Hl U Hg.
The bicodes related with the parity check bimatrix H is given by

0000 1001
0101 0011
1100 1010
0110 1111

00000 00011 11000 10100
10001 01100 00110 01010
01001 11011 10110 01111[°
00101 10010 11101 11110

Now the concept of linear bialgebra i.e. bimatrices are used
when we define cyclic bicodes. So we define a cyclic bicode as
the union of two cyclic codes for we know if C (n, k) is a cyclic
code then if (X;...x,) € C (n, k) it implies (X, X;...Xn1) belongs
to C (n, k).

We just give an example of a cyclic bicode using both
generator bimatrix and the parity check bimatrix or to be more
precise using a generator bipolynomial and a parity check
bipolynomial.
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Suppose C(n, k) = C; (ny, k1) W C, (n,, ky) be a cyclic
bicode then we need generator polynomials g; (x) | x™ —1 and
g2(X) [x"™ -1 where g(x) = g1 (X) U g, (X) is a generator
bipolynomial with degree of g(x) = (m;, m,) i.e. degree of g;(x)
= m; and degree of g,(X) = m,. The C(n, k) linear cyclic bicode
is generated by the bimatrix; G = G; LU G, which is given below

g o gn, 0 0]
0 G Oma Um

1

0 0 gyor - U |

% 9 9n, O O
0 96 Umas Om O

|\
0 0 g - On,
9; 9,
| X% Xg,
= . |\ .
Xkl_lgl sz_lgz

Then C (n, k) is cyclic bicode.

Example 2.1.7: Suppose g = g1 U g, =1+ x> U 1+ x* + x* be
the generator bipolynomial of a C (n, k) (= C, (6, 3) u C, (7, 3))
bicode. The related generator bimatrix is given by

G= Gl U G2
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1011000
100100
. 0101100
ie,/0 1 0 0 1 0O|u .
0010110
0010001
0001011
Clearly the cyclic bicode is given by
000000 100100
001001 101101
U

010010 110110
011011 111111

0000000 0001011 0110001 1101001
1000101 1100010 0101100 1011000
0100111 1010000 0011101 0111010(°
0010110 1001110 1110100 1111111

It is easily verified that the bicode is a cyclic bicode. Now we

define how a cyclic bicode is generated by a generator

bipolynomial. Now we proceed on to give how the check

bipolynomial helps in getting the parity check bimatrix. Let g =

g1 U ¢, be the generator bipolynomial of a bicode C (n, k) =

Ci(ny, k1) U C; (2, ky).

n-1 an—l

and h, =
9; 9,

check bipolynomial of the bicode C(n, k). The parity check

bimatrix H=H; U H,

Then hy = = “h=h, U h, is called the

0 0 0 hy - h hy
0 0 hy h,, .. hy O
= - Ky k-1 ' 0 o
i, .. hg ... 0
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0 0 0 hi - hi hY
0 0 hi hi, .. hi O
hi, hg ... 0

From the above example the parity check bipolynomial h =
h; U h, is given by
G+ U X+ X3+ X+ 1),
The parity check bimatrix associated with this bipolynomial
is given by G = G; LU G, where,

001001 0010111
G=|0 1 00 1 OjuiO1 0111 0].
100100 1011100

The linear bialgebra concept is wused for defining
biorthogonal bicodes or dual bicodes.

Let C (n, k) = C; (ny, ky) U C;, (ny, ko) be a linear bicode
over Z,. The dual (or orthogonal) bicode C* of C is defined by

CJ_

{u]uv=0,vvecC}
= {u|u;.v;=0,vv,eC U {u,|u,.v,=0,¥v,eC,} .
Thus in case of dual bicodes we have if for the bicode
C (n, k), where G = G; U G; is the generator bimatrix and if its
parity check bimatrix is H = H; U H, then for the orthogonal

bicode or dual bicode, the generator bimatrix is H; w H; and the
parity check bimatrix is G = G; U G..

Thus we have HG" = GH".

54



In this section we define the notion of best biapproximation
and pseudo inner biproduct. Here we give their applications to
bicodes.

The applications of pseudo best approximation have been
carried out in (2005) [39] to coding theory. We have recalled
this notion in chapter | of this book.

Now we apply this pseudo best approximation, to get the most
likely transmitted code word. Let C be code over Zg . Clearly C

is a subspace of Z; : Z; is a vector space over Z, where g = p',
(p—aprime, t>1).

We take C = W in the definition and apply the best
biapproximation to  where  is the received code word for
some transmitted word from C but B ¢ W =C, for if e W=C
we accept it as the correct message. If B ¢ C then we apply the
notion of pseudo best approximation to  related to the subspace
Cin Z;.

Let {cy, ..., ¢} be chosen as the basis of C then
k

Z<B’Ci>p Ci

i=1
gives the best approximation to 8 clearly

k

2(B.ci),c

i=1
belongs to C provided
k

Z<B,ci >p ¢, #0.

i=1

It is easily seen that this is the most likely received message.

If
K

Z<B'Ci>p ¢; =0,

i=1
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we can choose another basis for C so that

k

D (B.ci), ¢ #0.

i=1
Now we just adopt this argument in case of bicodes.

DEFINITION 2.1.4: Let V = V; 'V, be a bivector space over the
finite field Z,, with some pseudo inner biproduct (;), defined on
V. Let W = W,; & W, be the subbispace of V =V; U V,. Let fe
Vi uVyie = v B related to W = Wy, oW, is defined as
follows: Let

— {1 1 2 2
{al,...,ak} = {al,...,akl} U {al,...,akz}

be the chosen basis of the bisubspace W = W; «'W,. The pseudo
best biapproximation to = S v £ if it exists is given by

k ky K,
lelga ai>pai=;<ﬂ1, ai1>pl Olil U ;<ﬂ2, ai2>p2 aiz .

k
If Z(B ai>pai=0 then we say that the pseudo best
i=1

biapproximation does not exist for the set of basis

— 1 1 1 2 2 2
{a, 05,00} = {al,az,...,akl} U {al ) ,...,akz}.

In this case we choose another set of basis {0"1""'0"k1} and

K

find z<ﬂ,a'i>pa'l which is taken as the pseudo best
i=1

biapproximation to = £ U f.

Now we apply it in case of bicodes in the following way to
find the most likely bicode word. Let C = C; U C, be a bicode

in Z;. Clearly C is a bivector subspace of Z;. Take in the

definition C = W and apply the pseudo best biapproximation. If
some bicode word X = X; U X, in C = C; U C, is transmitted and
B = B1 v B2 is received bicode word then if 3 € C=C; U C,
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then it is accepted as the correct message if g C = C, U C,
then we apply pseudo best biapproximation to f = B; v B>

related to the subbispace C=C; U C, in Zg .
Here three cases occurif B=p; P, ¢ C=C, U C,.

1) B1eCiand B, ¢ Cysothat B, u B, e C
2) B1 ¢ Crand B, € Cysothat B, U B, ¢ C
3) B1 ¢ Crand B, ¢ C,so that B; L B, ¢ C.

We first deal with (3) then indicate the working method in case
of (1) and (2).
Given B =By U B, with B ¢ C; B ¢ Cp and B, ¢
C,;choose a basis
(€1, Cay ..., i) = {c},cﬁ, o clkl} U {cf (o cﬁz}

of the subbispace C. To find the pseudo best biapproximation to
B in C find

k Ky Ko
> (Blei) ¢ = ;(sllcil>lcil U ;:(lecﬂch.
If both
Ky
2 (p/ct), 6 #0
i=1
and
k,
Z<B2/ci2> cZ#0
i=1
then

is taken as the pseudo best biapproximation to p.

If one of
kt

D (Bect),ci=0(t=1,2)

i=1
say
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Ky

2(Bici)ei =

i=1
then choose a new basis, say {c'l c'k[} and calculate
Ky

Z<Btcli>tc

i=1

2_1: Bict), C v Z<Bz )l

will be the pseudo best blapprOX|mat|on to B in C. If both

that is

iﬁ het =0 and i<BzCi2>ZCi2=0

then choose a new basis for C.

and find

k

K K,
(B, bi), bi=2 (B, bi), b} v D (B, bf), b
1 i=1 i=1

If this is not zero it will be the pseudo best biapproximation to 8
inC.

Now we proceed on to work for cases (1) and (2) if we
work for one of (1) or (2) it is sufficient. Suppose we assume

k Ky ky
Z<Bci>p Ci =Z<Blcil>1ciluz<32 Ci2>2 Ciz

and say

and
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then we choose only a new basis for C, and calculate the pseudo
best approximation for (3, relative to the new basis of C..
Now we illustrate this by the following example:

Example 2.1.8: Let C = C; (6, 3) v C; (8, 4) be a bicode over
Z, generated by the parity check bimatrix H = H; U H, given by

11011000
011100

00110100
1 01010|u .

10100010
110001

11110001

The bicode is givenby C=C, u C,

_ ((000000) (011011) (110110) (001110)
~ 1(100011) (111000) (100101) (101101)

{(00000000),(10001011),(01001001),(001001
11),(00011101),(11000010),(01101110),(001
11010),(01010100),(10101100),(10010110),
(11100101),(01110011),(21011111),(101100
01),(11111000)}.

Choose abasisB=B; uB,={(001110),(111000),
(010101)}u{(01001001), (11000010),(111001
01,(11111000)} Letp=(111111)u(11111111)
be the received bicode. Clearly g ¢ C; w C, = C. Now we find
the best pseudo biapproximation to  in C relative to the basis B
= B; W B, under the pseudo inner biproduct.

Leta=oy Uop={(111111)/(001110)), (001110)+
(111111)/(111000)%(111000)+¢(111111)/(01
0101)%(010101)}u{(11111111)/(0100100
1)%»(01001001)+((11111111),(11000010)),(11
000010)+((11111111)/(11100101)),(111001
01)+((11111111)/(11111000)),(11111000)}
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={(001110)+(111000)+(010101)}uU{(0100100
1)+(11000010)+(11100101)+(11111000)}

=(100011)U(10010110)eC;uUC,=C.

Thus this is the pseudo best biapproximation to the received
bicodeword {(111111)u(11111111)}.

Thus the method of pseudo best biapproximation to a
received bicode word which is not a bicode word is always
guaranteed. If one wants to get best of the best pseudo
biapproximations one can vary the basis and find the resultant
pseudo biapproximated bicodes, compare it with the received
message, the bicode which gives the least Hamming bidistance
from the received word is taken as the best of pseudo best
biapproximated bicode.

Note: We just define the Hamming bidistance of two bicodes x
= X1 U Xz and y = y; U Y,, which is given by d® (x, y) = d (X1 Y1)
w d (X y2) where d (x; y1) and d(x,, y,) are the Hamming
distance. The least of Hamming bidistances is taken as
minimum of the sum of d (X; y1) + d (X2 V).

In this section we introduce the notion of tricodes and describe a
few of its properties.

DEFINITION 2.1.5: Let C=C, v C, v C, where C, C, and C,

are distinct codes ‘< just a symbol. C is then defined to be a
tricode.

Note: It is very important to know that each of the C, *s must be
distinct for 1 <i <3.

Example 2.1.9: Consider the tricode C = C, u C,u C, where C,
isa (7, 4) code, C, is a (6, 3) code and C, is a (5, 4) code with
the associated generator trimatrix

G=GuUGUG,
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1101000
1 00100
0110100
= |01 001 0|u
0011010
0 01001
0001101
11000
01100
0011 0]
0 0011

The tricode generated by G is given as follows. {(00000 0 0)
w((000000)U(00000),(1101000)U(100100)L(1
1000),(0110100w(010010)w(©O0000),(11010
00)u((100100)U(10001),(0110100 LU (00100
w(10001),(0110100U(100100)w(10001)}and
so on}.

Example 2.1.10: Let C = C, U C, U C, be a tricode where C is
generated by the trimatrix G = G, U G,U G, with G =

1011 10011 100001

U U .

0100 01101 110100
The elements of the tricode C generated by G is as follows:

{(0000)LU((O0O0000)U(0O00000),(1011)U(0O000)
(000000),(0100L(O0000)U(O00000), (111U
(00000)uU(00000), (0000w (10011)U(OOO0O00O0
0),(0000)U(@©1101)U(000000),(0000)U(11110)
w(000000),(0000)w(00000)U(100001),(0000)
v((00000)wU(010100),(0000uw(100000)U(0101
01),0000uw(11110)wu(100001),(0000UL((1111
0)u((10101),(0000)w(11110uw(010100),(000
0)u((01101)u(100001),(0000uw((1101)U(O10
100),(0000)w((01101)w(010101)andsoon}.
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Now having defined a tricode we proceed on to define the
notion of n-code.

DEFINITION2.1.6: Let C=C; U C, ... UC, (n >4) is said to
be n-code if each of the C; is a (n;, k;) code, 1 <i <n. Clearly C
is generated by the n-matrix G = G, G, v ... G, where each
Gi generates a (n;, k;) code. The parity check n-matrix of the n-
code C is given by H = H; o H, v ... « H, with each H; in the
standard form 1 <i <n where H is a n-matrix. Clearly GH' =
0) v (©0) v(0) v... v (0);i.e.,

T

GH

(G, vG,u... UG) (H, UH,U... an)T
(G,uG,u... UG,) x (H] UH, u... UH),)
GiH] UGH] U... UG H]

0) v(0) v... v(0)

is the zero n-matrix. Here each C; is a distinct code i.e., C; = C;
ifi #].

Now we proceed give examples of n-codes.

Example 2.1.11: Consider a 6-code C givenby C=C, u C, U
... U Cswhere C is a 6-code generated by the 6-matrix given by

G = G]_UGQU...UGG
1 0 11

1 0 01
= v |0 00

0111
10
1 011

1 0 0 01
U u/l0 1 00

11011
0110
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1 00101
1 00111
U ul0 1 00 11
011001
001111

The 6 codes generated by the generator 6-matrix is as follows:

{(0000)U(00000)U(00000)U(O0O00)U (000000
w(©00000),(1001)w(00000)U(00000)U(0000)
(000000 uwU(OO00000),(1001)wu(10011) v
(10001)w(@©100)w(100111)w(100101),(1001)
vu(lo01l)u(@o00l)u@O@1IOo0)UwU(@O001I1IYD VU
(010011),(1001)vw(10011)w(10001)U(O1I00) U
(100111)w(001111)andsoon}.

Example 2.1.12: Let us consider the 5-code C = C; U C, U Cs
v C4 u Cs where the generator of the 5-code is given by the
generator 5-matrix

G=61UGQUG3UG4UG5

1 0000 1 11001
= U U
01110 0 01111

10
100110
vl 0
110011

11

o O -

10 1011
1 0jull 1 0 0].
01 0010

The 5-code given by the G is as follows :

{(00000)L(000000)U(000000) U (00000) U
(0000), (10000 uU(111001)uU@00110)uU
(10110 U@011),(210000) wU(@O0000O0DO0) U
(110011)u@1001) u(@O010),01110) u
001111 u(110011)uU(11001)u(0010),
(1111000101100 U(010101)U(L1101)uU
(0101),(11110LU(@00000)U(@©O000O0DO0) U
00000)U(OO000),(11110U©001111)uU

)
)
1
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©0O00000uwWU(@OOOO0OUW(OOO0DD0, (12110 v
(001111)u((010101)u(00000)U(0000)andsoon}.

We now illustrate and define the notion of repetition bicode
and repetition n-code (n = 3).

We can just non mathematically but technically define
repetition bicode as ;

Let us consider the bimatrix H = H; « H, where

be a n — 1 x n matrix with the first column in which all entries
are 1 and the rest n — 1 xn — 1 matrix is the identity matrix. H,
isam-—1 xm matrix m = n with the first column in which all
entries are 1 and the rest m — 1 x m — 1 matrix is the identity
matrix. The bicode C = C; « C, given by using this parity check
bimatrix H is a repetition bicode.

There are only 4 bicode words namely
©00---0)u(111--1),(00...00v(@©0...0),(211...11)

n-times m-—times

v(@©00..0)and(11...1) v(111...12).

Now we illustrate this by the following example.

Example 2.1.13: Let H = H; u H, where

o O O -
o O +— O
o —» O O
R O O O

and
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110000
101000
H,=[1 0 0 1 0 0.
100010
100 0 0 1]

The repetition bicode words given by Hare (00000) w (000
000),(11111)uv(000000),(00000)U(111111),(1
1111)u(@11111).

Now we give yet another example.

Example 2.1.14: Let us consider the bicode C = C; u C, given
by the parity check bimatrix H = H; U H,

110000 0 0]

10100000 [11000 0]
10010000l (101000
=/10001000[u/100100
10000100 (100010
10000010 (10000 1]
100000 0 1]

The repetition bicode words givenby Hare {(11111111)u
(111111),(11111111)u(©00000),(00000000)
U(111111),(00000000)w(00000DO0)}.

Clearly in the definition of repetition bicode we demand m = n.
We now proceed on to define the notion of repetition tricode.
DEFINITION 2.1.7: Let H be parity check trimatrix i.e. H = H;
_H, UH; where each Hjisam;j—1 x m; matrixwithi=1, 2,3

and mj =m; if i #j, j =1, 2, 3, H is defined to be the repetition
tricode parity check trimatrix of the tricode C = C; «C, v Ca.
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The tricodes obtained by using this parity check trimatrix will
be known as the repetition tricode.

We demand H; = H; if i =j, i <i,j<3.
We illustrate this by the following example.

Example 2.1.15: Let H = H; U H, U H3 be a partly check
trimatrix of a repetition tricode, C = C; u C, U C;3 where

N N
O O O -
o O —» O
o, O O
m O O O

T
N
I
N Y e = )
O O kB O O O
O B O O O O
P O O O O o

O O O O O -
o O O O+~ O
o O O » O O

and

I
w

Il
O T = = T e T
O O O O O O K
O O 0O O o kFr o
O 0O 0 o r oo
O 0O O r oo o
O OoOr OO0 o o

O r O O O O O
R O O O O O O

The repetition tricodes obtained by H =H; w H, U Hs is

{(00000)LU(000000)LU(000000O0),
(00000)U(0000000)LU(11111111),
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(00000)U(1111111)U(11111111),
(00000)U(1111111)U(00000000),
(11111)u(0000000)U(00000000),
(11111)U(1111111)U(11111111),
(11111)U(0000000)U(11111111)and
(11111)u(1111111)U(00000000)}.

Thus for the repetition tricode we have 8 choices to be operated
upon by the sender and the receiver.

Now we proceed on to define the notion of repetition n-code
using a n-matrix.

DEFINITION 2.1.7: Let H = H; v H, v ... UH, be a n-matrix
where each H; is a m;— 1 xm; parity check matrix related with a
repetition code 1 <'i <n. i.e. each H; will have the first column
to be ones and the remaining m; — 1 x m; — 1 matrix will be a
identity matrix with ones along the main diagonal and rest
zeros. Clearly the n-matrix gives way to 2" codes and H is
called the n-parity check matrix and the codes are called
repetition n-codes and has 2" code words; when n = 1 we get
the usual repetition code. When n = 2 we get the repetition
bicode; when n = 3 the repetition 3-code or repetition tricode.
When n >4 we obtain the repetition n code which has 2" code
words.

Example 2.1.16: Let H = H; u H, U H3; u Hy U Hs be a n-
parity check matrix (n = 5); with values from Z, = {0, 1}. Here

11
H,=|1 0
10

o - O

0
0],
1
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1100 0 0]
101000
H,=[1 0 010 0],
100010
1000 0 1
11000
|t 010 0)
10010
10001
1100 0 0 0]
1010000
|t 001000
1000100
1000010
10000 0 1]

and

110
H, = .
101

H is the n-parity check matrix for the repetition 5-code. The
code words related with Hare { (0000)w (000000) U (00
000)u((0000000)U(000),(0000)uU(00O0000)U (0
0000)U(O000000)U(111),(0000)U(OO0000) U
(00000)uU(1111111)uw(000),(0000w(O00000)
U@00000)U(1111111) U@L, ...,(111)u@A111
11)u(1111)u(tl11111)u(111)}.

We have 2° i.e. 32 code words related with any repetition 5-
code.
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Now we proceed on to define parity check bicode differently to
make one understand it better.

DEFINITION 2.1.8: LetH =H; «H, where H; =(11--- 1) and
H,=@111---1) (m=n). C=C; vC;is a parity check bicode
R

related with the parity check bimatrix H = H, <« H,. This is a
binary (n, n — 1) < (m, m — 1) bicode with parity check bimatrix
H = H; « H,. Each of the bicode words are binary bivectors of
length (n, m) with an even number of ones in both the vectors of
the bivector. Thus if the sum of the ones in the bivectors is odd
atmost two errors must have occurred during the transmission.
The last digit is the control symbol or the control digit.

Example 2.1.17: LetH=(1111) v (11111) be the parity
check bimatrix of the bicode C = C; u C,. The code words
givenby Hare {(0000)Lw(00000),(1001)wu(00000),
(0101)u(00000),(0011)w(0000),(1100uw (OO0
00),(1010)u(00000),(0110uw(O0000), (1111 v
(00000),(0000)u(10001),(0000)U(11000),(000
0)u(@©0011),(0000uw({01100),(0000uw(10100),
(0000)LU(10010),(0000)w(01100),(0000)uU(O10
10,(0000)u(@©1001)soon(1111)u(@01111),(111
1)u(@0111),(1111)u(11011)(11111)u(d1101),
(1111)u@1110)}.

We see the sum of the ones in each of the vector of the bivector
adds to an even number.

Now we give yet another simple example of a parity check
bicode.

Example 2.1.18: Let H=(111) U (111 1) be the parity check
bimatrix of the parity check bicode C = C; U C,. The bicodes
related withHare { (000) L (0000),(101)w(0000),(01
1)u((0000),(1100uU((©000),(000)uw(L100),(000) v
(1001),(000)0u(1010),(000)U(0110),(000wu (OO0
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11),(000)(0101),soon(110)w(1111),(101)w(111
1),011)u(1111)}

The reader is given the work of finding the number of parity
check bicodes when H = H; u H, with H; having m coordinate
and H, having n coordinates (m = n).

Now we proceed on to define the notion of parity check
tricodes.

DEFINITION 2.1.9: Let H = H; « H, v H3 be a parity check
trimatrix where H is a row trivector, i.e. each H; is a row vector
of different lengths with all its entries as ones, 1 <i <3.

The code C = C; « C, wCy related with H is a parity check
tricode. Each code word in the row trivector C=C; v C, U Cs
is such that the sum of the elements in each of the row vector of
the row trivector is always even.

We denote this by the following example.

Example 2.1.19: LetH=(1111)u(111)u(l11111)=
H; w H, U H; be the parity check trimatrix of the parity check
tricode. Now the code words related with H are given by C =
{0000)U(O00)U((O00000), (0000w (OO0 ((1O0
000),(0000)wU((O00)U(101000), (0000w (00U
(100100),(0000)w (000w (100010),(0000)U (OO0
0)u(l00001),(0000)wU(0O00)U(L11100),(0000)
U(@000)uU(111010),(0000uw(OO00U(111001),(0
000)u((00)uwU(Ll10011),(0000uw((OO0OU((LLIO0L10
1),(0000)u (000w (101110),(0000w((OO0)U(LO
1101),(0000)w(@©00)w(100111),(0000 w000
vU((101011),(0000uw(@OO00)U(011110),(0000)u
(000)u(©11101),(0000uw((OO0uwU(01I1I011),(000
0O)u@00)uU((010111),(0000uU@O00U((L11111Y),
(0000)u(OO00)U(©10001),(0000)w(O0O00)U(O101
00),(0000)u((O00)uwU((010010),(0000uw((O0)U(0
11000),(0000)w(O00)w((O01100),(0000)uU(000)
w(©001010),(0000uw(@O0O00uU(O01001),(0000)u
(000)uU(000110),(0000)w (OO0 (OO0101),(000
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0)u(00)u(000011),(0000)w(O0O00)U(110110),
(1100)w(000)w (0000)andsoon}.

As a simple exercise the reader is requested to find the number
of elements in the parity check code given in the example 2.

Now we proceed on to define the notion of parity check n-code
(n>4).

DEFINITION 2.1.10: Let us consider the parity check n-matrix
n=24H,=(111) v(1111) v(11111)v... (111111
111)=H; UH; v... UH,where each H;’s are distinct i.e. H;
# Hj, if i #]. The n-code obtained by H, the parity check n-
matrix is a parity check n-code, n >4.

We just illustrate this by the following example.

Example 2.1.20: Let us consider a parity check n-matrix (n = 5)
givenbyH=H; UH, UH; UH;UHs=(111)u(11111)
Uu(l11111)u(1111)u(1111111).WeseeHis
associated with a parity check 5-code where C={ (000) u (0
0000)uU(000000)U(OO00)UL(OO00000),(000) U
(00000)u...u(l100)U(@OO001001),(110u(100
0O)u..u((l001)u(1100000)andsoon}. WeseeCisa
parity check five code.
Interested reader can find the number of elements in C.

We just define the notion of binary Hamming bicode.

DEFINITION 2.1.11: A binary Hamming bicode is a bicode C
givenby C=C, v C, (my =my) of length n; = 2™ —1and
n, = 2™ — 1 with parity check bimatrix H = H; ' H;, where H;
have all of its columns to consist of all non zero binary vectors
of length m;; i = 1, 2 (If my = m, then it is important H; and H,
generate different set of code words).

Now we illustrate a binary Hamming bicode which is as
follows.
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Example 2.1.21: Let C = C; U Cy5, be a Hamming binary
bicode C = C; U Cys which has the following parity check
bimatrix H = H; U H,. C; has the following parity check matrix

0011101

H, =[0 1
10 11
and
0010111000011 11
b 0100100101 11011)
>lo0010101101110 1/
1000001011101 11

is the parity check matrix of Cy;s. H = Hy W H, is the parity
check bimatrix associated with the Hamming binary bicode
(Here C; is a C(7, 4) Hamming code and C;s is a C (15, 11)
Hamming code).

Now having seen an example of a binary Hamming bicode we
proceed on to see some more properties of bicodes and various
types of bicodes.

Example 2.1.22: Now we can have also a Hamming bicode H =
H; U H, where both are C(7, 4) codes but the parity check
matrices are different; H = H; W H, where

0011101
H,=/0 101011
1000111

and
1100110
H,=/1 11 00 01
0101011
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The set of bicodes are as follows: {(0000000)u (000000
0),(0000000)wu(100011),(1000111)U (000000
0),(0100101)w(0000000),(0000000)w (01001
11),(1110001)u(1110001),(111212111)w (11112
111),...,(1100010)w(1100011)andsoon.

Next we proceed on to define the notion of binary Hamming
tricode.

DEFINITION 2.1.12: Let us consider a binary Hamming tricode
givenby atricodeC=C, «C, v C, where 2" —1=n; i

=1, 2,3 m; >2. The parity check trimatrix H = H; o H, U Hg,
is such that we have each H; to have all of its columns to be non
zero vectors of length m;; i =1, 2, 3.

Note: Even if m; = m, = mj still we can have a binary Hamming
tricode, if each of the parity check matrices give way to a set of
distinct codes. We can have a binary Hamming tricode provided
Cn *C,,, C,, #C,and C =C_ . We illustrate this by a

m

simple example.

Example 2.1.23: Let C = C; U C; U C; be a binary Hamming
tricode where H = H; U H, U Hs is the associated parity check
trimatrix of C which gives distinct sets of codes.

1110100
H=/1 00011 1uv
1011001
0001111
01 11010|v
1101001
1010110
1011001
0111100
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We see the parity check matrices associated with the trimatrix
are distinct. Thus this gives a set of codes which are of same
length and have the same collection of message symbols. Hence
if one wishes to make use of the same set up to first 4
coordinates but with different elements in the 3 end coordinates
in such cases we can make use of these Hamming trimatrix.

Next we proceed on to give yet another new Hamming trimatrix
of different lengths.

Example 2.1.24: Let us consider the associated Hamming
trimatrix of a binary Hamming tricode C of different lengths;
say C = C; u Cy5 U C; where C is given by the parity check
Hamming trimatrix H = H; U H, W H; where

0
H,=[0 1 1

|—\
|—\
N N =
o
H

101010101010100
H:110010100111011
1100110011 100001

100001111101 110
and
1 1011
H, =1 10
01 100

We see this binary Hamming tricode is of different lengths.

It is left as an exercise for the interested reader to work with
these Hamming tricodes.

Now we proceed on to define a binary Hamming n-code n > 4.
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DEFINITION 2.1.13: Let us consider acode C = C, v C, v
. v C, where m; 22, with parity check n-matrix H = H, v

H, v ... « Hy; we call this code C to be a binary Hamming n-
code; n =>4, it may so happen m; = m; (i =j) but H; and H; must
be distinct matrices which generate distinct set of codes.

Now we illustrate by an example a Hamming n-code, n = 5.

Example 2.1.25: Let us consider the Hamming 5-code given by
C=C;uU C; U Cysu Cy U Cys generated by the parity check 5-
matrix H = H; U H, U Hz W H, W Hs where

11
H, = 00 ,
1011 ]
(10 11 0]
H, = 10 ,
10 111 0]

11 0011110111000
H:101111100100100
®1/111001011000010

11111000101000°1

000111

H, = 11

110100
and

101010101010101
H=011010010001111
0011000111100 11}|

000001110111 101
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Now we proceed on to define the notion of cyclic bicodes.

DEFINITION 2.1.14: Let C = C; « C; be a linear (ny, ki) < (ny,
k,) bicode over Fq (or Zy). If each of C; and C, are cyclic linear
codes then we call the bicode C to be a linear cyclic bicode.

We illustrate a cyclic bicode by an example. We can also say a
cyclic bicode will be generated by a bimatrix or a cyclic bicode
can be associated with a parity check bimatrix. Before we give
the definition of cyclic bicode using a bipolynomial we will
give an example.

Example 2.1.26: Let us consider the bicode generated by the
generator bimatrix
G= Gl U Gz

100100 1110100
=101 001 0juj0111010]|
0 01001 0011101

The message symbols associated with this cyclic bicode are (0 0
0)u((©00),(000w(100),(O00uUw(MO1I0),(0O00U(M©O
1), (000)w(110),(000)w(011),(000uw(101),(000)
U((l111),(100w(©00),(100)uw(100),...(111)U((11
1). The cyclic bicodes generated by G = G; w Gy, is given by C
={(000000)w(0000000),(000000)w(11210100),
(000000)wU(0111010),(000000)w(0011101),
..,(111111)v(1010011)andsoon}.

Now one can define a cyclic bicode to be a code following a
cyclic bishift.
The mappingn : F* U R — F* U F? such that (ay, ...,

anlfl) o (bo’ e bnz—l) - (anlfl’ ao’ LR ] anl,z) v (bnz—ly bo, ceey
b,,,) is a linear mapping called a cyclic bishift.
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Now we proceed on to say a bicode C = C; U C, to be a
cyclic bicode if and only if for all v =v; U v, in C such that if
forall v = (ay, ..., anl_l) w (b, by, ... bnz_l) inC=C,uUC,we
have v e C implies (a, ;, @, ..., @, ,) Y (b, 4, bo, ..., b, )

isinC=C,uUC,.

We now define the generator and parity check bimatrices of
a cyclic bicode using generator bipolynomial.

Let us define V=V, © V, tobe a linear bispace where V

={v e Fy[x] / degree v < n;} U {u € Fy[x] / degree u < n,} =
{Vvo+tviXx+..+ anflxnl_l IvieFg 0<i<n-1} U {up+ux+
oot u, X" uje Fg, 0<i<n—1}

We can define a biisomorphism of the two bispaces as

nz—l

T=T,uTy Fqnl U Fqnz -V, vV, ;
T (Vo Vay vony Vi q) U (Uoy Ugy ooy Uy ) = (Vo + VX + L+
V, X" U U+ uX+ ..+ U, XT).

ny— np-1

If R = (Fq(x), +, .) is any polynomial ring with coefficients from
Fq then we can form R / (x"™) modulo the principal ideal
generated by x" ™ inR;i=1, 2.

The bimapping w = w; U W, |:q"1 U Fq”z S RIX™Y U

R/I(x"™) where

w (v, u) = (wpuw,) (v, u)
= wy(V) U wy(u)
= wi(Vovy, ..., vnrl)
U Ws (Uo, Uq, ..., unz—l)
= (Vo+ViX+...+ vnrlx”l‘l) U
(Up+ uX + ... + unzflx”z‘l).

w can be checked to be a biisomorphism of the additive bigroup
R w R onto the factor bigroup of all bipolynomials of
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bidegree < n; over Fq, i = 1, 2 denoted by Vni =1, 2. Vni is
alsoanalgebraand V, UV, isa bialgebra over F.

Let us define linear cyclic bicodes using generating
bipolynomials. A polynomial is a bipolynomial of the form p(x)
U q(x) where p(x), q(x) € Fq[x]. ‘v’ is just a symbol and
nothing more. The only criteria that too in case of cyclic bicodes
generated by bipolynomials is that we need them to be distinct
i.e. p(x) = q(x) for we need different sets of polynomials.

Using this concept of bipolynomial we generate a bicode which
is cyclic.

DEFINITION 2.1.15: Let g(x) = g1(X) « g2(X) be a bipolynomial
such that gi(x) e V, ;i =1, 2 and gi(x) / (x" =1);i=1, 2with
degree gi(x) = m; < n;; i =1, 2. Let C = C; v C, be a bicode
with C; a (n;, ki) code i.e. ki = n; — m; defined by the generator
bimatrix G = G; U G,; where

Gl: 0 gé g#:l_l grln1 0
0 0 9% 9 - Oy,

0

_ | e

Xkl_lgl

with g:(x) = g + gox + ...+ g, x™ € F_[x].
Now
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9 9 - g, 0 - 0

GZ: 0 g§ 951:2-1 gfﬂz O
SR A

9,

_|

x"g,

with g2(x) = g5 + goX + ...+ gz x™ € F, [x].

It is easily verified that the bimatrix G = G; v G, generates a
cyclic bicode.

Now we know if we have a generator matrix of a code we can
obtain a parity check matrix; like wise a natural question would
be can we find for a generator bimatrix obtained by
bipolynomials a parity check bimatrix which also gives the
same cyclic bicode.

The answer is yes and just we give a parity check bimatrix
associated with the cyclic bicode whose generator matrix G =
G, u G..

X" -1

g;(x)
Let h,(x) = h, X +h, X" +..+hix+hg; i =1, 2. Now we

We see h;(x) =

=12,

obtain the parity check bimatrix H = H; w H, associated with
the bipolynomial h;(x) U hy(x).
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o0 ... 0 hy - h ht |
0 0 hi hi, hl 0
_hlkl ht e 0 0_
0 0 hZ .. h?
0 --- 0 hiz hﬁz_l o h2 0
_hiz h(z) e 0 0_

It is easily verified the parity check bimatrix for the cyclic
bicode generated by G = G; U Gy isH =H; U H,.

Now we illustrate this by the following example.

Example 2.1.27: Let us consider the cyclic bicode generated by
the bipolynomial (x* + x +1) U (x® + x* + 1) = g1(X) U g2(X)
with g:(x)/x’ — 1 and g,(x)/x’ — 1. The generator bimatrix
associated with this bipolynomial is given by

G=G1UG2
1101000 1011000
0110100 0101100
"l001 1010 0010110/
0001101 0001011

The parity check bipolynomial associated with the generator
bipolynomial is given by (x-1) (x* + x* + 1) U (x-1) (x® + x + 1)
=+t Hx+ DU+ +x+1).
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The associated parity check bimatrix with the parity check
bipolynomial is given by
H=H1UH2=
0010111 1110100
0101110fuj0111010]
1011100 00111001

The bicode is given by {(0000000)w(0000000),(110
1000)U(1000101),(1001011)U(1111111),(00
00000)wu(1111111),(1011100)w(1100010)and
soon }.

We can also have cyclic bicodes of different lengths which is
seen by the following example.

Example 2.1.28: Let us consider a cyclic bicode generated by
the bipolynomial

9= Ug(X) =3+ 1) U (x* +x3+x%+ 1),
The generator bimatrix associated with the generator

bipolynomial of the cyclic bicode C = C; U C, is given by G =
G; U G, where

G, =

o - O

0
0
1

o O B+
o O -
o - O
= O O

and

o o O
o L O R
R O B
[ S SN
N N S =)
R B, O O
O O o
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10111000
100100
. 01011100
ie.G=/0 1 0 0 1 0|uv
00101110
0 01001
00010111

The associated parity check bipolynomial of the given generator
polynomial is (x* + 1) U (x® + x* + 1). The corresponding parity
check bimatrix is given by

H=H; UH,=
00001 10 1]
001001 |[00011010
010010{uU|00110100
100100 (01101000
1101000 0

The bicode which is cyclic is given by { (000000) U (0000
0000),(100100w(10111000),(110110)w (101
11000),(100100w((11100100),(111111)w(112
011101)and so on}, we see the lengths of the codes of the
cyclic bicodes are 6 and 8. Thus we can also have cyclic bicodes
of different lengths.

Now we proceed on to define the notion of cyclic tricodes
before which we will just recall the new notion of tripolynomial.

DEFINITION 2.1.16: Let R[x] be a polynomial ring. A
tripolynomial p(x) = p1(x) v p2(x) v ps(X); where pi(X) € R[X]; i
=1, 2, 3. “/ is only a symbol to denote a tripolynomial.

For example x* =1 U (xX* + 3) (x —4) U X" + X* = 2x*+1 is a

tripolynomial. If p(x) = (x — 1) U (X" = 1) U (x* + 2x — 1) and
q(x) = x* — 1 U x*+1 U x® - 3 be two tripolynomials then
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{x-DuX -1D)u+2x-1)}+{*-1uU
x*+1ux®-3}
= {x-D+¢-DFu{(X -1 +x*+1} U
{XC-3+x*+2x-1}
= CHx-2U X +x) U+ X2+ 2x-4)
is again a tripolynomial.

p(x) + q(x)

Likewise we can define the product
P ) = {x-Du -)uE+2x-1}x{x-1u
XX+1uxi-1}
xX-1) (-1 U -1)¢+1)uE+2x-
1) x (x¢-1)

= C-xX-x+Du-xX+xX*-1) U+

2 - xE-x*-2x+1)

is again a tripolynomial.
Thus we can say Ri[X] W R;[X] w R3[x] is a tripolynomial ring
under polynomial addition and polynomial multiplication.

Now we define a cyclic tricode.

DEFINITION 2.1.17: A tricode C = C (ny, k) &« C (ny, ko) v
C(ns, k3) where each C (n;, k) is a code i = 1, 2, 3. The only
thing we demand is that each C (n;, k;) is distinct i.e., the code
C(ni, k,) =C (nj, kj), i ¢j; 1 _<|,j <3.

We illustrate this by the following example.

Example 2.1.29: C=C (5,3) U C (7,3) U C (6, 2) is a tricode.
DEFINITION 2.1.18: Let C = C (ny, ky) «~ C (ny, ko) < C (ns, ki)
be a tricode. If each of C (n;, k;) is a cyclic code; i =1, 2, 3, then

we call C to be a cyclic tricode.

We illustrate with examples and define the generator and parity
check trimatrices.
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Example 2.1.30: Let C = C; U C, U C3 be a cyclic tricode
where C; is generated by the generator matrix, G;, i = 1, 2, 3;
i.e.,, G = G; U G, U Ggj is the generator trimatrix given by

1110100
G,=/0111010]|,
0011101
100100
G,=/0 1 0010
001001
and
1101000
Gs=0110100-
0011010
0001101

The cyclic tricode given by G is as follows {(0000000) u (0
00000)u(0000000),(1110100u(100100)UL(1
101000),(1001110)wu(100100)w(1011100),(2
010011)u(111111)u(1001011)andsoon}.

Note the codes C; and C; are codes of same length 7 but are
distinct. Thus C is a cyclic tricode generated by the generator
trimatrix G = G; U G, U Gas.

Now we define the cyclic tricode in terms of the generator
tripolynomial.

DEFINITION 2.1.19: Let g(x) = g'(x) v g°(x) v g*(x) be a
tripolynomial which generates a cyclic tricode, here each g'(x)
divides x" —1,i=1, 2, 3. Each C; is a cyclic (n;, ki) code i = 1,

N

2,3 where C = C; UC, UCs. hi(x) =2

_; is the parity check
X

polynomial of the cyclic code C;, i =1, 2, 3.
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h(x) = h'(x) o h*x) v h%x) is the parity check
tripolynomial related with the generator tripolynomial g(x) =
g'() Ug(X) vi(X).

Now we illustrate a cyclic tricode together with its generator
trimatrix and parity check trimatrix.

Example 2.1.31: Let C = C; U C, U C3 be a cyclic tricode
generated by the tripolynomial g(x) = g1(X) U g2(X) W g3(X) =
CC+D)UEC+HXE+D) U+ X+ X +1).

The related parity check tripolynomial h(x) = x* + 1 U x* + x* +
X2+ 1 U (X* + x% + 1). The generator trimatrix

G:G]_UGZUG?,

100100
= |01 001O0fuU

o
o
-

1011000
0101100
)
0010110
00010101
1011100
01 01110
0010111

generates the cyclic tricode. The related parity check trimatrix H
= Hl & H2 & H3 =
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001001
010010|u
100100
00111001
0111010/uU
110100
0001101
0011010
0110100/
1101000

is the associated parity check trimatrix of the cyclic tricode C =
C; U C, U Cs. The cyclic tricode words are as follows: {(000 0
00)u((000000)U(O0O00000), (000000 (1011
000)u(0000000),(000000)w(OO00000)U(101
1100),(100100uw(110100w(1100101),(111212
11)uU(1101001)U(1100101),(111111)U (1100
010)wu(1110010)andsoon}.

Thus we have shown how a cyclic tricode is generated.

It is left as an exercise for the reader to determine the
number of code words in the cyclic tricode given in the above
example. If C = C(ny, ki) U C(ny, ky) U C(ns, k3) is a cyclic
tricode find the number of tricode words in C.

Now we show how many tricodes does the cyclic tricode C
=C(4, 2) u C(5, 2) U C(6, 2), given the generator tripolynomial
gx) = x*+1ux*+x¥+x+1ux*+x%+ 1. The related
generator trimatrix

G=61UGQUG3=

1 010
)
0101
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110110
)
011011

101010
01010 1]

The cyclic tricode is given by

{(0000)U(000000)L(000000),
(0000)L(000000)U(101010),
(0000)L(000000)L(010101),
(0000)L(000000)U(111111),
(0000)U(110110)U(000000),
(0000)U(110110)U(101010),
(0000)U(110110)U(010101),
(0000)U(110110)U(111111),
(0000)L(011011)U(000000),
(0000)L(011011)U(101010),
(0000)U(011011)U(101010),
(0000)U(011011)U(111111),
(0000)U(101101)U(000000),
(0000)U(101101)U(101010),
(0000)U(101101)U(010101),
(0000)LU(101101)U(111111),
(1010)L(000000)U(000000),
(1010)U(000000)U(101010),
(1010)U(000000)U(010101),
(1010)U(000000)U(111111),
(1010)U(110110)U(000000),
(1010)U(110110)U(101010),
(1010)U(110110)U(010101),
(1010)U(110110)U(111111),
(1010)u(011011)U(000000),
(1010)U(011011)U(101010),
(1010)U(011011)U(010101),
(1010)U(011011)U(111111),
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(1010)U(101101)LU(000000),
(1010)U(101101)U(101010),
(1010)U(101101)LU(010101),
(1010)U(101101)U(111111),
(0101)L(000000) U (00000 0),
(0101)U(000000)U(101010),
(0101)U(000000)LU(010101),
(0101)U(000000)U(111111),
(0101)U(110110)LU(000000),
(0101)U(110110)U(101010),
(0101)U(110110)U(010101),
(0101)U(110110)U(111111),
(0101)U(011011)LU(000000),
(0101)U(011011)U(101010),
(0101)U(011011)L(010101),
(0101)U(011011)U(111111),
(0101)U(101101)U(000000),
(0101)U(101101)U(101010),
(0101)U(101101)U(010101),
(0101)U(101101)U(111111),
(1111)U(000000)U(000000),
(1111)u(000000)U(111111),
(1111)U(000000)U(101010),
(1111)L(000000)U(010101),
(1111)U(110110)U(000000),
(1111)U(110110)U(111111),
(1111)U(110110)u(010101),
(1111)U(110110)U(101010),
(1111)u(011011)U(000000),
(1111)u(011011)U(111111),
(1111)u(011011)U(010101),
(1111)u(011011)U(101010),
(1111)U(101101)U(000000),
(1111)U(101101)U(010101),
(1111)U(101101)U(101010),
and(1111)U(101101)U(111111)},
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The number of tricode words in this cyclic tricode is 64.

Thus if we have a cyclic tricode C = C; U C, U Cz with |Cy| =
2™ ,|Cy = 2™ and |Cs| = 2™, then C has 2™"™ ™ number of
tricode words.

We now proceed on to define a cyclic n-code, n > 4.

DEFINITION 2.1.20: A cyclic n-code C = C(ny, ky) </ C(ny, ko) v

.. U C(ny, kq) is such that each C(n;, k;) is a distinct cyclic (n;,
ki) code of length n; with k; message symbols, i = 1, 2, ..., n.
Thus every code word of the cyclic n code will be a n-tuple each
tuple will be of length n;; 1=1, 2, ..., n.

The only demand made in this definition is that each of the
cyclic codes C(n;, k;) should be distinct, they can be of same
length we do not bother about it but what we need is, C(n;, ki) is
a cyclic code different from every C(n;, k) if i =j; 1 =1,2, ..., n
and 1 <j, i <n.

Now having defined a cyclic n-code we give the definition of n-
polynomials in a n-polynomial ring, n > 4.

DEFINITION 2.1.21: Let R[x] be a polynomial ring. A
polynomial p(x) = pi(X) v p2(X) v ... U pa(X) where pi(X) e
R[x],i=1,2, ..., nis defined to be a n-polynomial. Whenn =1
we just get the polynomial, n = 2 gives us the bipolynomial and
n = 3 is the tripolynomial. When n >4 we get the n-polynomial.

Example 2.1.32: Let p(x) = pu(X) + p2(X) + pa(X) + pa(X) + ps(X)
be a 5-polynomial where p(x) = (x* = 1) U (3x* + 7x + 1) U (8%°
+3xC¢+ 2x + 1) U (TxX® + 4x + 4) U (X° - 1) is in R[x].

Note: Even if the polynomial p;(x) in the n-polynomial are not
distinct still we call them only as n-polynomials.

For instance p(x) = x’ U (x* - 1) UX* +5x -1 U (xX* - 1) U
x" + 5x + 1 is a 5 polynomial. We see the polynomials pi(x)
need not be distinct.
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Now we define the notion of generator n-polynomial of a
cyclic n-code.

DEFINITION 2.1.22: Let us consider a cyclic n-code C = C(ny,
ki) v C(ny, ky) ... v C(nn, ky) where each of the C(n;, ki) are
cyclic codes generated by the polynomial gi(x), i =1, 2, ..., n.
Clearly each of the cyclic codes C(n;, ki) must be distinct for
otherwise the code C cannot be defined as the cyclic n-code. If
each of the cyclic codes is to be distinct then we have the
associated polynomials with them must also be distinct.

Let the n-polynomial which generates the cyclic n-code be
denoted by g(x) = g1(X) C gaX) U ... U gn(X). Each gi(X) is
distinct, directly implies each of the generator matrices
associated with the generator polynomial g;(x) are distinct.
Thus let G denote the generator n-matrix, then G = G; v G, v
... U G, where each of the matrices G; are distinct i.e. G; = Gy
if and only if i = k.

Now using each of the generator polynomials gi(x) we can
obtain the parity check polynomial hiy(x) given by

h (x) = L_l’
() g;(x)
polynomial h(x) is given by h(x) = hy(x) v ha(x) v ... C hp(X).
Now the parity check n-matrix H associated with each of these
parity check polynomial hij(x) i.e. with the parity check n-
polynomial h(x) = hy(x) hy(X) ... hy(X) is given by H=H;
v H, v ... v H, where each matrix H; is the parity check
matrix associated with the parity check polynomial hi(x); i = 1,
2,3,...,N.

i =1, 2, ..., n. Thus the parity check n-

We illustrate this definition by an example, when n = 4 i.e. the
cyclic 4-code.

Example 2.1.33: Let us consider a cyclic 4-code C = C(8, 4) U
C(3, 3) u C(7, 3) u C(7, 3), which is generated by the generator
4-polynomial g(x) = x*+1uxX®+1ux®+x+1ux®+x*+1
(we see each of the generator polynomials are distinct). The
generator 4-matrix G associated with the cyclic 4 code is given

by
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GC=G1uUG,UG3UG,=

o O O -
o O —» O
o B O O
O O O
o O O -
o O+ O
o » O O
O O O

o
o O
-
o

o O O -
o O —» O
o O -
O F B
o - O
R = O O
R O O O

o O O B+
o O - -
o - — O
= = O BB
O = O
o O O
R O O O

Now we give the parity check 4-polynomial h(x) and the
associated parity check 4-matrix

h(x) h1(X) W ha(x) L hs(x) U ha(X)

K+ UC+DU X +Hx+) U+ +
X2+ 1).

The related parity check 4-matrix

H=H1UH2UH3UH4=
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0001 0O0O001
00100010u
01 000100
10001000
0 01 001
1 01 ]
1 0100
001 0111
01 01110|u
1 011100
0011101
0111010
1110100

The following are the cyclic 4-codes;

{0O0000000)uU(0O0O0000)U(0O000000)U (00000
00),(00000000)w(00000)U((OO00000)UL (101
1000),(00000000)U(@O00000)U(L101000)0 U2
011000), (00000000)UL(100100)U(1101000)
w(1011000),(00000000)U(L100100)U (110100
0)u((1011000),(10001000)U(L00100)w (0000
000)u(0000000),(00110011)u((@O11011)U(01
11001)u(0100111)andsoon}.

Interested reader is expected to find the number of code words
in the above example.

Now we proceed on to define dual or orthogonal bicodes,
orthogonal tricodes and the notion of orthogonal or dual n-
codes.
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DEFINITION 2.1.23: Let C be a bicode given by C = C; v Gy,
the dual bicode of C is defined to be C* = {uy /ul.vl =0 for all
Vi, € Cl} U{Uz /U2.V2 =0 for all Vo € Cg} = Cll L/Cgl. IfCisa
(k1 v ky) dimensional subbispace of the n; < n, dimensional
vector space, the orthogonal vector space, i.e., the orthogonal
complement is of dimension (n; — k;) v (n; —ky). Thus if C is a
(N1, k1) U (N, ko) bicode then C*is a (N, Ny — k1) < (N2, Ny — ko)
bicode.

Further if G = G, v G; is the generator bimatrix and H =
Hy U H, is the parity check bimatrix then C* has generator
bimatrix to be H = H; « H; and parity check bimatrix G = G;
_ G,. Orthogonality of two bicodes can be expressed by GH™ =
HG'™ = (0). That is (G; U G,) (H; UHy)" = (Hy UHy) (G, v
Gz)T = (G, UGy) (HlT UHzT) = (H; UHy) (GlT UGzT) = GiHy'
CUGH," = HiG," UH,G, = (0) v (0).

Now using these properties we give an example of a bicode C =
C:1 U G and its orthogonal code C* = (C, U C,)* = C;- U C,*

Example 2.1.34: Given the generator bimatrix of C a binary (7,

3) U (4, 3) bicode; to find its dual or its orthogonal complement.
Given

0001111 1
G=|01 10011 uv]|0
1010101 1

o - O

11
1 1)
01

The bicode given by the bimatrix G is as follows: C=C, U C, =
{(0000000)U(0000),(0000000)w(1110), (0000
000)u(1000),(0000000w(1011),(0000000)u
(0110),(0000000w(@©O011),(0000000 w1101,
(0000000) U (010 1), and so on} We can find C* = (C, U
Cz)lzcllUCZL.

The generator matrix of C serves as the parity check matrix of
C*. Thus using
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o o
o o K
_ o

1 1 011
1luj0 1 11
1 1 001

as the parity check matrix i.e. G is taken as H. We find C*
which is as follows {(0000000) v (0000),(0000000)
v((1101),(1000011)u(0000),(1000011)w(110
1),(0100101)u(0000),(0100101)u(1101),(001
0110)u(0000),(0010110)w(1101),(0001111) VU
(0000),(0001111)w(1101),(1100001)u (0000,
(1100001)u(1101),(1010101)U(0000), (10101
01)u(1101),(1001100)w(0000),(1001100)L (1
101),(0110011)v(0000),(0110011)wu(1101),(0
101010)u(0000),(0101010)w(1101),(001110
0)u((000),(0011100)w((1101),(1110000)U (O
00),(1110000)w(1101),(1101001)u(0000),(11
01001)u(1101),(1011010)w(0000),(1011010)
U((1101),(0111010)w(0000),(0111010)uw(110
1),(1111111)v((0000),(1111111)u(1101)}

Now having defined the notion of the dual bicode of a bicode, C
= C; U C, we now proceed on to define the notion of dual or
orthogonal tricode of a tricode and then pass onto generalize it
to n-codes (n > 4).

DEFINITION 2.1.24: Let us consider a tricode C = C; v C, v
Cs; = C(ny, ki) w C(ny, ko) w C (n3, ks). Let C be generated by
the generator trimatrix G = G; v G, v Gz. The orthogonal
complement of the tricode C or the dual tricode of C denoted by
C*=(C, UC, UCy)* =C,f UC, UCst is associated with the
trimatrix G = G; v G, v Gz which acts as the parity check
trimatrix i.e., G = H = H; < H, « Hs. Thus the tricode having
H=H; UH, UHswhere G=Hand Hi=G;;i=1,2,3isa
dual tricode of C and is got by using the parity check trimatrix
H (= G) and the tricode C* = C,;* v Cy* wCstis a C(ny, Ny —
ki)  C(ny, Ny — k) « C(ns, hz — K3) tricode called the dual
tricode of C.

94



We illustrate this by the following example.

Example 2.1.35: Let C=C; U C, U Csbe a Cy(7, 4) U Cyx(7, 3)
w C3(6, 3) tricode having the generator trimatrix

G:G]_UGZUG?,:

o O O -
o O +— O
o —» O O
R O O O
o - = -
= = O
_ O = =

o
= O
=
=

o o K
o o
=)
=)
=
o R K

The tricode generated by the trimatrix G = G; U G, U Gg3 is
givenby {(0000000)L(0000000)w(000000),(00
00000)u(0000000)w(L100011),(0000000)V (0
000000)wu(010101),(0000000)w(0000000) U
(001110),(0000000)w(O0O00000)U(L10110),(0
000000)wu(0000000)w(011011),(0000000)u
(0000000)uU(101101),(0000000)w(0O000000)
wU(111000),(0000000)U(10011211)U(O0000DO0),
(0o00000)uw(0110011)w(0O00000),(0000000)
v(1010101)u(000000),...,(1000101)uU (11111
11)u((0101001)u(111000)} now we find the dual of
this tricode C using G the generator trimatrix of the tricode C as
the parity check trimatrix of the orthogonal tricode C*; i.e. G =
H consequently we have G; = H;,i=1, 2, 3. Thus
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G=H=H1UH2UH3=

o o o
o o o
o r o o
» O o o
I Y
[ S S =
O kP

o
o
o
o
.
.
C

[EEN
o
[EEN

o o -
o - o
m O o
S =)
=

is the parity trimatrix of the dual tricode C* of the tricode C.
Clearly C'is a C1(7, 3) U C4(7, 4) U C(6, 3) tricode associated
with the parity check trimatrix H = H; U H, U Ha.

The dual tricode C* of C is given as follows: {(0000 00 0) U
(0000000)UL(O0O00000),(CO00000)w(0000000)
v(011100),(0000000w(0000000)U(101010),
(0000000)uU(O0O000000)U(110001),(0000000)
vU(0000000)uwU(110110),(0000000uw((OO0O0O0O
0O)u@©11011)w (0000000 (OOO0O000) U (1011
01),(0000000)wU(0000000)wU(000111),andso
on}.

Interested reader is left to the task of finding the orthogonal
tricode C* of the given tricode C.

Now we proceed onto define the concept of dual n-code of an n-
code C.
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DEFINITION 2.1.25: Let us consider the n-code C = C; (ny, ki)
v Cy(ny, k) v ... v Cy (N, ky); the dual code of C or the
orthogonal code of C denoted by C* is defined as C* = [(C; (ns,
kl) v G, (ng, k2) U... UGy (nn, kn) ]l = Cll (nl, kl) UCgl (nz,
kz) ... UCnl (nn, kn) = C]_ (nl, ng — k]_) L/Cz (nz, np — kz) ...
v Cy (Ny, Np = ky) n-code. If G =G; Gy ... UG, is the
generator n-matrix of the n-code C then the orthogonal n-code
C'has G =G; UG, U... UG, to be its parity check n-matrix
i.e. the generator n-matrix of G acts as the parity check n-
matrix of C* and the parity check n-matrix of C acts as the
generator n-matrix of C*. We assume n >4; when n = 1 we get
the usual code C and its dual code C* when n = 2 we get the
bicode C = C, ~ C, and the dual bicode C* = C;* _ C,%, when
n = 3 we get the tricode C = C; v C, U Cs and its dual C* =
C.* UC,t UCs”. When n >4 we get the n-code and its dual n-
code.

Now are illustrate the dual n-code by an example when n = 5.

Example 2.1.36: Consider the 5-code C=C, u C, U C3 U Cy U
Cs generated by the 5-matrix

G=61UGQUG3UG4UG5:

1011
)
5204

1 0110
)
01011

1 00 11
1 010 1|y
0 1 10
1
01 ]
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1001101
0101011
0010111

Here C; = C(4, 2) code, C, = C(5, 2) code, C3 = C(6, 3) code, C,4
= C(4, 3) code and Cs = C(7, 3) code. The 5-codes generated by
the 5-matrix G is as followsC={(0000)w (00000) L (00
0000)U (000U (O000000),(1011)w(00000) U
(0o0000uw(OO0O00)w(O0O00000),(02101)Uw (0000
0)u(@00000)U(0000)U(O0O000000), (1110w (00
000)u(000000)L(OO00)UL((OO000000), (1011 v
(10110)u(00O00000)U(O000)wU(0000000),(1012
1)u(©1011)vu(O00000)L(OO00UL(OO0O0000), (2
011)vu(11101)u(O00000)U(OO00)U(O0O00000),
(1011)u(10110)wu(100011)U(O0O00)U (000000
0) and so on}.

Now C* the orthogonal 5-code of the 5-code works with G the
generator 5-matrix of the 5-code as the parity check 5-matrix.
Thus the parity check 5-matrix of the dual (orthogonal), 5-code

Chis
1 11
H= 0 )
0 1 01
1 0110
U
01011

0
0
1

o - O

1 011
0 1 0 1|v
0 110
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=

o O

o Kk

L
C

o o K
o o
o B K
=
[ S )
T

The 5-code associated with the parity check 5-matrix H is C*
given by
C'={(0000)LU(0000)U(OO00000)U(OO00)U(O0
00000),(1010)w(00000)w(000000)U(0000) U
(0000000),(0111)w(00000)w(OO0O0O00O)w (OO0
0)u((000000),(1101)u(O0000)U(000000)V (0
000)w(0000000),(1010)w(10011)U(O00000)uU
(0000)u(0000000),(0111)w(O1001)U(OOO0O0O0
0)u(000)LU(OO000000),(1101)u(11101)U (000
000)u((0000)w(0000000),(1010)u(10011)U (0
00000)w(1101)w(0000000)andsoon}.

Thus we have shown how the orthogonal n-code of a given n
code is obtained. It is also left for the reader to work with any n-
code; n > 4 and obtain the dual n-code.

A code is said to be reversible if (ag, ai, ..., a,1) € C holds if
and only if (an1, ano, ..., a1 &) € C. In general the reversible
bicode and n-code can be defined.

DEFINITION 2.1.26: A bicode C = C; v C, is said to be a
reversible bicode , i.e., (aga; ... an1) “(boby ... by1) eC=C;
v Cyifand only if (an1 an2 @ns ... a1 @) U (b1 bz bma ... by
bo) eC= Cl UCz.

Likewise if C = C; « C, « Cs be a tricode then it is said to
be reversiblei.e., (aga; ... an1) U (Bo by ... b)) C(CoCy ... Cra)
eCifand only if (an_l dpo ... dg a()) u(bm-l bm_z bl bo) U(Ct—l
Ct2 ... Cq1 Co) eC.
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The tricode generated by (1111) «v(111111) v(111
1 1) is areversible tricode.

Is a cyclic n-code a reversible n-code? (n > 2). To be more
precise is a cyclic code a reversible code? Recall a code C is
said to be self orthogonal if C — C*.

We give the definition of self orthogonal n-code.

DEFINITION 2.1.27: A bicode C = C; v C, is said to be self
orthogonal bicode if each of C; and C, are self orthogonal
codes and we denote it by C cC*i.e.C=C, UC, cC*=C?*
UCZI.

Note: If only one of C; or C, alone is a self orthogonal code of
the bicode C = C; u C, then we define the new notion of semi
self orthogonal bicode.

DEFINITION 2.1.28: Let C = C; v C; be a bicode we say C is
said to be semi self orthogonal bicode if in C only one of C; or
C, is self orthogonal. We denote a semi self orthogonal bicode
by Csl = Cll UCz, Cl QC]_'L or Csl = C]_ L/Czl and Cz _CCZ'L.

Now we proceed onto define the notion of self orthogonal
tricode and generalize the notion to n-codes.

DEFINITION 2.1.29: Let C = C; «~/ C,  C; be a tricode, we say
C is a self orthogonal tricode if each of codes in C i.e. each C; (i
=1, 2, 3) are self orthogonal and this is denoted by C = C* i.e.
Cl UCZ L/Cz g(Cl L/Cz L/C3)l = Cll L/Czl L/Cgl.

If even one of the C;’s in C is not self orthogonal (i = 1, 2,
3) then we say C is not self orthogonal tricode but C is only a
semi self orthogonal tricode i.e. in case of semi self orthogonal
tricode we denote it by Cs* = C;* U C,* U C; where C; < C,*
and C, _CCzl but Cs gC3l or Csl = Cll v Gy UCgl where C,
_CCll, C, ngl and C; _CCgl or Cgl = Cll vC, uCsie Cy
alone is self orthogonal but C, and C; are not self orthogonal.
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DEFINITION 2.1.30: Let C=C; «C, v... «C, be an-code; C
is said to be self orthogonal if each of the n codes in C is self
orthogonal i.e. each CfcCi;i=1,2,3, ..., nand denoted by
CcClieCiuCu...uCc(CiuCu... uC) =C
U Cyt U ... U Cy Even if one of the C’s in C is not self
orthogonal then we do not call the n-code to be a self
orthogonal n-code.

However if in the n-code C =C; v C, v ... v C, some of the
codes are self orthogonal and some of them are not self
orthogonal then we call the n-code to be a semi self orthogonal
n-code.

Now we illustrate some examples of self orthogonal n-code,
tricode and a bicode (n > 4).

Example 2.1.37: Let us consider the bicode C = C; U C, where
C.is a C(4, 2) code, generated by x* + 1 and C, is a C(6, 3) code
generated by the polynomial x> + 1. Clearly C = C, U C, is a
self orthogonal bicode.

Example 2.1.38: Let C = C; u C, U C3 be a tricode. C, the code
generated by x* + 1, C, = C(8, 4) is the code generated by x* + 1
and C; = C(4, 2) is the code generated by x* + 1. Thus C = C; U
C, u Csis self orthogonal tricode.

Example 2.1.39: Let us consider the 6-code C generated by the
6-polynomial ((x*+1) U (C+1) U (x°+1) U (x°+1) U (X*+1) U
(x’+1) Y where C = C; U C, U C3 U C, U Cs U Cg with C, =
C(8, 4), code generated by x*+1, C, = C(6, 3) code generated by
the polynomial x*+1, C; is a code having the generator
polynomial (x°>+1), C, is a code with generator polynomial x®+1,
the code Cs is generated by the polynomial x*+1. Finally the
polynomial x” + 1 generates the code Cs.

It is left as an exercise for the reader to verify that the 6-code is
a self orthogonal code with the generator 6-matrix G = G; U G,
UGgUG4UG5U65
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]u

100100
010010
0 01001

10001000
01 00O01O00
)
00100010{
00010O0O01
1000010O0O0TO0
01 00O0O0OI1IO0O0OO

{

U

001000O01QO0O0|v
00010O0O0OO0OT11IO0
000O0O01O0O0O0CDO01

10000010000 O]
01 000O0OO0O1O0O0OTO0GO
001000O0OO0OT1TIO0TO0ODO
0 00100O0O0OO0OCIIO0O0
00001O0O0O0OO0OCOT1IO0

0000010000 TO0 1]

1 010
,
0101

1 00000O01O0O0OO0OO0OO0ODO

01 000O0O0OO0OI11TO0OGO0OO0CO0OTP

00100O0O0OO0OO0OI1ITO0O0OO0CO

00010O0O0OO0OODOI1IO0OO0LO

0 000100O0OO0OO0OO0OBCITOO

000O0O0O1O0O0OOOOOTI1IO
0 000OO1O0O0OO0OGO0CDO0OGO01
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2.2 Error Detection and Error Correction in n-codes
(n>2)

Now having defined the notion of n-codes (n > 4) we proceed
on to define the methods of decoding and error detection. We
know if we have any n-code C=C;, u C, U ... U C, (n = 4),
associated with C is the generator n-matrix G =G, U G, U ... U
G, and the parity check n-matrix H = H; U H, U ... U H,, then
G and H are related in such a fashion that GH™ = (0) U (0) U ...
v (0). Now any n-code word in a n-code would be of the form

(XX Xg ) U (EXG..XE YU U (XXX ).
Now the operation of any n-code word on the parity check
n-matrix H is carried out as follows:

X = HLOGK X)) U L X)TT

T T
HLOGXG ... %) U (%5 ) T U ...
T
V(X X5 %0 ) ]
= [HiuH,uU ... UH]

[ %) U (XX )T o) x;..x) )]
= Hi(6%...x,) T UH (G ) TU LU
Ha (] 5.7 ) ™.
= 0 uU@O)U ... 0) ()

Equation (I) implies x is a n-code word of C associated with the
parity check n-matrix H. Even if one of H x| = (0), 1 <i <n,
then we conclude the code word is not from C. Thus we say X €
C=C,uC,u..uUC,ifandonly ifHX' = (0) U (0) U ... U
(0) otherwise x ¢ C and error has occurred during transmission
of the n-code.

Before we proceed further we define the notion of
Hamming n-distance of two n-code words x and y from the n-
code C. Let

X = (XX X YU XXX ) U U(X X5, ) € C

where each (x; x‘z...x‘ni) e C; with C; a (n;, k;) code.
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The Hamming n-distance between x and y is defined to be a n-
tuple of numbers (ty, ..., t,) where

o= {0 x), MY,y ) B l<i<n
wherey = (Yi¥;...¥5) U (Vi ¥5---¥a) U o U (V1 Y;...Y5 ) - SO

dix,y) = @0 %), (VY- ¥a)],
d[OG X5...x2 ) (Y5 Y5 Yo )]s s
dl(x; ;... %3 ), (V1 ¥z ) D)
= (t,ty ..., 1)
dix,x) = (0,0, ...,0).
when
X = (11010)U(1111111)U(0000)uU
(101010)U(0101010101)u
(111000110)€eC
and
y = (01010)u(1010101)u(1100)U
(111100)U(1010111101)u
(111001000)eC.
Now
dx,y) = {d[(11010),(01010)],

d[(1111111),(1010101)],

d[(0 000), (1100)],

d[(101010),(111100)],

d[(0101010101),(1010111101)],

d[(111000110),(111001000)]}
= (1,3,23,6,3).

Here d is a Hamming 6-distance i.e., n = 6. The Hamming n-
weight of the a n-code x is defined as w(x) = d(x, 0). In case
X = (11010uvu(l111111)u(@©000) v
(101010 v (0101010101 v
(111000110)eCs
we have w(x) = d(x, 0) =(3, 7, 0, 3, 5, 5). When n = 1 we get
the usual Hamming distance and Hamming weight. When n = 2
we get the Hamming bidistance or Hamming 2 distance and
Hamming biweight or Hamming 2-weight. When n = 3 we get
the Hamming tridistance or Hamming 3-distance and Hamming
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3-weight or Hamming triweight and when n > 4 we have the
Hamming n-distance and Hamming n-weight. So it is
analogously defined for linear n-codes d(x, y) = d(x -y, 0) =
w(X —Yy). Thus the minimum n-distance of a n-code C is equal
to the least of n-weight of all non zero n-code words. If (dy, ds,
..., dn), denotes the minimum distance of a linear (n, k) code
then we call this n-code C as ((ny, Ny, ..., Ny), (Kq, ko, ..., Ky),
(dy, d,, ..., dy)) code.

Now this n-code equivalently be denoted by (ny, ki, di) L
(N2, ky, d2) U ... U (ny, Ky, dy).

Now we proceed on to define the notion of n-sphere of
(r, ..., ry) radius of a n-code word x € C; U C, U ... U C,. Let
X=X UXoU...UXeC:xieCi,1<i<n.

S(rl,rz_..,rn)(x) = S(rl,rz_..,rn)(xl UXZ U"'an)

= S, (X)uU S (X)u...uS (X,)
{yl € Zgl /d(Xl, yl) < rl} \ {yz € Z;Z /d(Xz,
ya)<r}pu...u{yne Zgn 1d(Xn, Yn) <o}
where x; =(x‘1x‘2...x‘ni) e Ci; 1 <i<nwhere Ciisa (n, k) -
code.

In decoding we distinguish between the detection and the
correction of errors. We say a n-code can correct (tg, ..., t;) +
(s1, ..., Sn) = 0 errors, if the structure of the n-code makes it
possible to correct upto (ty, ..., t,) tuple of errors to detect (1,
v )+ (0 dn), 0< i<, i =1, 2, ..., n, tuple errors, which

has occurred during the transmission over a channel. Now we
have the following result.

Result: A linear n-code C = C; U C, U ... U C,, with minimum
distance (dy, ..., dy) can correct up to (t, ..., t,) tuple errors and
can detect (t; +ji, to + jo, ..., ty + jn) tuple errors with 0 < j < s;, i
=1,2,...,nifand only if each 2t; + 5; < d;; 1 <i < n. Here C; is
a(n, ki, d)code,i=1,2,...,n.

Now we proceed on to define the notion of Hamming n-
bound. The parameter tuples (s, ..., On), (N1, ..., Ny), (tg, ..., 1),
(My, ..., M;) of a (t, ..., t,) tuple error correcting n-code,
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C= C(nl, kl, dl) U C(ng, kg, dg) () C(nn, kn, dn) over Fq1 )
F, Y ... U F oflength (ny, ..., ny) with (my, ..., my), n-code
words satisfy the n tuple inequality

(1)

(l"'(qz_l)[ ]"' "‘(qZ_:I-)t2 ju Y

[1+(qn—1)[ j+ +<qn—1)‘n ]

<(9;,0;%,..., Q")

i.e., each

M{(u(qi—l)[ j+ 40~ 1)‘( H«w-u-lz

As in case of linear codes we define in case of linear n-codes the
notion of a special class of n-codes where the n-tuple of vectors
are within or on n-spheres of radius tuple (ti, ..., t,) about the n-
code words of a linear (((ny, ..., nn) , (Ky, ..., Ky))) code.

Now we illustrate a method by which error first is detected,
this is described for a n-code; n = 5.

Example 2.2.1: Let us consider a 5-code C=C, u C, U ... U
Cs generated by the generator 5-matrix G = G, U G, U ... U G5
where

o O

O o

=)

=

o R
C

1011
V)
0101
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1000100

0100101
v

}u

0010011
0001110

{

1 0101
01010

|

]_

1001101
0100110
0010011

The corresponding parity check 5-matrix;

is a 5-matrix.

HIUH2UH3UH4UH5.
1101100
0 011010
0110001

H=

]U

011100
101010
110001

1010
U
1101

|

]u

]u

|

10100
01010
1 0001

|

107



1001000
1100100
0110010/
1010001

Now we give some of the 5-codes generated by G in the
following;

{000000)U (000U (OO00000)U((OO000) v
(0000000),(011100)w (1010w (1101100) v
(10100 uwU(1001000),000111)U (0111 uv
(1000111)u(0©1111)w(1001111),(000000)u
(1101)u(0110001)w(10001)w(1010001)andso
on}.

Suppose we are sending a code x € C = C(6, 3) U C(4, 2) U
C(7, 3) v C(5, 3) U C(7, 4) the 5-code and we have received a
message

y = (1111000U(1011)U(1101101) U
(11100)U(0111011);

1 1 0 -
T 1010
Hy = 01 v, U
1101
1 0 1 -
11 1 0 1 01 0]
0 0 0Oju|0 1 0 1 0O|v
01 1 1 00 1]
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X
| |
o O O -
o O «+H O
o +1 O O
— O O O
O O 1
O 1 4 O
- = O

[(111100)U(1011)U(1101101)U(11100)U (01

11011

1

101 0j0
)

110 1)1

1

d

I 1
1T 4 4 4 O O
L |

011100]

101010
110001

|

1|v
0
0

10100
01010
10001

|
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[ = T N =
O B O
= = O O
O O O -
o O —» O
o - O O
- O O O
P P O R P P O

=[100]"u00]"U[010]"U[011]"U[1110]"

This clearly shows the received message y is not a 5-code word
from C as Hy' = (0) U (0) U (0) U (0) U (0). Thus we have to
formulate a method to obtain the correct code word.

We make use of coset n-leader which we would be defining
now.

DEFINITION2.2.1: Let G =G; v G, v... UG, be an-group. H
is a n-subgroup of G i.e., H =H; v H; v ... v H, where each
H; is a subgroup of Gj; i = 1, 2, ..., n. The coset of the n-
subgroup H of the n-group G is defined as,
gH=(g: vQ, v... gy H
where
0=01UQ U... UGg €CG
with g; € Gj, 1 <i <n; now
gH (91 vg v... UGy H
(01 vg U... vg)HL v UL UHY)
(9:H: UgHz ... UgaHy)
where giH; is the coset of H; in G;.
gH = {glhl / hl € Hl} L/{gzhz / h2 € Hz} (O N
{g.h" / h" e H.}.

Now we can have a n-field Fql U qu U, U Fqn orZ,uZ,JU

... U Z, also for when we have to define n codes we need the
notion of n-vector spaces and n-subspaces so we accept the
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structure of Fql U qu J... U Fqn even if each of g; are the same

prime number as special n-field which we can call as a pseudo
n-field. Thus Zs U Z; U Z3 U Z1; U Z1g is a n-field or to be
more precise a 5-field now, Zz U Z3 U Z3 U Z3 U Z; is a pseudo
n field; likewise Z, U Z, U Z, U Z, U Z, U Z, U Z; 1S & pseudo
6-field. It is pertinent to mention here a n-field or a pseudo n-
field is not a field. Now we can define n-vector space over the
n-field or pseudo n-field. We say V =V, U V, U ... U V, to be
n-vector space over the n-field, F= F, v F v ..U F (di—

prime number i = 1,2, ..., n) or over a n-pseudo field F = Z, u
Z, U ... Z,if each V; is a vector space over Fqi (or Zy); true

fori=1,2, .,n.SV=2yu Z20U ..U Z) is a n-vector
space over the n-pseudo field F.

Now if each n; is distinct i.e. nj = ny, if i = jfor 1 <1, j<n,
then we say V is a n-vector space even if some of the ny’s are
not distinct then we call V to be a pseudo n-vector space over F
a n-field or over a pseudo n-field. Clearly if V=V; U V, U ...
v V, is a n-vector space over the n-field F, YR,V UFR

then each V; is a vector space over Fqi ,i=1,2, ..., n. Further if
each of the vector space V; over F, is finite dimensional say of
dimension n; then each V; is isomorphic to Fq“ii 1=1,2,...,n.
Thus

V= Fq”l1 U Fq”; U... U Fq"n"
is a finite dimensional n-vector space over the n-field, F = Fql U
F,v .. u F_and we say the n-vector space of finite

dimension i.e., V is (ny, n,, ..., ny)-dimension over F.

Suppose W = W; U W, U ... U W, be a n-subspace of V =
ViuV,u ..UV, i.e. each W; is a subspace of V;, i=1, 2, ...,
n and if each W; is of dimension k; over R 1< i <n then we

say W is a n-subspace of the n-vector space over F = F, v
qu U ..U Fqn and W is a (ky, ks, ..., ky) dimensional subspace
of VandW =W, UW,U..UW,= F* UR? U..UFR";
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where 1 <ki<n;;i=1, 2, ..., n. When we have the n-code these
concepts will be used for error correction as well as error
detection.

Now we just recall when we have a n-code C=C; U C, U
.. Ch=C (ng, k) U C (ny, ko) U ... U C (ny, ky), then each C (n;,
ki) can be realized as a subspace of the vector space Z, over Z,
or to be more precise each C (n;, k;) is the subspace Zy c ZJ
over Zy; fori=1, 2, ..., n. Thus we can say

c = C(nl, kl) ) C(nz, kg) U ..V C(nn, kn)
= ZRUZPuU.LUZy CZruZRU. U Zy

over Z,. This clearly shows each code in C is of length n; having

ki number of messages and n; — k; check symbols; 1 <i <n.
Now we proceed onto define the coset n-leader.

We see V = V; U V, U ... U V, is a n-vector space over the

pseudo n-field F = Z, U Z, U ... U Z, of finite dimension (ny, ny,

.y Np). SO

V = VjuV,u..uV,
= Z}U ZPU..uU Zy.

Let C be a n code over Z, where C is a (ki, ks, ..., ky)
dimensional code. Clearly C is a n-subspace of Vand V = Z* U
Z2U..u Zy ie. C=Z8U Z¥ U ..U Z5 is contained in
230 2320 .. U 2.

Now we see C is a n-subgroup of the n-group V, so that we
can define the n-coset of C in V to be

{X=xUXU...UX)+C | X e V}
{Xx1UXU .. UXy) + (2 0Z2 ..o Zy)

X+C

(Where X=X, U X U ... UXp) € Z3tU Z2U ... U Z7") = {(X
+ Z9)Y U e+ Z9) UL Ut Z) [ xe ZhU ZP UL U
Zy)iexie Zy;1<i<n}
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We know the coset of a subgroup H of a group G partitions
G; likewise the n-coset of a n-subgroup H of a n-group G will

partition G. In fact here we can realize V = Z} U Z?uU .. U
Z)» , the n-group will be partitioned by its n-subgroup C = Z}
U Z§ U ..U Z5. The n-coset contains (2', 22, ..., 2") n-
vectors. Thus V is partitioned in the form

\

23U 232U .. 2y

{Z¢ v 2Z¢ .. UuZr}o{XP + 2z U
(X + Z3) v u (Y + P u{(xp + Z32) v
(xP+Zp)yu..o(x? + 2oL u{(xY + Z))
Ux® +Zmyu. o (x o+ Z0 )}

n; —k;

where ti = -1;i=1,2, .. n Thus we see a partition of

the n-group V = Z;*u Z;2 U ... u Z;" by C can be carried out

in the following way.

If

C = CGuCGu..uC,

C (nl, k]_) uC (nz, kz) U..uC (nn, kn)

be the n-code, then we see

\%

230 2320 .. U 2y

{x+C| X € V}

{(X UXoU...UX)+(CLuCru...UCY)

L+ Crufo+Clu.. U, +C}l xie Z0;i=
1,2,...,n}

Now if y is the received n-code word then certainly y =y; Uy,
U ... U Y, is such that y is in one of the n-cosets. If the n-code
word X has been transmitted then the error n-vector

(eruer..ue)
(y-x)
(yl_ Xl) V.Y (yn - Xn)

@D
I
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where each (y; - x) e x?+C;,i=1,2,..,nand 1 <j <t
We will illustrate this by an example.

Example 2.2.2: Let C=C, u C, =C (4, 2) u C (6, 3) be a
bicode associated with the parity check bimatrix,

H=H; UH;
0111 0
1010
= Uil 01 010
1101
1100 1
and generator bimatrix
G= (51kJ(32
100011
1 011
={ }uOlOlOl
0101
001110

The set of bicodes are given by
{(0000)U(000000),(1011)U(000000),(0101)u
(000000),(1110)U(00000),(0000) U (10001 1),
(1011)U(100011),(0101)U(L00011),(1110)u
(100011),(0000)U©001110),(1110)U(001110),
(0101)u(001110),(1011)w(001110)andsoon}.
Now we give the partition of Z; U Z5 using the bicode C =

(:lkJ (:2

0000|1011 |0101|1110 | Cc0de
words

1000[0010[1101[0110]

0100 [1111[0001[1010] =

0010 | 1001 | 0111|1100

coset

leader
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000000

100011

001110

011011

code
words

100000

000011

101110

111011

010000

110011

011110

001011

001000

101000

000110

010011

000100

100111

001010

011111

000010

100001

001100

011001

000001

100010

001111

011010

001001

101001

000111

010010

other
cosets

coset leader

110110

111000

010101

101101

code
words

010110

011000

110101

001101

100110

101000

000101

111101

111110

110000

011101

100101

110010

111100

010001

101001

110100

111010

010111

101110

110111

111001

010100

101101

111111

110001

011100

100100

other
cosets

coset leader

is the bicoset of C. Supposey=(1111)uw(100111)bethe
received bicode. We find

011100
N 1010
Hy' = Uil 01010
1101
110001
x[1111)u(@00111)]"
_ .
11 |0
011100
1010 1] |0
= Ul 01 010 U
1101 1] |1
110001
1] |1
L —1—_
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1
1 0
011100
101 0][1 0
= ulfl 01010
110 1|)1 1
110001
1 1
_1_
= (01)uU(L00)
0) v (0).

Soy ¢ C. Hence we now inspect from the coset bileader from
the table and we see the coset bileader where (1111) U (100
111)occursis(0100)w(000100)=e=¢e;Uey

Nowy =y; U Y,. Find

e+y
[(0100)U(000100)]+[(1111)U(100111)]
[(0100)+(1111)]U[(000100)+(100111)]
(1011)U(100011) eC.

Thus the sent message is(1011)u(100011).
Now we have the following set to be the bicoset bileader

{(0000)LU(000000),(L000)U(100000),(1000)uU
(010000),(1000)L(001000),(L000)L (000100),
(1000)L(0000000),(1000)L(000010),(1000) U
(000001),(1000)L(01001),(0000)U(100000),
(0000)LU(010000),(0000)U(001000),(0000) U
(000100),(0000)L(000010),(0000)U (00000 1),
(0000)U(001001),(0100)U(000000),(0100)u
(10000),(0100)U(010000),(0100)U(001000),
(0100)L(000100),(0100)L(000010),(0100) L
(000001),(0100) L (001001, (0010)U (00000 0),
(0010)U(100000),(0010)L(010000),(0010) UL
(001000),(0010)L(000100),(0010)U (00001 0),
(0010)LU(000001),(0010)L (00100 1)}
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for the code C = C(4, 2) U C(6, 3).

Thus finding the sent message which is the bicode x and if y is
the received bicode and y ¢ C, y is determined by finding

Hy" (Hi U Ho)y'
(HiUH) (yiuy))'
(HiUHy) (yi' uy,)
Hiyi" U Hays,'

If Hyy" U Hay,' = (0) U (0) theny e Cif Hyy:" U Hay,' # (0) L
(0), we find the coset leader to which the code y; belongs to and
if e; is the coset leader to which y; belongs to, then we find the
coset leader to which y, belongs to. Let e, be the coset leader to
which y, belongs to. Then e = e; U e, is the bierror or the
bierror bivector. Now y + e = x gives the sent bicode word. e =
e; U e, is the bicoset bileader which will be found in the class of
bicoset leaders.

Now we proceed on to describe how in the tricode the error
is both detected and corrected using the tricoset leaders.

Example 2.2.3: Let C = C; U C, U C3 be a tricode with the
associated parity check trimatrix

H=H1UH2UH3:

1110100
0111010V
1101001
100100

1010
01 0010|u .

1101
0 010001

The related generator trimatrix of the tricode is given by
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G=61UGZU63:

1 000101
0100111
)
0010110
0001011
100100
1 011
01 0010|u .
0101
0 01001

Clearly C=C (7, 4) U C (6, 3) U C (4, 2) is the tricode. The
elements of the tricode are as follows:

{(0000000)LU(000000)U(0000),(1000101)uU
(100100)U(1011),(010111)U(@©10010)uU
(0101),(0010110)U(0011)U(1110),(001011)uL
(111111)u(0000),(111111)uU@R11111)uU
(1110),(1100010)U(110110)uU (1110)and soon}.

Supposey=(0111111)u(011111)vw(@111)bethe
received tricode word. Find whether the received tricode word
is the correct message. If y is to be a correctly received message
than we must have Hy" = (0) U (0) U (0). Now consider

11101 0
Hy'= (|0 1101 0fu
11010 1
100100
1 10
010 1 0|u
1 1
001001
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[[01 1111 1u[o111

[E=Y

ot 1117

0
0
! 1
11101001 1 01001
=01110101u0100101u
110100 1|1 0 10011
1
1
1

1010
1101

=[[L o v o ofulo 1]

[ = SN =

#(0) U (0) U (0) .

Thus y has error, i.e. the received message has some error. Now
we have to detect the error and obtain the correct message.
Consider the coset trileadere=(1000000)w (100000) U
(0 0 0 1); for the vector (011111 1) of Z, falls in the coset
with coset leader (100 0 0 0 0); the vector (01111 1) of Z,°
falls in the coset with coset leader (1 0 0 0 0 0) and the vector (1
11 1) of Z,* falls in the coset with coset leader (0 0 0 1). Thus
the trivector (0111111)u(011111)u(1111)fallsin
the tricoset with the tricoset leader (1000000) w (100000)
U001 =e=e we uUes Thusy + e = x is the correct
tricode word which must be the sent message. Thus

y+e = [0111111)u(01111)u(l111)]+[(
000000)U(100000)U(0001)]
= [(0111111)+(1000000)JU[(011111)+
(100000)JU((1111)+(0001))eC
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= Cl U C2 ) C3.
Now the same method can be used for any n-code; n > 4.
However we illustrate for a 5-code by an explicit example
before we proceed to dewell about other methods.

Example 2.2.4: Consider the 5-code C=C;, U C, U C3 U Ci U
Cs associated with the parity check 5-matrix

H=H UH, UH; UH; UHs=

1 00100
{1010}
01 00 1 0|y U
1101
01001
111 1 00
1 01 Oflu
0 1 0 01
1111000
0010100u010010
1 010010 01110 1|
0110001

The corresponding generator 5 matrix

G=61UGQUG3UG4UG5

0

1 011
0|lu

01 01
1

1
o O -
o +— O

0
0
1

o O -
o - O
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1000101
0100110
)
0010101
0001110
1 0000O00O0
1001010
01 0011
01 0100 1|y .
0 01001
0011111
000101

The related 5-code words are as follows:

{0O00000)LU(O0O000)U(OOO0000)L(O0O00000) U
(000000),(100100uwu((1011)u(l00010 U
(1001010u(100000),(10010uU((1110) U
(0100110)w(0101001)w(010011),(001001) U
(1110uv(0©010101)w(O0112111)wu(O01001) UL
(0o01001)u(l110uw(@©OO01010)U (001111 VL
(000101)andsoon}.

Supposey =y; Uy, UYysUY,UYs =((111100)u(1111)
U((l1111000w(0110001)w(©10101)) bethe
received word, we have to find whether y is a correct received
message. The simple test for this is to find Hy', if Hy' = (0) U
(0) U (0) U (0) U (0) theny € C i.e. y is the correct received
message. Now consider

100100
. 1010
Hy'=40 1 0 0 1 0| U U
1101
001001
1111100
0101010
1010001
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|

x [(11110070U(1111)"U((11111007U((011000

1)TU(010101)"]

010010
011101

i

1111000
0010100
1 010010
0110001

Ul

1

1 01 0f1

110 11

1
1111000

1

T 1
_111100_

100100
010010
0 01001

|

I 1
_0110001_

}

0 010100
1010010
0110001

{

010010
011101

|

|
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#(0)uw (0) U (0) U (0)w (0).

Thus the received vector y ¢ C i.e. y is not the correct message;
now we have detected that this message has error, now we
proceed on to correct the error. This is done by finding the
coset-5-leader in which the 5-vectory =y; Uy, Uys U Y4 U Y5
OCCUrs. SUppose, e = e; U e, U 3 U €, U es theny + e = X
would be the corrected message and x e C=C; U C, U Cz U
C4 |\ C5.
Now the coset 5-leader in which y occurs is given by

e = (011000 U@©O001)LUOO001L00) U
(0011000)U(010000).
y+e = [1111000uU@1111)U(1111100) U

(0110001)U(010101)]+[011000)uL
(0001) LU (@0000100)U(0011000) U
(010000)]

= [(111100+©011000]uUl111)+
(0001)]U[(1111100)+(0000100)]u
[(0110001)+(0011000)]U[(010101)+
(010000)]

= (100100 uU(1110U(1111000) U
(0101001)U(000101)

= X
Now find
1 00100
- 1 010
Hx'=<{0 1 0 0 1 0|u U
1101
0 01 0 0 1
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010010
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011101
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b O O O +— O

= (000)"U(000) U000 UOO00) U O0).

Thus x is a 5-code word of C which is the corrected message i.e.
the sent message.

Now we proceed on to describe this more technically by
defining the term n-syndrome n > 4, bisyndrome and
trisyndrome.

DEFINITION 2.2.2: Let H = H; < H, be a parity check bimatrix
of a linear (ny, ki) « (n,, ko) bicode. Then the bivector

S(y) S(y1) vS(y2)

Hy'

(Hi UHy) (yr oya)'
(H1 UHy) (Y1T UY2T)
Hlle UH2Y2T

of length (n; — k;) « (n2 — ky), is called the bisyndrome of the
bivectory =y; Uys.

S(y) = S(y2) vS(y2) = (0) v (0)
ifand only ify e C; «C, =C.

(YY) = 8(y?) = Syu® Uya®) = S(? y®) if and
only if y¥ + C =y + C i.e. if and only if (yu® Cyx®) + (C,
UC) = (y2? UyR?) + (C1 UCy) e (yu + C1) U (yu® +
C2) = (y? + Cy) U(y2® + Cy).

If y =y, Ly, is the received message and e = e; e, is the
error with y = x + e then
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S(y) S(y1) US(y2)

S(x+e)

S((x1 UX2) + (61 + €2))

S((x1 + €1) U (X2 + &)

S(Xy +e1) US(x2 + €7)

{S(x1) + S(e1) } L {S(x2) + S(e2) }
S(er) US(e2)

aSX =X UX € C=Cy Cy80 S(X) = S(Xy LX) =S(X1) v
S(x2) = (0) «(0) i.e. y and e are in the same bicoset.

Let us consider how a trisyndrome of a tricode functions
and the tricoset leader. Let H = H; < H, « Hs be a parity check
trimatrix associated with the tricode C = C; v C, v Cs. Any
tricode word in C would be of the formy =y, vy, wys where
y; is the code word in Cy, y, a code word in C, and y; the code
word in Cs. Hy' = S(y) i.e.

S (y1 UYy2 LYs) (Hi UH, UH3) (i Uy, Uys')
Hiy:" UHayz' UHays'
S(y1) vS(y2) v S(Ya)-

This S(y) = (0) < (0) v (0) ifand only ify =y, vy, vys €
C=C, uCy UCs IfS(y) #(0) theny & C. S(y) = S(y1) v S(y2)
 S(ys) is of length (ny — k) « (N, — ky) w (hs —K3) is called the
trisyndrome of the trivector y =y, 'y, «ys. Thus S(y) = S(y1)
U S(y2) vS(ys) = (0) v (0) v(0)ifand only ify e C, v C, v
C3 =C.

S(yY) = s(y?) = Sy vya® uya®) = SyL® vy,? U
ya?) if and only if
[y Uya® Oys®] + (CL uCp UCy)

(y2? Uy2® Uy®) + (CL UC, UCy)
(yll(l) +Cy) U(Y21(1) +Cy) v (Y31(1) +Cy)
(Y12(2) +Cy) U(yzz(z) +Cy) v (Y32(2) + Cy).

Ify =y, vy, Lysis the received message and e = e; e, e
is the error with y = x + e then

S(y) S(y1) vS(y2) wS(ya)

S(x +e)
S((X1 UXa UX3) + (81 e, LE3))
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S (X1 + el) US(XZ + eg) US(X3 + eg)
(S(x1) + S(e1)) (S(x2)+S(e2)) L (S(xa) + S(e3))
S(e1) v S(e2) LS(es)

as S(x)) = (0) fori=1, 2, 3. i.e., y and e are in the same tricoset
and e is taken as the leader of the tricoset to which the trivector
y =V Uy, Uys belongs.

Now in a similar manner we have the notion of n-syndrome
and n coset leader and n-error vector associated with the n-
code.

LetC=C; vC, ... wC,be an code where C = C(ny, ki)
v C(ny, k) v ... v C(ny, ky) a n-code (n >4). Any n vector y
would be of the formy =vy; vy, U... Uy, Any n-code X = x; U
X2 U ... Xn would be such that each x; € C (n;, k) is a code of
length n; with ki number of message symbols; i=1, 2, ..., n.

Let H=H; v H, v ... vH, be the parity check n-matrix
associated with C = C; «C, v ... uC,, the n-code. Let x = x;
UXp U UXy €C=Cp UC, U... UC, HX' = (Hy UH, U ...
CUH) (X)) = (Hy UH, U OUHD) (T UX' U UXg') = Hixg!'
CUHpx," U... UHX,' = (0) U (0) U... U(0).

If y is any n-vector if Hy" =(0) «(0) ... _(0) theny & C
=C; vCy U... UC,.

Now

S(y) Hy'

(Hy UH, ... UHY) (1 Uy, U YT

Hlle UHgygT ... UHnynT

isa (ny—ky) v (na—ky) v... v(ny—k,) length n-vector defined
to be the n-syndrome of y. S(y) = (0) v (0) v ... v (0) if and
onlyify eC=C, vCy U... UC,.

Now if y is a received message to find the correct sent
message. In the first stage we detect whether the received
message is correct or not. This is done by calculating S(y) i.e.
by finding the n-syndrome of y. i.e.

S(y)

Hy'

(Hy UH, U UHYT

(Hi UH, U UH) (1" Uys' U UV
Hlle UHgygT ... UHnynT.
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IfS(y) = Haya' UHay' U UHwys'
0) v (0) v... v(0);

then we say the received message is a correct message and we
accept y as the sent message. If on the other hand S(y) = (0) v
(0) v ... v (0) then we say the received message y has error.
The error has to be detected as S(y) = (0) «/(0) v... «(0).

Now we find the error n-vector e = e; e, U ... U e, and
add e with y which is the corrected message. Suppose y =y, v
y» U... LY, Where each y; is a ni-length vector with k; message
symbols and n; — k; check symbols; true fori =1, 2, ..., n.

Now we find the n-coset leader for the n vectory =y, vy,
U... UYn SUppose e = e; Le, U... U, is the coset leader then
weseey+e=X=X UX U..UX. We have each g; is the
coset leader of the vector y;inyfori=1,2, ..., n.

Now it is easily verified x e C=C; UC, U... UCyie. HX'
=S(x) = (0) v (0) v... v (0).

Note: It may so happen that at times wheny =y; Uy, U ... U Y,
is the received n-vector and H = H; U H, U ... U H, the parity
check matrix of the n-code we have

Hy' = (HiUuHU..UH) (yi"uy,' U uy,)
Hiy:" UHoyo' U U Hyn
Ou (O u..u(0)

H

but some of the Hiy;' = (0), and some of the Hyy;" # (0); i # j so
that resulting in Hy" = (0) U (0) U ... U (0) in which case we
take the coset leaders of those i for which Hiy;' = (0) to be (0 0
... 0) i.e. the coset leader of the n-code, C=C; u C, U ... U C,.
Thus we may not or need not in general have each Hy;' = (0); t
=1, 2, .., n; some may be zero and some may not be zero, at
times it may so happen each Hy;" = (0), t = 1, 2, ..., n in which
case we will have each coset leader to be non zero. We have
illustrated this case in the 5-code given in the earlier example.
Now we proceed onto give the pseudo best n-approximation
to the received message when the received message has errors.
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This method gives us approximately the best n-code word
which is very close to the received message. To this end we
define the new notion of pseudo best n-approximation and
pseudo n inner product of a finite dimensional n-vector space V
=V;uU VU ..U V,over nfield Z, U Z, U ... U Z,. For the
sake of completeness we recall the definition of n-vector space,
n-subvector space and a n-code.

Just for the sake of clarity and simplicity of understanding
we use the prime field Z, of characteristic 2. It is stated that the
results and definitions are true for any prime field Z, of
characteristic p (p a prime) or even over any non prime field of
characteristic p.

DEFINITION 2.2.3: LetV =V, vV, v ... UV, be a n-vector
space of finite dimension (ny, n,, ..., ny) over the n-field F = Z,
vy, U... UZyi.e. each V;is a n; dimensional vector space over
Zy; i =1, 2, .., n. The pseudo n-inner product on the n-vector
space V=V; vV, u.. vV isan-map (, ) (Here p = 2) from
VxV > F=12Z ulZ U.. ulZ satisfying the following
conditions.

(1) Then-map (po=( oo fp U S (Vi UV UL
vV x (Ve oV, v UV -2 UZy UL U Zysuch
that (x, x), >0 forall x e Vie. (x1 Ux, U... UX,) €V,
UVy U UV e (%1, Xy U Koy X2 Pp U U (X, XS
>0 U0 u... UOie each , xi), >0fori=1,2, .., n
with x; e Vii.e. ¢, ) 1 Vix Vi = Z, and (&, x ), = 0 does not
imply each x =x; UX, U... UX, = (0) v (0) v... v (0).

2 &yh=@ xpforalxyeV=V, UV, u.. vV, where
X=X UX U Uxpandy =y, Uy, U... Uy ie. &,
vip =i xi/)p 1 =1,2, .., n.

B) (x+zyh=&yhrt+ @ yhforalxy zeVie (x, v
Xo U UXg) + (20 UZp UL UZh), (Y1 UY2 U UY))

= {(4, yl)lp U (X2, yz)zp U U Yo )} + { (@, Y1)lp

U (22 Y2 fp Ue U (Zn, yoJp Horall x,y, 2 € V.
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(4) (X, y+Z)h=(X UXpg U... UXp, (Y1 UY2 U UYp) +
(2 U U... UZp)) = KL UXe U UXy, (Y1 +27) U(Y2 +
) U UYn +20)) = (e Yo'y U Ko Y2 Fp U U (K,

yn)np) + ((Xl, 21)1p U (X2, Zz)zp U U (X Zn)np) for all x, Y,
zeV=V,uV,u... UV,

(5)  (axX,y b= a (XY} where
a=oq U .. vy ely Uy U... ULy
X=X UXp U, UXy eV =V UVo UL UV,

and
Y=Y1 UYs U UYh eV=V UV, Ul UV
(aXx, Yy
= (v u.Ua) X1 UX U... UXy), (Y1 Uy U
e UYn) b

((0[1 X1 Vo Xy U... oy Xn), (y]_ Uyr UL L/yn) )p
(o X1, yl)lp U (ap Xo, ¥2) 2p U U (O X Yn)np

ar (X1, Y1 )lp Uar (X2, Y2) 2p U Un (X, yn)np

(al o U... uan)[(xl,yl)lp U(Xz,yg)zp ..
(X Yo Sl

= alxyhl

Similarly (x, &y hy=p(x,y pforall o, fe F=2, vZ, U..
vZyand X,y e V=V, vV, ... vV, We say the n-vector
space V=V; uV; v... uV,overthenfield F=27, vZ, u..
 Z, of characteristic 2 to be a pseudo n-inner product space if
the n-map (.} = (/p U (L2 U... U (), which is a pseudo n-
inner product defined on the n-vector space V=V; vV, U... U
V, over the pseudo n-field F =2, v Z, v... UZ,.

Now we define the notion of n-subspace of the n-vector space V
over the n-field F.

DEFINITION 2.2.4: LetV =V, vV, v ... UV, be a n-vector
space over the n-field F = Z, v Z, ... v Z, of dimension (n; v
n, U ... uny) over F or of dimension (ny, ny, ..., n,) over F = Z,
UZy U... UZy thenwe have V = Z v Z2 ... U Z)". Let

W be a proper subset of Vi.e. W=W,; oW, v ... oW, where

130



each W; is a subspace of dimension k; over Z,, fori=1, 2, ..., n,
then W is a n-subspace of dimension (k; ky ... wky) or (Ky,
Kz, ..., k) dimensionover F =2, vZ, u... vZi.e. W=W; v
W, v ... W, where each W; is a subspace of dimension k; over
Z,fori=1, 2, .., nthen W is a n-subspace of dimension (k; v
ko ... wky) or (Kq, Ko, ..., ky) dimension over F =2, v Z, U ...
vy ie.

W = W uW, u... uW,
28 vzZP .. uZd P U2 o Uy

IR

ie.ki<n,fori=12 ..n.

Now we proceed on to define the notion of pseudo best n-
approximation of any n-vector g = g v B v .. U €V
relative to the (ky, ko, ..., ky) subspace W of V; i.e. W =W; UW,
.. UWp cV =V, UV, U... UV, is a n-subspace of
dimension (ky, ko, ... k) i.e. W=2Z8 o Z2u..0Zf cZ) U
Z> U... U Z,". Let the n-vector space V=V; UV, U... UV,

over F =2, vZ, u... vZ, be a pseudo n-inner product space
with the pseudo n-inner product ¢ ), = () v ( fp U .. U
(JodefinedonV.Let f=pB U U.. B eV=V UV, U
v UV LetW=W; oW, ... UW,cV =V UV, UL UV,
be a n-subspace of dimension (k; « k, v ... v ky) of V. The
pseudo best n-approximation to £ related to W is defined as

follows. Let o = { a1, s, ..., o« } be an-basis of Wi.e. &g = of

1
n?

Vg U..vd,m=a va U.ua, .., = o U
af U..Uaf isthe n-basis of W=W; oW, U... UW, e, a

2
n

W U a'n‘} is the chosen n-basis of the k = (k; Uk, ... Uky)
dimensional subspace W of V. The pseudo best n-approximation
to Brelated to W if it exists is defined as follows:

={aq vy U.Ua,d vd v.ud . va U

> par,a = U (Badya

i=1 t=1
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Kk
If Z (B, ), =0 we say the pseudo best n-approximation
i=1

does not exist for this set of k-basis {e, ..., a} = {( & @ ...
a)u(at ol .. al)u.. Ulef af ...a)}. In this case we
choose yet another set of k-basis for W say (»n, 7, ..., x) and

K

calculate Z (B,7i),7 and take this as the pseudo best n-
i=1

approximation to g.

Now we apply this pseudo best n-approximation to get the most
likely n-code word. Let C be the n-code over the n field Z, U ...
UZ,=Fie.C=CiuCu..uCybea (ks n) v (ks np) L ...
U (kn, Ny)) n-code i.e. Cis a n-subspace of V=V, UV, U ... U
VizZ3 U Z3u..u Zy =V,

C=Z¢ U Z8u...u Z5 . Now in the above definition we
take C = W in the definition of n-pseudo best approximation. If

some n-code word is transmitted and B is the received n-code
word then

(1) IfB e C,then B is accepted as a correct message.
(2) If B ¢ C then we apply the notion of pseudo n-best
approximation to f related to the n-subspace C in Z;* U

ny n
272U ..U 2.

Let us consider a k-basis for C say a = {c,, C», ..., ¢k} of C.
Now B ¢ C so relative to this basis we have the pseudo best n-
approximation as Z (B,ci>pci # 0 each ¢; is a basis of the code
Ci which is a (m;, k;) code i.e., ¢; = (c}, c}, ..., c‘ki ),i=1,2, ..,

k. Thus a. = {(c;, &, .. C ) U (CF, €5,y CF ) U L (€Y,

k
Cy o )}
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If = (Bi ci)p Ci = 0 then choose another set of k-basis D = {D%,
k
D? ..., D'} of Cand find x = »_ (B,D'), D'.

i=1
Then x is the pseudo best n-approximated message to 3 and
xeC=C,uGCyu..uC,

Note: With the advent of computers it is left for the computer
scientist to find programs to obtain the sets of basis for any C
code and also a program to find the pseudo best n-
approximation of B say e in C, g ¢ C.

It is still a challenge for them to find sets of n-basis for the
n-code C = C; u C, u ... U C, and find the pseudo best n-
approximation to [ in order to use the formula

o= Z BicdpCi

Here it is pertinent to mention that a nice programming can be
made by the computer scientist / engineer to find a method of
obtaining different sets of basis. Once this is made it is easy for
any coding theorist to obtain the pseudo best n-approximation to
any received message which has error.

Still it is interesting to note that one can find sets of n basis
for the given n-code C which is the n-subspace of the space C
over Z,. Using these sets of n-basis the approximately correct
set of codes can be obtained.

Now using the Hamming n-distance i.e. if x = (X}, X}, ...,
Xp ) U (X{, X5, e X0) U U (X!, X5, X)) and y =
(Y12 Y2 oo Yo ) O (Y1 Yo0 oo Vo) VU U (Y], Y3 0 o Vi)
are in C = C; u C, U ... U C,, then the Hamming n-distance
between x and y is the Hamming distance between each of (x;

Xy .. Xp)and (y; Y, ... y,)say t, 1 <i<nthen the

Hamming n distance between x and y is the n-tuple given by (t,
tp, ..., t) where any t; is the usual Hamming distance between

(xIx) ..o xyand (yy) ... y)),j=1,2, .., n We will choose
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that best approximated message y’ which has least number of
differences from the sent and received message V.

We illustrate this by the following example.

Example 2.2.5: Let us consider the 4-code C=C; U C, U C3 U
CywhereC;=C (4,2),C, =C(6,3),C3=C (6,3)and C, =C
(5,2) with generator 4-matrix

G=61UGQUG3UG4With

100001
G,=[0 100 1 0],
001100
100100
G,=[0 1 00 10
001001

and
1 0110
G, = )
01011
Now the 4-codes are the collection of 4-code words

CcC = C1UC2UC3UC4

= {(0000),(1011),(0101), (11103 u{0000007),
(100001),(010010),(001100), (11001 1),
(101101),(011110),(111111}U{(000000),
(100100),(010010),(001001), (11011 0),
(101101),(111112)(©011011)}uU{0000D0),
(10110),(01011),(11101)}.
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Any 4-code word X = X3 U Xp U X3\U Xq, Where X; € G, i =
1,2,3,4. Now C =C; U C, u C3u Cyis a 4-subspace of the 4-
vector space V = Z, U Z5 U Z U Zjie,C=z= Z) U Z) U
Z> U Z:. Clearly all the four subspaces Z2, Z3, Z3 and Z3
are distinctas Ci = Cj; i #j; 1 <i,j<4.

Suppose we have received the messagey =(1111)u (11
11000001111 1)uU(1111)=y1UY,UY3U Y.
Clearly y ¢ C as the 4-syndrome S(y) = S(y1) U S(Y2) W S(Ys3)
w S(y4) = (0) U (0) w (0) L (0). This is attained by using

H=H1UH2UH3UH4

=)
o o -
o r o

as
S(y) Hy'

(HLUH, UH; UH,) (YaU Yo UYysUYa)'
Hiy:" U Hayo' U Hays' U Hays'

(0) L (0) U (0) U (0).

H

We get the basis of the 4-subspace C of V. Let
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B = {(1011),(0101)}u{(100001),(101101),
010010}uU{100100),(©01001D0),
(001001)}uU{(10110)U(1011)}

be a 4-basis of C < V. To find the pseudo best 4-approximation
of y relative to the 4-subspace C. Clearly y ¢ C. Let x be the
pseudo best 4-approximation to y. Then

x = {((1111),(1011))(1011)+((1111),(0101)),
0101)}u{((111100),(100001)),(100001)
+((111100),(101101))(101101)+(01001
0),(111100)) (010010} U{((011111),(100
100)),(100100)+((011111),(010010)),(01
0010)+(011111),(001001))(001001)}u
(11111),(10110)),(10110)+((11111),(01
011))(01011))}

= {(1011)+0}uU{(100001)+(101101)+(010
0103 uU{(100100)+0+0}U{(10110)+(010

11)}
= (1011)u(011110)U(100100)U(11101).

This x belong to C. Now the 4-Hamming distance is given by
(1, 3, 5, 1). Now if we {¢} is put small {¢} wish we can take
this as our sent code. Otherwise we now use a different set of
basis for the subcodes which gave the distance as 3 and 5 and
work for a better approximation. Let the set of new-basis for C
be {6} u{(100001),(010010),(001100)}u{(1001
00,001001),(110110} v {e}. As the differences
hamming distance between the x; and y; is 1 and that of x4 and
Y4 be 1. The new pseudo best 4-approximated code is

z = (1011)U{((111100)(100001)),(100001)+
((111100),(010010)),(010010)+((11110
0),(001100)),(001100)}U{((011111)(100
100)),(100100)+(011111),(001001)),(00
1001)+((011111),(110110)),(110110))u
{(11101)}
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(1011)U{(100001)+(010010)+0}U{(100
100)+0+(110110)3}u(11101)
(1011)U(110011)U(010010)U(11101).

Now the Hamming 4-distance between the received vector and z
is (1, 4, 3, 1). Clearly z € C. Now one can take this as the
received vector z or y, some may prefer z to y and others may
prefery to z.

Now we have seen the methods of finding, detecting error
and correcting it by finding the pseudo best n-approximations.

The main use of pseudo best n-approximation than finding
the correct code by the n-coset method is by the n-coset leader
method we would get only one solution but in case of pseudo
best n-approximations we can find for the closest solution as
close to the received message by both varying the n-basis or the
very pseudo dot product used in the construction of the pseudo
vector space. So we have choice to choose the pseudo best
approximated message when the received message is erroneous.

We have mainly used these n-codes to construct the new
class Periyar linear codes. The n-codes will find their
applications in computers, in successfully sending the message
to satellites in cryptography and so on. These n-codes can also
used as the data storage matrices. We as a last class of n-codes
define the new notion of false n-code (n > 2).

2.3 False n-matrix and Pseudo False n-matrix

We define the new notion of false n-matrix and m-pseudo false
n-matrix (m < n). This is mainly introduced for the sake of both
defining the 1-pseudo false generator n-matrix, m-pseudo false
generator n-matrix in case of generator matrices of these special
codes. Also for defining the 1-pseudo false parity check n-
matrix, m-pseudo false parity check n-matrix (m < n) and the
notion of false parity check matrix.

DEFINITION 2.3.1: Let M = M; UM, v ... oM, if all of them

are equal i.e. My = M, = M3 = ... = M, then we call M to be a
false n-matrix. M; can be a square matrix or a rectangular
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matrix. If each of the matrix M; is a square matrix then we call
M a false square n-matrix. If each of the matrix M; is a
rectangular matrix then we call M to be a false rectangular n-
matrix. Now when n = 2 we get the false bimatrix, whenn =3
we get the false trimatrix for n >4 we get the false n-matrix.

Now we proceed on to define the notion of 1-pseudo false n-
matrix.

DEFINITION2.3.2: Let M =M; UM, U ... UM; U ... UM, be
a union of n(n >3) matricesif M; =M, = ... = Mi; =M. = ...
= M, and M; alone distinct in this collection then we call M to
be a 1-pseudo false n-matrix. If n = 2 we get the usual bimatrix.
If n = 3 we get the 1-pseudo false trimatrix, for n >4 we have 1-
pseudo false n-matrix. If all the n matrices My, M, ..., Mi.4, M;,
Mi+1, ..., M, are m x m square matrices then we call M to be a
1-pseudo false n, m x m square matrix. If all the n-matrices M,
My, ..., Mi.1, Mi, Misq, ..., Mj are t x s rectangular matrices then
we call M to be a 1-pseudo false t x s rectangular n-matrix.

If all the matrices My, ..., Mi.;, Miv1, ..., My are m x m
square matrices and M; a t x t square matrix (t =s) then we call
M to be a 1-pseudo false mixed square n-matrix.

If all the matrices My, M,, ..., M.y, Misq, ..., M, are
rectangular s x t matrices and M; is a p x q rectangular matrix
then we call M to be a 1-pseudo false mixed rectangular n-
matrices.

Now we illustrate them by simple examples.
Example 2.3.1: Let M = M; U M, U M3 U My U Mg where
2

1 =M, =M;z;=Ms

~N o B O
N 01 0
|

and
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w ©O© o -
A O OO
g1k N W

Clearly M is a 1-pseudo false square 5-matrix.
Example 2.3.2: Let M = M; U M, U M3 U M4 where

(5 7 9 11 8]
1 2 3 4 5
M,={6 7 8 9 10|=M,=M,
11 12 13 4 3
2 1 0 9 6

and

Ms

1
w O o1 Pk
A O OO DN
g1 B N W
(o2 TN \N B @ o JERN SN

clearly M is a 1-pseudo false mixed square 4-matrix.

Example 2.3.3: Consider M = M; U M, U Mz U My U Ms U
Ms where

= M2:|\/|3:|\/|4:|\/|5

© N O N
O 00 O Ww
o O - b
o NN O
gl P W O
o N BN

and
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H~ W O -
o o1k O
© ~N O -
o OO W ©
gl = N O
= o1 = O

We see Mg is also a rectangular 4 x 7 matrix. M is a 1-pseudo 4
x 7 rectangular false 6-matrix.

Example 2.3.4: Consider the 1-pseudo false 5-matrix N = N; v
N, U N3 U Ng U Ng where

311231
L0510 0
1711 012 6 3| T

2 11400

and

(3 1 2]

9 8 7

6 7 8

N2: .

4 3 2

105

11 3]

We see N;, i =1, 3, 4, 5 is the same 4 x 6 rectangular matrix
where as N is a 6 x 3 rectangular matrix. Hence N is a 1-
pseudo false mixed rectangular 5-matrix.

Now we give examples of 1-pseudo false mixed n-matrices.

Example 2.3.5: Consider the 1-pseudo false 5-matrix M = M; U
M, U M3 U My U Ms where
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39016
0 81217
M1:M2:M3:M4= 1 7 2 3 8 )
1 6 3 49
14 5 4 5 0
a5 x 5 square matrix and
347 37 2
M,=l1 58 1 5 6
2 6 9 8 49

a 3 x 6 rectangular matrix.
We call M to be 1-pseudo mixed false 5-matrix.

Example 2.3.6: Let M =M; U My, U M3 U My U Ms U Mg be a
1-pseudo false 6-matrix where

M2:M3=M4=M5=M5=

© N Ol B O W
W 00 O NN 0 b~

O R P W N P
© N O M ON

and

A W o N
O O 0 -
N o &~
© o1 N W
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the 4 x 4 square matrix. Clearly M is a 1-pseudo mixed false 6-
matrix.

Now having seen all the 5 types of 1-pseudo false n-
matrices we now proceed on to define the notion of 2-pseudo
false n-matrix (n > 4). We see when n = 3 we will have only
false trimatrix and the notion of 1-pseudo false trimatrix, cannot
exist i.e., we do not have the notion of 2-pseudo false trimatrix.
For 2-pseudo false trimatrix to be defined we need n > 4.

DEFINITION2.3.3: LetM=M; UM, ... UM, (n >4) be a
false matrix in which M; =M, = ... = M, and M,.;1 = M,. We
call M to be a 2-pseudo false n-matrix.

Before we proceed on to discuss more properties about these
class of matrices we give an example of it.

Example 23.7:LetM=M; UM, UMz U My U Ms U Mg U
M- be a false 7-matrix.

Suppose
3 456 7 81
M,=/1 0 2 3 4 5 6|=M;3=My=Ms=Mgs
78 9 01 2 3
and
'3 0 1 2 3]
4 4 5 6 7
M,=15 8 9 0 1|=M,
7 2 3 45
11 6 7 8 9]

then we call M to be a 2-pseudo false 7-matrix.
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It is very important to note that in case of 2-pseudo false n
matrix n > 4. We give a few subclasses of 2-pseudo false n-
matrices.

DEFINITION 2.3.4: Let M =M; UM, v ... UM, be a 2-pseudo
false n-matrix, suppose M; = M, = ... = M, be the same
square m x m matrix

a; ap ... Gy
ay dy ... Qy,
a, ., ... ad.
and
b, b, .. b,
b, b, .. b
bml bm2 bmm

a square m x m matrix where M; #M,_1; i=1, 2, ..., n = 2, then
we call M to be a 2-pseudo m x m square false n-matrix.

We give an example of a 2-pseudo m x m square false n-matrix.

Example 2.3.8: Let M =M; U My U MU My U Ms U Mg
where

M1:M3=M4:M5=

o 00 N O Ww
D 01T W LN
~N P N O O
= 00 O 00 -
o © O W B+

and
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n
© N PO
~N AW NN
© o U1 © W
N O N © A
= O © o u

be 5 x 5 matrices. M is a 2-pseudo false square 6-matrix.

DEFINITION 2.35: Let G =G, UG, UG; UG, U... UGpbe a
2-pseudo false M matrix if G; = G, = G3 = ...= G2 = (@) be a
square n x n matrix and Gp.;, = Gy, be a square t x t matrix (t =
n) then we call G to be the 2-pseudo false m-matrix to be a 2-
pseudo false mixed square m-matrix.

We illustrate this by the following example.

Example 2.3.9: Consider the 2-pseudo false 7-matrix given by
M:M1UM2UM3UM4U M5UM6UM7Where

3 8 11 4 5]
712 1 2 3
Mi=Mg=My;=Mg=M;=|4 5 6 7 8
9 10 11 12 13
1 2 12 5 15]

a5 x 5 square matrix.

M2=M5:

~ P W
g N
o w

be a 3 x 3 square matrix. We call M to be a 2-pseudo false
mixed square 7-matrix.
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Now we proceed on to define the notion of 2-pseudo false
rectangular n-matrix.

DEFINITION 2.3.6;: Let M =M; UM, v ... U M, be a 2-pseudo
false n-matrix. We call M to be a 2-pseudo false s x t
rectangular n-matrix if My = M, =...= M, = (&;), 1 <i <'s and
1 _<] <tand M,1= M, = (b”), l<i<sandl _<J <t; ajj ¢bij.
We now illustrate this by a simple example.

Example 2.3.10: Let M = M; U M, U M3 U My U Ms where

301 2 3 4
1 56 7 89
M1 =M;z;=Ms =
2 1 10 2 2
5 30405
be a 4 x 6 rectangular matrix and
159 371
2 6 0 4 8 2
Mz—M4=
3 7159 3
4 8 2 6 0 5

a 4 x 6 rectangular matrix. We call M to be a 2-pseudo false 4 x
6 rectangular 5- matrix.

Now we proceed on to define the notion of 2-pseudo false
mixed rectangular 5-matrix.

DEFINITION 2.3.7: Consider the 2-pseudo false m-matrix N =
N; N, UN3 U ... Ny (M >4). We say N is a 2-pseudo false
mixed rectangular m-matrix if My =M, =...= My, = (a;) isa s
% t rectangular matrix s #tand 1 <i <sand 1 <j <tand My
= My, = (bjj), a p % q rectangular matrix p =q and p #s (or t =
Q).
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Now we illustrate this by the following example.

Example 2.3.11: LetM =M; U M, U My U Mg U Ms U Mg U
M7 U Mg be a 2-pseudo false 8-matrix.

2 6 3 41 2 3
M1=M2:M4:M5:M6:M3: 01 2 3 456
78 9 01 3 2
be a3 x 7 matrix. Let
3131509
4 25 260
M3—M7=
502 371
6 1 8 4 85

a 4 x 6 rectangular matrix. M is a 2-pseudo mixed rectangular
false 8-matrix.

Now we proceed on to define the notion of 2-pseudo mixed
false n-matrix.

DEFINITION 2.3.8: Let M =M; UM, UMz v ... UM, be a 2-
pseudo false n-matrix. If M; = M, = ... = M, be a rectangular
(or square) p x q (t x t) matrix and M,.; = M, be the square (or
rectangular) t x t (or p x ) matrix, then we define M to be a 2-
pseudo false mixed n-matrix. Here ‘or’ is used in the mutually
exclusive sense.

We now illustrate this by the following example.

Example 2.3.12: Let G = G; U G, U Gz U G4 U G5 be a 2-
pseudo false 5-matrix where
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1 3 45 6 7 8
2 9 8 7 6 5 4
G1=Gg=G5=
32 3 2106
4 1 015 21
isa4 x 7 matrix and
3 45 6
7 8 90
GZZGn:
1 2 3 4
01 9 3

is a 4 x 4 square matrix. Hence G is a 2-pseudo false mixed 5-
matrix.

Example 2.3.13: LetP=P, U P, U P3 U PsuU P5 U P5 u Py be a
2-pseudo false 7-matrix. Here

1 2 3 4 5]
6 7 8 9 10
Pi=P3=P,=Ps=Pg=(11 12 1 3 14
15 7 14 10 1
6 5 4 3 2

is a5 x 5 square matrix and

1 4 7 0 15 3
P2 = P7 =2 5 8 1 7 18
3 6 9 10 8 2

is a 3 x 6 matrix. Thus P is a 2-pseudo false mixed 7-matrix.
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Now we proceed on to define the notion of 3-pseudo false n-
matrix n > 6. We see when n = 3 (or 4 and 5) we can get only a
1-pseudo false matrix (or a two pseudo false matrix)
respectively. For n = 4 we cannot have a 3-pseudo false matrix
for it will turn out to be a 1-pseudo false matrix.

Thus for one to define even the notion of 3-pseudo false n-
matrix we need n > 6.

DEFINITION 2.3.9: Let M = M; UM, v ... U M, be a pseudo
false n-matrix (n >6) where My =M, = ... =M,3 = (a;) = A a
matrix and M,_, = M,_;1 = M,, = B with A #B. Then we call M to
be a 3-pseudo false n-matrix. If in a 3-pseudo false n-matrix M
both A and B are m x m square matrices then we call M to be a
3-pseudo false square n-matrix. If in the 3-pseudo false n-matrix
M both A and B happen to be a p x ¢ rectangular matrices then
we call M to be a 3-pseudo false rectangular n-matrix.

If in the 3-pseudo false n-matrix M = M; UM, U ... UM,
A=M; =M, =..= M3 happen to be am x m square matrix
and B = My, = M;; = M, be at x t square matrix (m =t) then
we call M to be a 3-pseudo mixed square false n-matrix. If in
the 3-pseudo false n-matrix M = M; UM, v ... UM, M; =M,
= .. =My = Abeamx m square matrix (or at x s
rectangular matrix) and M, = M,y = M, =B be ap x q
rectangular matrix (or a s x s square matrix) then we call M to
be a 3-pseudo false mixed n-matrix.

Now we will illustrate this by the following examples.

Example 2.3.14: Let M = M; U M, U ... U Mg be a 3-pseudo
false 8-matrix where

3 71 5 8 10
Mi=M3=Ms=M;=Mg=|1 2 3 4 5 6
7 8 9 10 11 1

and
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M2=M4=M5=

w N P
A 00 N
g © w
o o A
~N P o
® N o

where both the matrices are 3 x 6 rectangular matrices. Clearly
M is a 3-pseudo rectangular false 8-matrix.

Now we proceed on to give an example of a 3-pseudo
square false n-matrix.

Example 2.3.15: Let M =M; U M, U M3 U ... U My be a 3-
pseudo false 7-matrix, where

31509
My = My = M = My = 1 26 0
5 3 71
6 4 8 2
be 4 x 4 matrix and
1 2 3 4
My = Ms = Mg = 5 6 7 8
9 0 1 2
3 45 6

a 4 x 4 square matrix.

We see M is a 3-pseudo square false 7-matrix.

Now we give an example of a 3-pseudo mixed square false
n-matrix.

Example 2.3.16: Let M = M; U M, U M3 U ... U Mg be a 3-
pseudo mixed rectangular matrix where

M1=M2=M3=

~ W N -
o N o O
N P O ©
S 01~ W
O ©O© oo ~N
A W DN -
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and

M4:M5=M5=

~N B O -
o N NN
© w 00 w
o b~ © b
= o O O

Clearly one set of matrices is a 4 x 6 rectangular matrix where
as another set of matrices is a 4 x 5 rectangular matrices. Thus
M is a 3-pseudo mixed rectangular false 6-matrix.

Example 2.3.17: Let M = M; U My U M3 U ... U Mg where

1 56 7
128 90
M;=M;=Ms=Mg=Mg= 31 2 3
4 5 6 7
and ) .
4 3 2 1 9
6 7 8 9 0
M;=M;=M;=|1 3 5 7 4|.
2 4 6 8 5
1 0 8 7 3]

We see M is a 3-pseudo mixed square false 8-matrix. Now we
present an example of a 3-pseudo mixed false n-matrix.

Example 2.3.18: Let M = M; U M, U M3 U ... U Mg be a 3-
pseudo 9 matrix where

1 2 3 4 5 6 7
8 9 10 3 11 12 13|=M;=M;=
3 14 15 6 16 8 9
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M4=M5=M7=Mg

and

M3=M5=M9=

R U W
© o N N
© = w Ul
o ©® O

a 4 x 4 square matrix. M is a 3-pseudo mixed false 9-matrix.

Example 2.3.19: Let M =M; U My U M3 U ... U M7 where

1 2 3 4
My = My = Ms = My = 5 8 11 1
6 9 2 15
7 10 5 8

and

1 45 6 7 8
M;=Ms=Mg=|2 9 10 1 2 3
34 5 6 7 11

a 3 x 6 rectangular matrix. M is a 3-pseudo mixed false 7-
matrix.

Now we proceed on to define the notion of m-pseudo false
n-matrix m<nand (n>2m) m > 3.

DEFINITION 2.3.10: Let M = M; UM, v ... UM, be a pseudo
false n-matrix we call M to be a m-pseudo false n-matrix (n >
2mand m2>4) if My =M, = ... = My, = A and Mp+1 = Mpsp =
... =M, =B with A =B. If in the m-pseudo false n-matrix (n >
2mandm >4 M=M; UM, v ... UM, if we have M; = M, =
.. =Mp =Abeat xtsquare matrix and Mp+1 = Mps2 = ...
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M, = B be at x t square matrix but A =B then we define M to
be a m-pseudo t x t square false n-matrix.

We see if the conditions on m and n are not put we may not
have the definition to be true.
Now we proceed on to give an illustration of the same.

Example 2.3.20: Let M = M; U My U ... U Mg be a false 9-
matrix where M; = M3 =Ms=M; =Mg=A and M, = M, = Mg
= Mg =B (A #B). We see M is a 4-pseudo false 9-matrix.

The following observations are important. (1) when the
false n-matrix is a false 9-matrix we cannot have 5-pseudo 9-
matrix to be defined we can have only 4-pseudo 9-matrix or 3-
pseudo 9-matrix or 2-pseudo 9-matrix or 1-pseudo 9-matrix to
be defined. Clearly 9 > 2.4 heren=9and m = 4.

Example 2.3.21: Let us consider M = M; U My U ... U My, be
a pseudo false 12-matrix. We see M can only be a maximum 6-
pseudo false 12-matrix however it can be a m-pseudo false 12-
matrix m =1, 2, 3, 4, 5 and 6. Clearly M is not a 7-pseudo false
12-matrix. We see if My = M3 = Ms = M; = Mg = My; = A and
M2=M4=M6=M8=M10=M12=B(A¢B)thenM is a 6-
pseudo false 12-matrix.

Now we proceed on to define various classes of m-pseudo
false n-matrices (n > 2m, m <n).

DEFINITION 2.3.11: Let M =M; UM, v ... UM, (n >2m and
m < n) be a m-pseudo false n-matrix. If My =M, =Ms = ... =
Mn = A where Ais at x t square matrix and Mps+1 = Mo = ...
= M, = B, B also at x t square matrix with A =B then we call
M to be a m-pseudo square false n-matrix. If on the other hand
in M, = M, = ... = M, = A, A happens to be a p x g
rectangular matrix (p =q) and Mp+1 = Mp+2 = ... =M, =B, (A
#B) but B is also a p x g rectangular matrix than we call M to
be a m-pseudo rectangular false n-matrix. Suppose we have M;
=M;=..=M,=Atobeap x psquare matrix and My+; =
Mmn+2 = ... = M, =B to be at x t square matrix (p =t) then we
call M to be a m-pseudo mixed square false n-matrix if we have
in the false n matrixM =M, oM, U ... UMy, M1 =My, = ... =
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Mn = A, Aap x g rectangular matrix and My+1 = Mps2 = ... =
M, = B, at x s rectangular matrix p =t (or g #s) (or not in the
mutually exclusive sense) then we define M to be a m-pseudo
mixed rectangular false n-matrix.
Let M =M; oM, v... UM, be a m-pseudo false n-matrix
we say M is a m-pseudo mixed false n-matrix if M = M; UM, v
.UMy =Aisap x psquare matrix (oratxst=sa
rectangular matrix) and Mp+1 = Mp2 = ... =M, =Bisat xs
rectangular (or a p x p square matrix) then we call M to be a
m-pseudo mixed false n-matrix.

Now we illustrate these by the following examples:-

Example 2.3.22: Let M = M; U M, U ... U My be 4-pseudo
false matrix where

31 2 3
M—M—M—M-M—M-1456
1- 3 4 — 6 — 7 8 — 2 7 8 9
5 01 2
a 4 x 4 square matrix and
0 9 8 7
Mo = Mo = Mo = Mo = 6 5 4 3
2~ 5— 9 — 10 — 2 l O l
2 3 45

a 4 x 4 square matrix. Clearly M is a 4-pseudo false to matrix
which is a 4-pseudo square false 10 matrix.

Example 2.3.23: Let M = M; U M, U M3 U ... U My, be a 6-
pseudo false 12-matrix where
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M1 =M3;=Ms=M;=Mg=My; =

()
©
~
3
=
o}

be a 3 x 7 rectangular matrix and

o O

My =My =Mg=Mg=Mjp=My, =

\‘

be a 3 x 7 rectangular matrix. We see M is a 6-pseudo
rectangular false 12-matrix.

We see a twelve matrix can maximum be only a 6-pseudo
false 12-matrix and can never be a 7 or 8 or 9 or 10 or 11
pseudo false 12-matrix.

Example 2.3.24: Consider the false n-matrix M = M; U M, U
... U Mj5 where

38 90
M—M—M—M—M—M—M—4123
1 2= 3~ 4 — 5~ 6 — 15 — 5 4 5 6
6 7 8 9

be a 4 x 4 square matrix and
3 21
M7=Mg=Mg=Myp =My =M =M3=My=|0 5 6
9 8 7

a 3 x 3 square matrix. Clearly M is a 7-pseudo mixed square
false 15-matrix.
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Example 2.3.25: Suppose M=M; U M, UMz U ... U My; bea
false pseudo 17-matrix where

M; =M, = Mg =M;=Mg= Mg =My =My,

1 6 78 9 0
RE 2 3 4 5 6
13 8 9 0 11 1

4 12 6 8 4 3 10

a 4 x 7 rectangular matrix and

Mz =M =Ms =My = My = M1z = My = Mys = Mgg

1
o N o O w
w Fkr B~ © B
g1 © N O DN

be a 5 x 3 rectangular matrix, then M is a 8-pseudo mixed
rectangular false 17-matrix.

Example 2.3.26: Let us consider the 18-matrix M = M; U M, U
Ms U ... U Mg where

16 7 8 9
210 9 8 7
Mi=M,=Ms=..=Mg=Ms=[3 6 5 4 3
4 2 111 9
5 8 7 6 5]

a5 x 5 square matrix and
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301234567
18919287 3
Mio=Myu=..=Mg=|4 4 5 9 8 7 6 5 4
532145678
6 0130709 0]

a5 x 9 rectangular matrix. We see M is a 9-pseudo mixed false
18-matrix.

Example 2.3.27: Let M =M; U My U ... U Mg be a false 9-
matrix, where

1 0 3 48 9
M_M_M_M_M_251021
TR RT3 487 6 0

4 1 2 3 45

be a 4 x 6 rectangular matrix and

3 6 1

MZ—M4—M5=M8— 4 7 0

5 10 9

be a a 3 x 3 square matrix. M is a 4-pseudo mixed false 9-
matrix. Clearly M is not a 5-pseudo mixed false 9-matrix.

2.4 False n-codes (n > 2)

In this section we introduce yet another new class of codes
called false n-codes which can find its applications in
cryptography. If false n-codes are used it is very difficult to
hack the secrets. They can also be used in the place of codes
with ARQ protocols.
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DEFINITION 2.4.1: Let C = C; «~ C, be a bicode if C; = C, then
we call C is a false bicode.

Example 2.4.1: Let C = C; U C, where C, is generated by

0 001
G,={0 1 0010

and C, generated by

G,={0 1 00 1
001100

i.e.C={(000000),(100001),(010010),(001100),
(110011),(101101),011110),111111)}v
{000000),(100001),(010010),0O01100),
(110011);(101101),(011110),(111111)}.

This false bicode has the following main advantages or
purposes.

1. If they want ARQ messages they can use false bicode so
that when the message is received if both vary one can
take the better of the two or at times one may be a correct
message and other a wrong message.

2. Also when they are not in a position to get or transform
the channel as ARQ protocols then also these false
bicodes may be helpful.

3. When false codes are used in crypto system it can easily
mislead the hacker thereby maintaining security.

We will however illustrate this by one simple example.

Example 2.4.2: Let C = C; U C; be a false bicode where C; =C
(7.3) code C is generated by the generator matrix
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1001010

G,=/01 00101

0011001

The false bicode is given by

C = {0000000),(1001010),(0O0100101),
0011001),(1101111),(1010011),
0111100),(11101103}u{(0O000000O0DO0),
(1001010,(0100101),(0011001),
(1101111),1010011),0111100),

(1110110)}

Suppose some message X = (X1 Xa X3 ... X7) U (X1 X2 X3 ... X7) € C
the false bicode issentand ify=(1111111)uv (110111
1) is the received message, wesee (1111111) ¢ C;only (11
01111) e Cyso0the correct message istakenas (1101111)
orone assumes (110111 1) to be the sent message.

This false bicode save the user from unnecessarily spending
money over sending the message or asking them to send the
message several times that too when the ARQ protocols are
impossible. We give another important use of these false
bicodes. If the sender wants to maintain some confidentiality he
would send from the false bicode C = C; U C; a bicode word x
w 'y e C where the sender knows only one message is relevant
and the other is only to misguide the person who would try to
know the confidentiality of the message. He would be certainly
mislead. Thus the confidentiality can be preserved.

Now we proceed onto to define false tricode and false n-
code.

DEFINITION 2.4.2: Let C = C; uC, wCs be a tricode where C;
= C, = C; then we call the tricode to be a false tricode.

We illustrate this by the following example.
Example 2.4.3: Let C = C; U C, U Cj3 be a tricode where C; =

C,=C3=C (7, 4) a linear code i.e. the generator trimatrix of C
is
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G1UG2UGg

G=

}

1000101
01 00110
0 010O0O0T1
0001011

lu{
1000101
01 00110
0010001
0001011

1000101
0100110
0 01 0O0O01
0001011

The false tricode

].

l

AN AN AN AN AN AN AN AN AN AN AN AN AN AN

OHOOO A HOOOOdHAAAO
—AA O A A O A A 10O O A+ O

—TdTodoo 7ToodoCod—d
o

000010111100011.
00111%010001111m
dHodo o000 5049 g
Sdddd oo+ “oo oo
Dh\.ﬁ\}a\.ﬁ\.ﬁO\.ﬁ\}a\.ﬁ\.ﬁU\lﬂ\)u(\.ﬁl
o o000 gdHdAHO o+ <o
0111000110m11011
dToodooOAdd —Ho P o™~
o o — —~
111100011000000
001000110110011M
00001@0111111011
Joodd Yoocoo do o, -«
- — — - o
\0)\ﬁ\h\h\ﬁ}\ﬁ\h\h\ﬁ(\lﬂ) -~
1110)0100\)111@0(
— _
Coddo "ddodPCoa R
o o — o
Oddd Jd0o+d0 "0 o—o
o
0001110000101110
011011001110010M
0011111101000001
=0 000 A0 AddA A0 O
{(((((((((((((((
11
(@)

yivy Y

Any X, y,z e Cisof the form x =X, U X U X3, ¥

y3,2=21U22UZ3,Zi,Xi,yiECi,lﬁiS&

Now if x is sent and y is received wherey =(1111001)

U(11100100w(0111100)=y;uUy,uUysandifthe

messages in X

X1 U X2 U X3 only x; is aimed to be the code to
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be sent or used where as x, and Xz are used to mislead the
hacker then while decoding this tricode the receiver will not
bother about y, and y3 he will only decode y;. Thus when one
uses such trick the data will be protected to some extent. If we
increase the tricode from 3 to an arbitrarily large number say n
then even pitching at the truly sent message would be
impossible. To this end we define the false n code.

DEFINITION 2.4.3: Acode C=C; «vC, U... uC, where Cis
an n-code (n >4) but in which C; = C, = C; = ... = C,, then we
call C to be a false n-code.

We just give an example of a false n-code.

Example 2.4.4: Let C=C; U C, U C3 U C4 U Cs where each C;
is a linear code generated by the generator matrix

o O O
O O O
O - - O
= B O O

1
1
0
1

o O +— O
o O O -

i=1,2..,5. The 5-code
C C1UC2UC3UC4UC5(C1=C2=3=C4=C5)

{(00000000),(10001100),(01000110),
(00100011),(00010101),(11001010),
(01100101),(00110110),(10101111),
(01010011),(10011001), (1110100 1),
(01110000),(11011111),(10111010),
(11111100} U{00000000),(10001100),
(01000110),(00100011),(00010101),
(11001010),(01100101),(00110110),
(10101011),(01010011), (1001100 1),
(11101001),(01110000),(11011111),
(10111000),(11111100}u{00000000),
(10001100),(01000110),(0010001 1),
(00010101),(11001010),(01100101),
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(00110110),(10101011),(0101001 1),
(10011001),(11101001),(01110000),
(11011111),(10111000),(11111100)}u
{(00000000),(10001100),(01000110),
(00100011),(00010101),(11001010),
(01100101),(00110110),(1010101 1),
(01010011),(10011001),(1110100 1),
(01110000),(11011111),(10111000),
(11111100} U{00000000),(10001100),
(01000110),(00100011),(0001010 1)
(11001010),(01100101),(00110110),
(10101011),(01010011),(10011001),
(11101001),(01110000), (1101111 1),
(10111000),(111111100)}

Note if X € Cthen X = X; U Xo U X3 U Xa U X5 Where x; € Cyq, 1
< i < 5; each of the x;’s can be distinct or x;’s can be the same.
Forinstanceletx=(01110000)u(11011111)u (101
11000)uw(11111100)uw(10001100)we see each of
the elements in X is distinct.

Lety=(01110000uw(01110000w(0111000
0)u(01110000),(01110000) € C; we see each of the
elements in y are one and the same. Bothx,y e C=C, U C; U
Cl U Cl ) Cl.

Now we proceed onto give the uses.

When one wants to use confidentiality in sending the message
so that the intruder should not break the message in such cases
we can use these false n-codes. That is in the false n-code x = x;
U X2 U ... U X, he can enclose the message say in one or more
of the code and just sent the code x when he receives the
message he need not decode or even verify whether the codes in
other coordinates are correct code words but just decode only
the codes which carries the message. Thus false codes play a
major role in keeping the key intact i.e. the hacker cannot hack
it. This can be ones private e-mail or any other thing in which
confidentiality is needed.

Yet another use of this false n-code is when the message is
sent and if the received message has error then they make an
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automatic repeat request this can be avoided instead the
message after calculating the time period they can so place the
length of the code so that we get the same message transmitted.
This can be done any desired number of times. Use of this false
n code would certainly be economically better when compared
to using the method of ARQ protocols where it is at times
impossible to capture the message after a time like photographs
by moving satellites or missiles.

Now we proceed on to define the notion of 1-pseudo false
n-code (n > 3). For when n = 2 we have the 1-pseudo false
bicode coincides with the usual bicode which is not at all a false
bicode.

DEFINITION 2.4.4: Let C = C; « C, L Cs be a tricode in which
C: = C, and Cj is different from C;, then we define C to be a 1-
pseudo false tricode.

We illustrate this 1-pseudo false tricode by the following
example.

Example 2.4.5: Let us consider the 1-pseudo false tricode C =
C; u C, U C, where C; = C, generated by the pseudo false
trimatrix

G= G1 |\ G2 |\ Gz =

1001100
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The 1-pseudo false tricode

C = {0000000),(1001100),(0100110),
0010011),(1101010),(011010 1),
(1011111),(1111001)3}u {00000 O0),

(100100),(010010),(001001),(110110),
011011),101101),@111111N}u
{(000000),(100100),(010010),(001001),
(110110),(011011),(101101),(111111)}

Any X = X; U Xz U Xz is such that x; € C;and X, € Cy, X3 € Cs
ie.x=(1001100u(100100)u(11111l)orx=(11
11001)u(@©11011)u(011011).

Now we proceed onto define 1-pseudo false n-code n > 3.

DEFINITION 245: LetC=C, vCy, ... UCju... UC, be a
union of n number of codes (n >4). If C; =C, = ... = Ciy; = Cing
=.=Cand C; =Cjifi=j,j=1,2,3, ...,i-1,i+1 ..,n
then we call C to be a 1-pseudo false n-code i.e. in the set of n
number of codes Ci, C,, ..., Cii, Ci, Cisg, ..., Cy only C; is
different and all the other n-1 codes are one and the same.

Now we give an example of a 1-pseudo n-code, n > 3.

Example 2.4.6: LetC=C,uC,uC,uC,uC,uCibeal-
pseudo false six code generated by the 1-pseudo false 6-matrix

G=G1U62UG1UG1UG1UG1

where
10110 11]
12& 101101
and
1001001
G,=|0 101110
0011001
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The 1-pseudo false 6-code

C = {0000000),(1011011),(010110 1),
(11101103 u{0000000), (100100 1),
0101110,0011001), (110011 1),
(0110111),(1010000),(1111110)}uU

{0000000),(1011011), (010110 1),
(11101103 u{0000000), (101101 1),
(0101101), (1110110} u{(0000000),
(1011011),(0101101), (1110110} u
{0000000),(1011011), (010110 1),
(1110110)}.

Any element x in C would be of the form x = X; U X, U X3 U X4
U X5 U Xg Where X,, X1, X3, X4, Xs and Xg are of length seven but
X, e Crandxje C,i=1,3,4,5,6, ie.x=(1011011)u (1
111110)u(0101101)U(1011011)uU(1110110)
U(l01101)orify=yiuy,Uysuys,uysuUys=(1011
011)u(1010000)w(1011011)u(l01101)UL(2
011011)u(1011011)ie.,allthey;jareequalto (1011
011)fori=1,2,3,4,56andy,=(1010000) € C,. Note it
is interesting to mention when n = 3 we get the 1-pseudo false
tricode.

Note: It is interesting to note that if n > 2m we can have
maximum only a m-pseudo false code we can never have m + r
—pseudo false n-code where r > 1. Another interesting factor to
make a note of, is if n = 2m + 1 then also we can have
maximum only a m-pseudo false (2m + 1)-code. Here also we
cannot have a m + r-pseudo false (2m + 1) code r > 1. This is
the very property of t-pseudo false n codes. These class of t-
pseudo false n-codes will be very useful when we want to send
2-repeated messages of different lengths we can use it to send 2-
different messages of different length when we are not in a
position to demand for ARQ protocols or when we want to send
secret message which should be kept as very confidential (n >
2t; t<n).
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Now we define yet another new class of pseudo false codes.

DEFINITION 2.4.6: Let us consider ancode C=C; vC, U ...
v C,where Ci = C (n,, ky); C;=C(n;, k) (i =jand r #]j) and C,
= Cz =..= Ci_]_ = Ci+1 =... =Cj_1 = Cj+1 =. = Cn = (np, kp) p
#], p =r and then we call C to be a (1, 1) pseudo false n-code, n
>4,

We illustrate this by an example.
Example 2.4.7: Let us consider a 6-code C =C; U C, U C3 U

C4 U Cs U Cgs where C, is a (6, 4) code generated by G = G; U
... U Gg where

1 00010

0100001
G2 = .

0 01011

0 00101

Csis a (7, 3) code generated by
1 001100
G=|/0 1 0 01 1 0].

0010111

Cy, Cs, Cyqand Cg are (5, 2) codes generated by the generator
matrix

1=

10110
01101

:|:G3=G4:G5.

Thus the generator 6 matrix G is of the form

165



10110
01101

100010
010001U10110
001011 011 1
000101

1 001 00
10110
v ul0 1 00 10
01101

0 010 11

1 0110
) .
01101

C=5,2uG,dH)uB,2)uB,2u(”,3)u(,2)isal(l,l)
pseudo false 6-code given by

C

{00000),(10110),(01101),(11011)}u
{(000000),(100010),(010001),(001011),
(000101),(110011)(011010),(001110),
(101001),(010100),(100111),(111000),
(011111),(110110),(101100),(111101)}
U{(00000),(10110),(01101),(11011)}u
{(00000),(10110), (0 D(llOlD}u
{wooooomxlo 10),
001011 1),
(1011011),
(10110), (011

= o

1
0110

110101

111110

1
1
0
1
01), 1

1
101
111

(11011)}

The main advantage of this code is it can be used in
transmission when one is interested in sending 3 types of

messages one a repeating one, where as the other two are just

two different messages.
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Another use of this code is when one wants to fool the
hacker he will not be in any position to known which of the
code in C that carries the true message so that it may be
impossible for him to hack the information, thus this will be of
immense use to a cryptologist.

Now we can like wise define any (t, t)-pseudo n-code when t =
2, n>5and (t, t)-pseudo n-code when n > 2t + 1 and t < n. This
new class of codes will be very much helpful in several places.

DEFINITION 2.4.7: Let C=C; v C;, ... U C, be any false n-

code, we define C to be a (t, t)-pseudo false n-code (n > 2t + 1),
t22ifC1:C2: :Ct:A; Ct+1:Ct+2: :CZt:B(A¢
B) Cots1 = Cotep = ... =C,=C; where A #C and B =C.

We now proceed on to give an example of it and proceed on to
define new classes.

Example 2.4.8: Let C = C; U C, U ... U Cy be any false 16
code we define C to be a (5, 5) pseudo false 16 code (16 > 10 +
1) if

C]_:Cz: :C5:A:C(7, 3),
C5=C7= =C10= B=C(9, 6), (AiB),
and
Cu=Cp=...=C=D= C(?, 4),

where A= B, D#Band D = A.

DEFINITION 2.4.8: Let C =C; v C, v ... U C, be a pseudo
false n-code we call C a (t, m)-pseudo false n-code (t =m) if n >
t+m+landC,=C,=..=C;=A a(n,ky) code, C;=Csy =
. = Cpam = C(Nm, ki) =P, t 2zm and Crpes = ... = Cp = C(ny,
ki) =B, i=t, i #mand P =B.

This code will also be very useful to maintain secrecy of the
message and it will be very difficult for the intruder to easily
break open the key.

Now we illustrate it by an example.
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Example 2.4.9: Let C=C, U C, U C3 U ... U Cyg be a (5, 8)-
pseudo false 19-code where C; = C, = ... = Cs is a C(8, 4) code
C,= CB = Cg = ClO =Cypp = C13 =Cpu= C15 isa C(?, 3) code and
Ce=Ci5=C17=Cyo isa C(6, 3) code.

Now we show a n-code communication n-channel by
figure 2.4.1.

—{ CODING

— CODING

SENDER

— CODING

— CODING

CHANNEL1 CHANNEL n-1

CHANNEL2 CHANNEL n

— DECODING —

— DECODING

RECEIVER

— DECODING

| DECODING

FIGURE 2.4.1
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Chapter Three

PERIYAR LINEAR CODES

This chapter has two sections. In section one we introduce a
new class of codes called Periyar linear codes and in section two
the applications of these new classes of codes are given.

3.1 Periyar Linear Codes and their Properties

In this section for the first time we introduce the new class of
codes called Periyar Linear Codes and enumerate some of its
properties. We proceed on to define a Periyar Linear Code. The
authors to honour Periyar in his 125" birthday have named this
code in his name.

DEFINITION3.1.1: An-code C=C, vC, U... UC, (n22) s
said to be a Periyar linear code (P-linear code) if it has a (n;, k)
subcode C; < C such that no other subcode in C is a (n;, k)
code, i fixed. C may have a subcode with i = j. Further C VV C;
has no (n;, k;) subcode (By subcode of C we mean any C; of C; 1
<i <n).

We first illustrate this by the following example.
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Example 3.1.1: Consider the bicode C = C; U C, where C; is a
(5, 3) code and C; is a (7, 4) code. C is a Periyar linear code as
C contains a subcode C; which is a (5, 3) and C; does not
contain any (5, 3) code. Also C; is a (7, 4) subcode of C. C\ C2
does not contain any (7, 4) code. Thus this bicode is a Periyar
linear code.

We cannot always say every bicode is a P-linear code to this we
give the following example.

Example 3.1.2: Consider the bicode C = C; u C, where C; and
C, are both (7, 3) codes given by the parity check matrices H,
and H, where

H:

o o o -
o o r O
o r O o
[ o I S A
o o r o
o r O O
O o o

and

H,

1
N =T
P O R
P P P O
O O O K
O O — O
o B O O
= O O O

C:={(0000000),(1001111),(0100100),(001001
0,(1101100),(1011010),(0110110),(111111
0)}and C,={(0000000),(1001011),(0101101),(0
010111),(1100110),(0111010),(1011100),(11
1000 1)} We see both C; and C, are (7, 3) codes and C is a
bicode but C is not a P-linear code for we cannot find a subcode
other than (7, 3) subcodes.

We have a class of n-codes (n > 2) which are Periyar linear
codes which is clear from the following.

THEOREM 3.1.1: Every n-code C = C; v C, v ... v C, where

Ciisa (nj, ki) code, i =1, 2, ..., nand n; =n;if i =j and (or) k; =
kjifi =j, i <, j <nis a P-linear code.
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Proof: Clearly we see if n; = n; for i # j then the n-code C = C,
UCuU ... uC,=C(ny, k) U C(ny, ko) U ... w C(ny, ky) is such
that each C; = C(n;, ki) is distinct from C; = C(n;, k;). So C has
(ni, ki) subcodes hence C is a P-linear code. Here it may so
happen ki = kj even if i = j. Still n; = n; for i # j is sufficient to
produce P-linear codes.

Now we have an-code C=C; U C, U ... U C, = Cy(ny, ky)
U Ca(ny, ko) LU ... U Ch(ny, Kn) Where some n; = n;, i # j but none
of the k; = k; if i # j then also C is a P-linear code.

Clearly if both n; = n; (i # j) and ki = k; (i # j) then also C is
a P-linear code.

Note: According to the definition of P-linear codes C we should
not have two distinct subcodes B and B’ in C such that both B
and B’ are (n, k) linear codes with B ¢ B" and B’ ¢ B.

We will illustrate all the three cases by the following
examples.

Example 3.1.3: Let us consider a bicode C = C; U C, where C;
isa (7, 3) linear code and C, is a (7, 4) linear code. We see both
the codes C; and C, are of same length 7 but k; # k, hence Cis a
P-linear code.

Example 3.1.4: Consider a bicode C = C; w C, where C; = C(9,
5) and C, = C(7, 5) both C; and C; are linear codes having same
number of message symbols but have different lengths viz., 9
and 7. Hence C is a P-linear code.

Example 3.1.5: Consider a bicode C = C; u C, where Cy is a (7,
3) code and C; is a (8, 4) code then C is a P-linear code.

Now consider a tricode C = C; U C, U C3 = Cy(7, 5) U
Ca(6, 3) w C4(6, 3) with C, = Cs still C is not a P-linear code; it
is only a tricode.

Now we proceed on to define a new notion called weak Periyar
linear code.

171



DEFINITION 3.1.2: Let C =C; v C, v ... « Cybe a linear n-
code (n > 3) we say C is a weak Periyar linear code (weak P-
linear code) if C has a subcode C; which is different from other
subcodes C; i.e. C has atleast one subcode different from C;.

It is important to see that we may have several subcodes of
same length and number of message symbols in C=C, u C, U
... U Cp (n = 3). We still cannot say they are not P-linear codes
but only they are weak P-linear codes.

Example 3.1.6: Let C = C; u C, U C3 U Cy4 be a 4-code where
C, = (7, 3) code C, = (7, 3) code, C3 = (6, 3) code and C, = (6,
2) where C; is generated by

100110
G,=|/01 0100 1,
001011

C, generated by

0
G,=|0 1 0 01 1 14,
0010
Cs is generated by
1 0 10
G;=|0 0 01
0 11

and C, is generated by
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C:= {0000000),(1001100),(010100 1),
0010110),(1100101), (011111 1),
(1011010),(1110011)},

C,= {(0000000),(1001001),(0
0010110),(110111
(1011111),(1111000)3},

C; = {(000000),(100110),(010101),(001011),
(110011),(011110,(101100,(1112000)}
and

Cs = {(000000),(101110),(010111),(111001)}

We see if we take C, or C; as a subcode of C then C is a P-
linear code. But if we take C, or C; as a subcode then clearly C
= C; U Cy U Cs U Cyis not a P-linear but only a weak Periyar
linear code. Thus from this example we see C is both a P-linear
code as well as weak P-linear code. So we are forced to define a
new concept because we see the notion of weak P-linear code
and P-linear code does not divide C into two classes which are
disjoint but we have a over lap.
So we define a new notion called duo Periyar linear code.

DEFINITION 3.1.3: Let us consider an-code C=C, v C, U ...
« Cy, (n >3) if C is both a P-linear code as well as a weak P-
linear code then we call C to be a duo Periyar linear code (duo
P-linear code).

All P-linear nodes need not be duo P-linear codes or a all
weak P-linear codes need not be duo P-linear code or a P-linear
code need not be a weak P-linear code or vice versa.

THEOREM 3.1.2: A P-linear code in general need not be a weak

P-linear code. Likewise a weak P-linear code need not always
be a P-linear code.
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Proof: To prove these above statements we give in support
some examples.

Let C=C(6, 3) U C(6 3) U C(7, 4) U C(7, 4) be a 4-code where
C=C,; U C, U Czu Cywith C having the generator 4-matrix G
=G, U Gy U G; U G4 where

1 000
G=|/01 001 0},
001100

1 000101

01 00O010O0
G3 =

0 01 0011

0001110

and

1 000010

0100111
G4 =

0010011

0001110

where the code generated by G, is{(000000), (210000 1),
(010010),(001100),(110011),(011110),(10110
1),(111111)}=C(6,3)=C;.

The code generated by G, is {(000000),(100110),(0
10101),(001011),(110011),(011110),(101101),
(111000)}=C(6, 3) =C.,.

Clearly C; # C, The code generated by G;is {(000000
0),(1000101),(0100010),(0010011),(0001110),
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(1100111),(1010110),(0110001),(0011101),(0
101100),(1001011),(1110100),(0111111),(112
01000),(1011101),(1111011)}=CzaC(7,3)code.

Now the code generated by G,is {(0000000),(210000
10),(0100111),(0010011),(0001110),(110010
1),(0110100),(0011101),(1010001),(0101001),
(1001100),(1110110),(0111010),(11010012),(2
011011),(1111000)}=C(7,3)=CqClearly C3 = C,. All
the four codes are distinct, but C is not a P-linear code it is only
a weak S linear code. Thus we see a code can be weak P-linear
code but not a P-linear code.

Example 3.1.7: Consider the 3 code C=C; U C, U C3=C(7, 3)
w C(6, 3) u C(5, 3) where C(7, 3) is generated by the matrix

G;L:

o O

0 0
10
01

o O =

100
110
101
The C(6, 3) code is generated by the matrix

G2=

o O -
o O

0
0
1

= O O
ok O

1
0.
0
The code C(5, 3) is generated by the matrix

ng

o O =

0 011
1 001
0110

The code generated by G, is {(0000000),(1001100), (0
100110),(0010101),(1101010),(0110011),(20
11001),(1111111)} The code generated by G, is {(0 00
000),(100001),(010010),(001100),(110011),(0
11110),(101101),(111111)} The code generated by
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G;is{(00000),(10011),(01001),(00110),(11010),
(01111),(10101),(11100)} We see this 3-code is a P-
linear code and is not a weak P linear code. Thus we see we can
have a n-code which is a P-linear code and not a weak P-linear
code.

Now we give an example of a n-code (n > 2) which is both
a P-linear code as well as a weak P-linear code.

Example 3.1.8: Let C = C; U C, U C3 U Cy4 be a 4-linear code,
where C; = C(7, 4) linear code, C, = C(5, 2) be another linear
code, C; = C(5, 3) code and C, be a C(6, 3) linear code. It is
easily verified C is a P-linear code for it has only one subcode
C(7, 4) or C(5, 2). It is also a weak P-linear code for it has two
subcodes of length 5. Thus C = C; u C, U C3 L Cy4 is a duo P-
linear code.

Now having seen examples of all the types of codes
defined. Now we proceed onto define P-linear repetition code.

DEFINITION 3.1.4: Let C=C, v C, v ... v C, be a n-code
where each C; is a repetition code of length n; with n;-1 check
symbols where the n;-1 check symbols x,' = x3' = ... = X, are
equal to a; (a; ‘repeated’ n; — 1 times) then we may obtain a
binary (n;, 1) code with parity-check matrix

Hi=

Clearly there are only two code words in the code C(n;, 1),
namely (00 ...0)and (11 ... 1) thisistruefori=1,2,...,n.
Thus we have n distinct repetition codes, since C is a n-code C;
= Cj if i # ). We see every subcode is distinct so we call C a
Periyar linear repetition code (P-linear repetition code).

Example 3.1.9: Let C = C; u C, U C3 u Cy4 be a 4-code, where

C.={(0000),(1111)}C,={(000000),(111111)} Cs
={(0000000),(1111111)}andC,={(000000000),
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D
U I
1 O O 0o o dH
o o
O O O +d o
o d o
O O +4 o o
— O o
O 4 O o o
A A
1
I — O O o o
T —A A A A -

(111111111)} Each code C;is a repetition code which are
distinct, this code is associated with the parity check 4-matrix H
H1UH2UH3UH4.

1100000

1010000

1001000

1000100

1000010

1000001

11000000O0O0

1010000O00O00O0

1001000O0O0°0O0

100010000

100001000}

10000O01O0O0

10000O0O010O0

10 00O0O0O0CO01
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Clearly C is a P-linear repetition code, where C = {({(0 0 0 0), (1
111)}u{(000000),(111111)}u{(0000000),(1112
1111)}u{(111111111),(000000000)}).

Now we proceed on to define the Periyar linear parity check
code.

DEFINITION 3.1.5: Let C=C; v C, v ... v Cy,y be a m-code.
We define C to be a Periyar Parity check code if each C; is a
(m;, m;j— 1) parity check binary code, i =1, 2, ..., m. Clearly if
C is to be a m-code we need each C; must be distinct i.e. if C; =
C(mj, mj— 1) then m; = m; if i #]. C is associated with a parity
check m-matrix H =H v H, v ... «H, where each H;is a 1x
m; unit vector i.e. Hi=(1111... 1).

We give an example of a P-linear parity check code.

Example 3.1.10: Consider the 5code C=C; U C,u C3 U Cy U
Cs where each C; is a parity check (m;, m;— 1) binary linear code
H;=(111111),H,=(11111),H;=(1111111),H,=(1
11111111)andHs=(1111),whereH=H; UH, UH;uU
Hys w Hs is a parity check 5-matrix. Since each code C; is
distinct for i = 1, 2, ..., 5 we see C is a P-linear parity check
code and not a weak P-linear parity check code.

THEOREM 3.1.3: A linear binary repetition n-code (n > 2) is
always a P-linear binary repetition code and never a weak P-
linear binary repetition code and hence never a duo P-linear
binary code.

Proof: Given C = C; U C, U ... U C, is a linear binary
repetition n-code (n > 2). Since C is a repetition n-code each
code C; is distinct and is a repetition code fori=1, 2, ..., n. So
C cannot have two subcodes of same length.

So C is not a weak P-linear code. Further C has n-distinct

subcodes i.e. C has a subcode which has a length different from
other subcodes, so C is a P-linear code. Since C is only a P-
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linear code and not a weak P-linear code so C cannot be a duo
P-linear code. Hence the claim.

Next we prove the following interesting theorem about Parity
Check n-code.

THEOREM 3.1.4: Let C =C; v C;, v ... U Cy be linear binary
m-parity check code. Then C is only a P-linear code and not a
weak P-linear code; thus C is not a duo P-linear code.

Proof: Given C = C; u C, U ... U Cy, is a linear binary m-
parity check code; i.e. each C; is a parity check code of length
m; and m; = m; if i #j, 1 <i, j < m. Thus each C; is distinct.
Hence C has subcode which is unique i.e. C has subcode of
length m; then C has no other subcode of length m;. So C is a P-
linear code. Now C has no two subcodes which are of same
length, hence C is not a weak P-linear code.

Thus we have proved in case of every n-code if it is
repetition n-code or a parity check n-code then it is only a P-
linear code and never a weak P-linear code thus not a duo P-
linear code.

Hence we have seen that all n-codes are not duo n-codes.
We have a special class of n-codes which are also P-linear codes
and not weak P-linear n-codes. We have already given examples
of P-linear repetition code and P-linear parity check code.

We now proceed on to define the notion of binary Hamming P
code.

DEFINITION 3.1.6: Let C=C; v C, v ... C, be an-code (n >
2). If each C; is a binary Hamming code of length n; = 2™ -1
(m; >2);i=1,2, ..., n. Thus any subcode of C is of length n;
and clearly C has no subcode of length n;; so C is a defined to
be a Periyar linear Hamming code (P-linear Hamming code).

Example 3.1.11: Consider the bicode C = C; u C, where C; is a

n, = 251 binary Hamming code and C, is a n, = 241 binary
Hamming code. Then C is a P-linear Hamming code.
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We expect the reader to prove the following theorem.

THEOREM 3.1.5: Let C = C; v C; v ... U C, be an-code (n >
2) such that each C; is a Hamming binary code of length n; = 2'
-1,i=1,2,...,n. Then Cis a P-linear Hamming code and C
is never a weak P-linear code and hence is not a duo
P-linear code.

DEFINITION 3.1.7: Let C = C; « C,” be a bicode where C is a
(n, k) code and C* the dual code of C. We call C whole bicode.
We see in case of whole bicode both of them are of same length
but the number of message symbols in them is assumed to be
different.

We illustrate this by the following example.

Example 3.1.12: Let C = C; U C;* be a bicode where C; is
generated by the generator matrix

1000110
G,=|/01 0101 0f.

0011101

The generator matrix of C,* is given by

0111000

1010100
G2 =

1100010

0010001

The code generated by G, isC; ={(0000000),(100011
0),(0101010),(0011101),(1101100),(0110111),
(1011011),(111000 1)} The code generated by C, i.e.,
C: ={(0000000),(0111000),(1010100),(11000
10),(0010001),(1101100),(0110110),(111001
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1),(1011010),(1000101),(0101001),(0001110),
(0100111),(1001011),(1111101),(0011111)}.

The whole bicode C = C; U C;* where all the elements of C,
and C,* are given.

Now it is a natural question to ask can we define whole
tricode the answer is no. But we can have a 4-whole code and in
general a whole n-code if and only if n is an even number.

DEFINITION 3.1.8: Let C=C; o C* UC, UG ... UCy U
C.* be a 2n-code where C; and its dual C;* find their place in C
then we call C a whole 2n-code (n >1),i=1,2, ..., n.

THEOREM 3.1.6: Let C=C, v C* UC, UG U... UC, U
C,” be a whole 2n-code. C is not a P-linear code but C is
always a weak P-linear code. Further C is not a duo P-linear
code.

Proof: We are given C=C, uCir U C,uC,r U ... UC, U
C,* to be a whole 2n-code. Thus C has atleast 2 subcodes of
same length since if C has the subcode C; then C;i* is also a
subcode as C is a whole 2n-code. Hence C is a weak P-linear
code and never a P-linear code, thus the whole 2n code can
never be a duo P-linear code. Hence the claim.

We have seen a class of n-codes which are P-linear codes and
never weak P-linear codes. Now we have established that whole
2n-codes are weak P-linear codes and never a P-linear code.

Now we proceed onto give yet another class of duo P-linear
codes to this end we define the notion of pseudo whole n-code
(n>3).

DEFINITION 3.1.9: Let C=C; v C, v ... v Gy (n an odd
number) we call C to be a pseudo whole n-code if C = C; o Cy*
uC, uCt u...uC,, UCL UC,asnis given to be an

2
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odd number where C = a union of the whole code plus another
arbitrary code of length different from all other codes in C.

We illustrate this by the following example.

Example 3.1.13: Let C = C, U C;* U C, be a tricode where C is
the union of code and its dual and another code C, where C is a
pseudo whole code.

C, is generated by

1001111
G,=|01 00010
0010110
and C," is generated by
1001000
1010100
Gzz
1110010
1000001
C, is a code generated by
100100
G;=|0 1 0010
001001

C is a pseudo whole code.

THEOREM 3.1.7: Let C=C; uCy* UC, UG U... UC | U
2

C., vC, (n-odd) be the pseudo whole n-code; then C is a duo
2
P-linear whole code.
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Proof: GivenC=C,uC; U C,UC u...uC,, UC, U
2 2

Cn be the pseudo whole n-code (n-odd). C has a subcode C,

which has no other subcode the same length. Hence C is a P-

linear code, C has subcodes C;, then C has same length subcode
givenby Gt 1<i< nT—l . Thus C is a weak P-linear code. C is

both a P-linear code as well as C is a weak- P-linear code, so C
is a duo P-linear code which will be known as the duo P-linear
pseudo whole code. Thus we have the class of pseudo whole
codes which happen to be a duo P-linear code.

Now having seen the 3 distinct classes of codes we now proceed
on to define the notion of Periyar cyclic code.

DEFINITION 3.1.10: Let C=C; v C;, v ... v C, be an-code (n
>2) if each C; is a cyclic code then we define C to be a n-cyclic
code. If each C; is of length nj and n; =n; if i =j for 1 <'i, j <n
then we define C to be a Periyar cyclic code. If C has more than
one subcyclic code of length n;, then we define C to be a weak
Periyar cyclic code.

First we will provide some examples of them so that it would
make the reader understand the definition better.

Example 3.1.14: Consider the cyclic 5-code C = C; U C, U C3
w C4 w Cs where Cy is a (6, 3) code C, a (7, 4) code, Cza (7, 3)
code, C4 a (8, 4) code and Cs are (5, 4) cyclic codes. Let G be
the associated generator 5-matrix of C.

GC=GIuUG, UG uUG,UGs

1
o O -
o — O
— O O
o O B
o +— O
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o = O
P —k O B
= O = O
o O O
= O O O

o O O -
o O - B

[EY
=
=

= O
I
o
o

o O O -
o O —» O
o B O O
= O O O
o O O -
o O+~ O
o O O
= O O O

o o o -
o O R
= =
m =, O O
m O o o

All the 5 codes C,, C,, C3, C4 and Cs are cyclic. Thus C is a
cyclic 5-code.

We see C is both a P-cyclic code as well as weak P-cyclic code.
C is given by the following 5-codes

C =

{(000000),(100100)(010010), (00100 1),
(110110),(011011),(101101),(111111)}
U{(0000000),(1101000),(0110100),

(0011010),0001101),(1011100),
(0101110),0010111),(1110010),
(0111001),(1100101),(1000110),
0100011),(1010001), (111111 1),
(1001011} U {0000000),(1110100),
(01110110),(0011101),(1001110),
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(0100111),(1101001),(1010011)}u
{(00000000),(10001000),(01000100),
(00100010),(00010001),(11001100),
(01100110),(00110011),(10101010),
(01010101),(10011001),(11101110),
(01110111),(11011101),(1011101 1),
(11111111)}u{(00000),(11000),(01100),
(00110),(00011),(10100),(01010),
(00101),(11110),( 11), (1101 1),
(10010),(01001),( 11), (11
(10001)}

e

is a cyclic 5-code. For this has Cs alone to be subcode likewise.
C, is a subcode and has no other subcode of length 8; whereas C
has C, and C; to be subcodes of length 7. Thus C is both a P-
linear cyclic code as well as weak P-linear cyclic code.

Example 3.1.15: Let C=C, u C, U C, U C4 U Cswhere Cyis a
C(6, 3) code, C, is a C(6, 1) code, Cz a (7, 3) code, C, a (7, 4)
code and Cs a (7, 3) code. Clearly C is not a P-linear cyclic code
but only a weak P-linear cyclic code where C is generated by
the generator 5-matrix given by

G261U62UG3UG4UG5=

100100

1 1 U

10 100 1]

(1 1. 0 0 0 O]
011000
001 100uv
000110
0 00011
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o
o
o L K
N
[N
=

1011000
0101100
)
0010110
0001011
1110100
011101 0j.
0011101

Clearly G generates a 5-cyclic code and G is not a P-linear
cyclic code but only a weak P-cyclic code. For it has subcodes
of length 6 and 7 respectively.

Now we have seen an example of a weak P-linear cyclic code
which is not a P-cyclic code.

We proceed on to give an example of a P-cyclic code which is
not a weak P-linear cyclic code.

Example 3.1.16: Consider the cyclic 4-code C = C; U C, U C3
w C4 generated by the generator 4-matrix

G=61UGQU63UG4=

1110100
0111010V
0011101
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o O O O -

o O O - -

o O - -k O

o R B O O

kO O O

O O O O
C

o O O -
o O - -
O - O
= B O O
, O O O

o O O -
o O +— O
o O O
O O O
o O O -
o O +— O
o » O O
O O O

We see this cyclic 4-code has 4 subcodes each is of length
different from the other i.e. C has a subcode of length 7, length
6, length 5 and length 8. So C is a P-linear code and not a weak
P-linear code. Hence the claim.

Now we proceed on to give an example of a cyclic n-code
which is a weak P-cyclic code and not a P-cyclic code.

Example 3.1.17: Consider a cyclic 4 code C given by C =C; U
C, u C3 U C4 generated by

G=61UGQUG3UG4
where

Gy

1
o o K
o BN
T
N =)
=
o o
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1101000
G, = 0110100 |
0011010
0001101
1 01 0
G;=10 01
001001
and
(1 1 0 0 0 O]
011000
G;,=|0 01 1 0 0].
000110
10 0 001 1]

We see the codes C; and C, are of same length 7 but have
different number of message symbols viz. 3 and 4 respectively.
Cisa C(7, 3) linear code and C, is a (7, 4) linear code. Now C;
and C, are linear codes of length 6, Cs is a (6, 3) linear code and
Csis a (6, 5) linear code. Thus C is a cyclic 4-code but not a P-
linear cyclic code only a weak P-linear cyclic code as C has two
subcodes of length 7 and two subcodes of length 6. It has no
unique subcode.

Now we proceed onto define the notion of pseudo Periyar
cyclic n-code.

DEFINITION 3.1.11: Let C = C; v C, v ... v C, be a n-code.
We call C to be a pseudo Periyar cyclic code if C has atleast

one cyclic code i.e. atleast one of the C;’s is a cyclic code (n >
2).

We give example of a pseudo P-cyclic code.

Example 3.1.18: Consider the 4-code C = C; U C, U C3 U C4
where C is generated by the generator matrix
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GC=GIuUG,uUG3uUG,

1
=0
0

o — O
— O O

1
0
0

[ = )
[ = )
C

= O O
o O =
o - O

o O -
o - O
= O O
o O -
o - O
= = O

o O O BB
o O +— O
o » O O
R O O O
O FF B
= O
 — — O

The 4-code generated by G isgivenby C={(000000), (2100
100),(010011),(001011),(110111),(011000),(2
01111),(1111003}u{(000000),(100100),(0100
10),(001001),(110110),(011011),(101101),(212
1111)}u{0000000),(1001001),(02100110),(0
10011),(1101111),(0110101),(1011010),(2112
1100}u{(0000000),(1000110),(02100101),(00
10011),(0001111),(1100011),(0110110),(001
1100),(1010101),(0101010),(1001001),(1110
000),(0111001),(1101100),(1011010),(11111
1 1)}. We see among the four codes only C; is a cyclic code so
C is a pseudo P-cyclic code.

Now we proceed on to define the notion of pseudo strong
Periyar cyclic code.
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DEFINITION 3.1.12: Let C=C; «C, U... vC, be n-code if in
C we have only n-1 of the codes among C;, C,, ..., C, to be
cyclic then we define C to be a pseudo strong Periyar cyclic
code.

Now we proceed on to illustrate this by the following
example.

Example 3.1.19: Let C=C, u C, u C3 u Cy U Cs L Cg be a 6-
code where C is generated by the 6-matrix

G=GIuG, UG UG,UG,UGg=

o O O -
o O - =
O - - O
P k O =
O +— O
o O O

o o k-
o R -
N
[ = )
=R
o r o
= =)
C

o
o
=
o
o
I

o O O O -

o O O - -

o O - -k O

o B O O

kO O O

, O O O O
C
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10001000
01 00O01O00 9
00100O011O0
00010001
1 0001110
01000O0O01
00101100}
000100011
Clearly the codes Cy, C,, ..., Cs are cyclic only Cg is a non

cyclic code so C is a pseudo strong P-cyclic code. We see in this
example C; is a (7, 4) cyclic code generated by the polynomial
2 + x + 1 and X + x + 1/ x + 1. C, is a
(7, 3) cyclic code generated by the polynomial x* + x* + x + 1
and x* + x>+ x + 1/x" + 1. Czis a (6, 3) cyclic code generated
by the polynomial x® + 1 and x* + 1/ x° + 1. C, is a (6, 5) cyclic
code generated by the polynomial x+1, Cs is a (8, 4) cyclic code
generated by a generator polynomial x*+1 and x*+1 / x®+1 and
Ce is not a cyclic code. So C is a pseudo strong P-cyclic 6-code.

We see all pseudo strong P-cyclic codes are trivially pseudo P-
cyclic codes. But in general a pseudo P-cyclic code need not be
a strong pseudo P-cyclic code.

Now we would define the notion of weak Periyar false codes.
DEFINITION 3.1.13: C=C; «C;, v ... UCyis a false n-code if
atleast one of the subcodes is different from the other codes then
we define C to be a weak Periyar false code.

Clearly a false code is never a weak P-false code.

THEOREM 3.1.8: The class of m-pseudo false n-codes (n > 2m,
2 <m < n) are weak P-false codes.
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Proof: From the very definition of m-pseudo false n-codes C =
CtuCu..uC,weseeC;=Cy=...=Cp=Aand Cpy1 =
Cmn2 = ... = C,=B; A #B. Thus C has atleast one subcode is
different from other codes.

Hence C is a weak P-false code.

DEFINITION 3.1.14: Afalse n-code C=C, vC, ... UCy(n 2>
2) is said to be Periyar false code if and only if C is a 1-pseudo
false code i.e. C has one and only one subcode C; different from
other subcodes of C.

THEOREM 3.1.9: Every 1-pseudo false n-code is a P-false code.
Proof: Follows from the very definition of P-false codes.
We illustrate by an example.

Example 3.1.20: Consider the 1-pseudo false n-code C = C; U
C,u Cg v CiuU C5 given by C = C(5, 3), C, = C(?, 4), C3 =
C(7, 4) = C4 = Cs. Clearly C has one and only subcode C; =
C(5, 3) and other subcodes of C are identical with C(7, 4) thus
C is a pseudo P-false code.

We proceed onto define yet another new type of P-linear codes
built using the set of different types of codes like repetition
code, parity check code, cyclic code and any other general code.
This type of new codes will be known as P-linear mixed codes.

DEFINITION 3.1.15: Let C = C; v C, v ... U C, be a n-code if
some of the codes C; are parity check codes, some of the codes
C; are repetition codes and some others Cy are cyclic codes then
we call C to be a Periyar linear mixed code where 1 <1i, j, k <n.
We illustrate this by the following example.

Example 3.1.21: Let C=C; u C, U C3 U C4 U Cs be a P-linear
mixed code where C; is a repetition code, C, a parity check
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code, C; a cyclic code and C, and Cs a general code. Suppose H
=H; UH, UH; UHsU Hs.

1100 0 0]
101000
=11 001 0 0|U[L111111]U
100010
1000 0 1
100100 [t1000°1
010010(uUj010010uU
001001 (011100
1000110
0100011
0010110
0001101

H is a mixed parity check matrix of the P-linear mixed codes.

3.2 Application of these New Classes of Codes

In this section we give a few applications of these new classes
of codes.

1. The m-pseudo false n-codes (t, t) pseudo false n-codes
and (t, m) pseudo false n-codes can be used in
cryptography. The true message can be sent in the m
codes and just the remaining (n —m) codes will serve to
mislead the intruder. Infact this code can also be used
for m persons simultaneously and each one will read his
message from the n-code i.e., ifC=C,uC,u ... UC,
here Ci1=Ci2 =..= Cim =A 1<y iy oo im S0 ij#

if j = t. Then iy can be assigned the first customer, i, to
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the second and i, to the m™ customer so they know the
place in which their message is present. For instance i,
= 5 the first customer will only decode the code word Xs
from x = x; U ... U X, and he will not bother to pay any
attention to other codes. Thus it is very difficult for the
intruder to hack this way of message transmission. In
case they have two sets of customers say t and m in
number then (t, m) pseudo n code can be used.

These codes can be used in networking of computers
when in the work place some m of them work on the
same data and t on another set of data. Infact the (t, m)
pseudo n-code can be extended to any (ty, ..., t;) pseudo
n code without any difficultly. Further the transmission
or working with them is not difficult as we have super
computer to cater to our needs.

These n-codes or n-false codes or m pseudo false n
codes or (m, t) pseudo false n codes can be easily used
when we cannot use ARQ protocols, so n- false codes
and m-pseudo false n codes will serve best in those
cases.

These new classes of codes can also be used in data
storage. The authors strongly feel these codes are best
suited in any networking. Finally they can be used with
highest degree of security in defence department of any
nation.

Periyar code finds its applications in channels where all

the n information which are passed simultaneously are
distinct. In such channels Periyar codes are best suited.
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Components of a bimatrix, 39
Control digit, 69

Control symbol, 8, 69
Control symbols, 8

Coset leader, 21

Coset n-leader, 112-3

Coset of a code, 20

Cyclic bicode, 51-2, 78-9
Cyclic bishift, 76

Cyclic code, 23-4
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Cyclic n-code, 89
Cyclic tricode, 83

D

Dual bicode, 97

Dual n-code, 97

Dual tricode, 94-5

Duo P-linear binary code, 178

Duo P-linear whole code, 182-3

E

Encoding matrix, 11

F

Factor bigroup, 77-8

False bicode, 157

False bimatrix, 137-8

False n-code, 137, 156, 160

False n-rectangular matrix, 137-8

False n-square matrix, 137-8
False parity check matrix, 137
False tricode, 158

False trimatrix, 137

G

Generator bipolynomial, 51-2
Generator n-matrix, 90
Generator polynomial, 24-5
Generator tripolynomial, 84-5
Group code, 10

H

Hamming 2-weight, 104-5
Hamming bidistance, 60
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Hamming code, 22-3
Hamming distance, 13-4
Hamming n-bound, 103-5
Hamming n-distance, 103
Hamming tridistance, 104-5
Hamming triweight, 104-5
Hamming weight, 13-4

Inner product, 26-7

L

Linear bialgebra, 46
Linear biequations, 46
Linear codes, 7, 10
Linear cyclic bicode, 76

M

Message symbols, 8-10

Minimum distance, 14-5

Minimum weight, 21

Mixed bimatrix, 35-6

m-pseudo false mixed rectangular n-matrix, 151-3
m-pseudo false mixed square n-matrix, 151-2
m-pseudo false n-matrix, 137, 151-2

m-pseudo false parity check n-matrix, 137
m-pseudo false rectangular n-matrix, 151-3
m-pseudo false square n-matrix, 151-2

N

n-codes, 45, 62

n-coset leader, 112-3

Nearest neighbour decoding, 15
n-error vector, 127

n-field, 110-1
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n-group, 110-1

n-map, 129

n-matrix, 62

n-parity check matrix, 67
n-polynomial, 89
n-pseudo field, 110-1
n-sphere of radius (ry, ..., ry), 104-5
n-subgroup, 11-1
n-subspaces, 110-2
n-syndrome, 127-8

Null space of H, 10
n-vector spaces, 110-2

o)

Orthogonal code, 16-7

Orthogonal complement of a tricode, 94-5
Orthogonal complement, 16

Orthogonal n-code, 97

Orthogonal vector space, 93

P

Parity check bicode, 50-1

Parity check bimatrix, 48

Parity check code, 11, 14

Parity check matrix, 10

Parity check n-code, 71

Parity check n-matrix, 67

Parity check n-polynomial, 90
Parity check polynomial, 24-5
Parity check trimatrix, 65-6

Parity check tripolynomial, 84-5
Periyar cyclic code, 183

Periyar false code, 192

Periyar linear code, 137, 169
Periyar linear Hamming code, 179
Periyar linear mixed code, 192
Periyar linear Parity check code, 178
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Periyar linear repetition code, 176
P-linear code, 169

P-linear Hamming code, 179-80
P-linear parity check code, 178
P-linear repetition code, 176

Pseudo best approximation, 30-1, 55
Pseudo best n-approximation, 130-2
Pseudo inner byproduct, 56

Pseudo inner product, 30

Pseudo n-field, 11-1

Pseudo n-inner product, 129-30
Pseudo n-vector spaces, 110-2
Pseudo Periyar cyclic code, 188
Pseudo strong Periyar cyclic code, 190
Pseudo whole n-code, 181-2

R

Rectangular bimatrix, 34-5
Repetition bicode, 50
Repetition code, 10, 14
Repetition n-code, 67
Repetition tricode, 65-6
Reversible bicode, 99-100
Reversible tricode, 99-100
Row bimatrix, 34

Row trivector, 70

S

Self orthogonal bicode, 100

Self orthogonal n-code, 100-1

Self orthogonal tricode, 100-1
Semi self orthogonal bicode, 100
Semi self orthogonal n-code, 100-1
Semi self orthogonal tricode, 100-1
Source decoding, 7-9

Source encoding, 7-9

Sphere of radius r, 15-6
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Square bimatrix, 35

Sub bispaces of a bivector space, 46
Syndrome, 21

Systematic linear code, 10

T

Transmission rate, 10
Transmitted code word, 55
Tricode, 60

Tricoset leader, 117
Tripolynomial, 82
Trisyndrome, 125-6

W

Weak Periyar false code, 191
Weak Periyar linear code, 172
Weak P-linear code, 172
Whole bicode, 180
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