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Abstract

Erdés had conjectured that the equation of the title had no solutions
in natural numbers except the trivial 1' + 2! = 3'. Moser (1953) had
shown that there are no solutions for M + 1 < 10'°°. Butske et al (1993)
had further shown that there are no solutions for M + 1 < 9.3x10° . Tn
this paper I show that a solution to this equation cannot exist for any
value of M > 2 hence proving Erdds’ conjecture. This is achieved using
elementary number theoretic methods employing congruences and well-
known identities.

1 Introduction

It is first assumed that a solution to the Diophantine equation in question exists.
Therefore, being a natural number it should be either odd or even. Considering
residues of derivative expressions modulo 4, 8, and 16 I show that this "solution"
can neither be odd nor even. Hence, I show that this equation has no solutions.

2 Notation

All notations used are as in standard mathematical texts.Specifically

N is the set of natural numbers.

Z is the set of integers.

If a non-zero integer a divides b i.e if there exists an integer ¢ such that
ac = b then we write alb.

Again, if a is congruent to b modulo m then we write a = b modulo m.

A solution to the Erdés-Moser equation such that M = k£ and N = n is
written as (k,n).



3 Lemmata

Lemma 1
Let a, b, ¢, m # 0, n = 0 be integers. Then,

1. a =b modulo m, b = a modulo m and a — b = 0 modulo m are equivalent
statements.

2. If a =b modulo m and b = ¢ modulo m then a = ¢ modulo m.

3. If a=b modulo m then (a + c¢) = (b+ ¢) modulo m.

4. If a = b modulo m then ac = bec modulo m.

5. If a = b modulo m and m = 0 modulo ¢ where ¢ # 0 then a = b modulo c.
Proof :

1. Suppose a = b modulo m . Then, by definition, m|(a —b) i.e. m|— (b—a)
which implies m|(b — a). Therefore,by definition, b = a modulo m. Again,
m|(a — b) implies m| {(a — b) — 0}which implies a — b = 0 modulo m.

2. Since a = b modulo m therefore m|(a — b). Thus, a — b = ma, for some
x€ Z. Similarly, b — ¢ = my, for some y€ Z.Therefore a — ¢ = (a — b) +
(b—c¢) =ma +my =m(xz+y)ie m|(a—c). Hence, a = ¢ modulo m.

3. Since a = b modulo m therefore m|(a — b). Thus, a — b = mz, for some
x€ Z. Observe that, (a+c¢)—(b+¢) = a—b = mz. Hence, (a+c¢) = (b+c)
modulo m.

4. Since a = b modulo m therefore m|(a —b) i.e. a—b = mz, for some z€ Z.
Then (a — b)c = mac ie. ac — be = mac.Therefore m|(ac — be) which
implies ac = bc modulo m.

5. Since a = b modulo m therefore m|(a —b) = (a—b) = ma for some x € Z.
Now, m = 0 modulo ¢ = m = cy for some y € Z. Therefore, (a—b) = cxy.
Hence, a = b modulo c.

Lemma 2

If a, b and n are integers such that a # b then o™ — 0™ = 0 modulo (a — b) or
a™ = b"modulo (a — b).

Proof :

We have the identity a” —b" = (a —b)(a" "t +a"2b+a"3b% + - - +a?b" 3 +
ab™2 4+ b"~1). Since, a and b are integers therefore all terms of the form a®b¥
where x,y € Z are integers. Thus, a" ! + a"2b + a"3b% + -+ + a?b" 3 +
ab" =2 +b"~ ! is an integer. Therefore (a — b)|(a™ — b"). Hence, a™ = b" modulo
(a —b) or a™ —b™ =0 modulo (a —b).



Lemma 3

If a, b, m # 0 and n = 0 are integers such that a = b modulo m then a™ = b
modulo m.

Proof :

We have a = b modulo m

= a — b =0 modulo m.

= (a—b)(a" 1 +a" 2b+a"3b? + - +a?b" 3 +ab" 2+ ") = 0 modulo
m (using Lemma 1.4)

= a™ — b" = 0 modulo m

= a” = b" modulo m

Lemma 4

If a and n are integers then (a —1)™ = £1 modulo a.

Proof:

We have, a = 0 modulo a
= (a—1) = (—1) modulo a
= (a—1)" = (—1)" modulo a
= (a —1)" = +1 modulo a

Lemma 5

If there exists a set S C N such that S = {a;|1 < i <t, ¢t € N} and 22:1 aim =0
modulo 4,m € N then the number of odd elements in the set S is a multiple of
4.

Proof :

Let us partition the set S into disjoint subsets S; = {set of all even numberse S}
and Sz = {set of all odd numberse S}.

Now, any number e € S; is of the form 4f or 4f + 2, where f € N. Thus,
e = 0,2 modulo 4 = e? = 0 modulo 4.

Likewise, for any number g € S5, g = 1,3 modulo 4 = ¢? = 1,9 = 1 modulo 4.

Let, the number of elements in S; be n. and the number of Sy be n,.Then,
S a2 =30 (a2)™ = ne.(0™) + n,.(1™) modulo 4

= >, a? =n, modulo 4. Now, Y!_, a?™ = 0 modulo 4. Therefore, Lemma
1.2 = n, = 0 modulo 4.



Therefore, the number of elements in Sy must be a multiple of 4.
Now, the number of elements in S =the number of odd elements in S.

Hence, the number of elements in S must be a multiple of 4.

Lemma 6

If there exists a set S C N such that S = {a;|]1 £ i < t, t € N} and Zﬁzl a?m =0
modulo 8, then (number of odd elements in S)+(number of elements in S of the

form 8f £2, f € N ).(4™)= 0 modulo 8.

Proof :

Let us partition the set S into disjoint subsets S; = {set of all numbers of the
form 8f+2€ S, f € N}, Sy = {set of all numbers of the form 8f —2¢€ S, f € N},
S3 = {set of all odd numbers € S} and Sy = {set of all numbers of the form 8f
or8f+4€S, feN}L

Now, for any number e € S, e = 2 modulo 8 = €2 = 4 modulo 8. Similarly,
for any number g € Sy, ¢ = —2 modulo 4.

Likewise, for any h € S3, h = £1,43 modulo 8 = h%2 = 1,9 = 1 modulo 8 while
for any number = € Sy, = 0,44 modulo 8 = 22 =0, 16 = 0 modulo 8.

Let, the number of elements in Sibe n.;, the number of elements in Sy be n.9,
the number of elements in S5 be n, and the number of elements in Sybe n,.

Then, 3! a?™ =320 (a2)™ = (ne1 + ne2)-(4™) 4+ no.(1™) + 1. (0™) = 1y +

=1 "1

(ne1 + Me2).(4™) modulo 8.

Now, 2!, a?™ = 0 modulo 8. Therefore, Lemma 1.2 = 1, + (11 +72).(4™)
0 modulo 8.

Now, n.1is the number of elements of S of the form 8 f —2 and n.s is the number
of elements of S of the form 8f + 2, f € N.

Therefore, ne; + nes is the number of elements in S of the form 8f + 2, f € N
while n,, is the number of odd elements in S.

Hence, the result.



Lemma 7

If there exists a set S C N such that S = {a;|1 £ i =t,t € N} and Zzzl aim =

modulo 16, r € N, then (number of elements in S of the formsl6f + 1 and
16f £ 7, f € N )+(number of elements in S of the forms 16f +2 and 16f + 6,
f € N ). (4™ )+(number of elements in S of the forms 16f + 3 and 16f £ 5,

feN).(9™)=r modulo 8.

Proof :

Let us partition the set S into disjoint subsets S; = {set of all elements of S of
the forms 16f, 16f £4 and 16f +8, f € N}, Sy = {set of all elements of S of
the forms 16f + 1 and 16f £ 7, f € N}, S3 = {set of all elements of S of the
forms 16f +2 and 16f £ 6, f € N} and Sy = {set of all elements of S of the
forms 16f +3 and 16f + 5, f € N}.

Now, for any element e; of Sy, e; = 0,44, 48 modulo 16 = ¢? = 0,16,64 = 0
modulo 16, for any element esof So, e = 41,47 modulo 16 = €3 = 1,49 = 1
modulo 16, for any element ez of S3, e3 = +2,+6 modulo 16 = e = 4,36 = 4
modulo 16 and for any element e4 of Sy, e4 = +3, 45 modulo 16 = €3 = 9,25 =
9 modulo 16.

Let, the number of elements in Sibe n.;, the number of elements in Sy be n.s,
the number of elements in S3 be n.3 and the number of elements in Sybe n.4.

Then, S0_, a?™ =30 (63)™ = ne1.(0™) + nea. (1) + 13- (4™) + 11eq.(9™)
Nea + Ne3.(4™) + Neq.(9™) modulo 16.

Now, Zt a?™ = r modulo 16. Therefore, Lemma 1.2 = ngp + ne3.(4™) +

1=1 "1
Neq-(9™) = r modulo 16.

Now, neo is the number of elements in S of the forms 16f + 1 and 16f + 7, nes
is the number of elements in S of the forms 16f + 2 and 16f £ 6 and n.4 is the
number of elements in S of the forms 16f +3 and 16f +5, f € N.

Hence, the result.

4 THE PROOF PROPER

.Let us assume that there exists a non-trivial solution to the Erdds-Moser equa-
tion. We shall denote this solution by (k,n).Evidently k € N. (3

Obviously, 3" = (24 1)" > 2™ + 1™ for any n > 1, n € N. Thus, k must be
greater than 2.



Now, 1" +2" +3"+-- -+ (k—1)"+ k" = (k+1)" (1)
=2"4+3"+ -+ (k=14 k"= (k+1)" —1"

= k(2" +3"+---+ (k—1)" + k™) (using Lemma 1.4)

Therefore, 2" +3" +---+(k—2)" + (k—1)" = 0 modulo k (2)
Again, k — x = —x modulo k for any x € N

= (k—z)™ = (—2)™ modulo k (3)

= (k—2)" + 2" = 2" + (—z)"” modulo k (4)

Assume n is odd

k-1
If kis odd then 2" +3" +-- -+ (k—=2)"+(k—1)" = (k—1)"+>_ 2, 2" + (—x)"
modulo &

Bo1 ko1
but 32,2, 2" + (—2)" =3.,2,0=0
=2"4+3"+---+(k—=2)"+(k—1)" = (k—1)" modulo k

Therefore, (2)= (k — 1)" = 0 modulo k which is absurd! (Using (3))

E_
If k is even then 2" +3"+- - -+ (k—=2)"+(k—1)" = (k—l)”—i—(g)”—i—zgg;l) "+
(=)™ modulo k

_ E_
but 35055 2+ (o)t = 2225V 0 =0

=2"43"+ 4 (k—2)"+ (k—1)" = (k—1)" + (£)" modulo k

Therefore, (2)= (k—l)”—f—(g)" = 0 modulo k& (5a)

(5a) & (3)=> (£)" + (—=1)" = 0 modulo k = (£)" = 1 modulo k (5b)



Let k = 2b then (5b)= " = 1 modulo 2b = b™ = 1 modulo b which is absurd!

Therefore, n must be even.

Let n =2ny,ny €N

Therefore, 127 + 22 .. 4 (k — 1) 4 k2™ = (k 4 1)>™

=12m 4 92m 4 (b= 3)2M 4 (k — 2)2M 4 2 = (k4 1)2Mm — (k — 1)2m
=4k|(127 422 4 g (k= 3)2 4 (k — 2)2m 4 f2m)

Therefore, 1271 42211 ... 4 (kK — 3)?™ + (k — 2)?™ 4 k2™ = 0 modulo 4k  (6)

Ifny =1then (1) = 12422+ + (k—1)>+k*= (k+ 1)?
- k:(k+1()5(2k‘+l) — (k+1)2

=2k -5k—6=0

= k=B ¢N

Therefore, ny > 1

= 4™ = 16x(some power of 4) = 4" = 0 modulo 8 (7)

Case I : Assume k is odd.
Now, (6)=>1%" 4 22m 4 ... 4 (k — 3)*" + (k — 2)?" + k*™ = 0 modulo 4

Therefore, Lemma 5 implies that the number of odd elements in the set {1,2,3,..., (k—
3), (k—2), k} is a multiple of 4.

Now, number of odd elements in the set {1, 2, 3, ... ,(k—3), (k—2), k} =
P



Therefore, % =4dm,meN=Lk=8m—1
Now, (8) = k+ 1 = 0 modulo 8

Therefore, (1) = 12" + 2271 4 ... 4 (K — 1)?™ 4+ k*™ = (0 modulo 8

Consider the set S ={1, 2, ..., (8m —2), (8m — 1)}.

Number of odd elements in S = 4m

Number of elements of the form 8f —2in S =m

Number of elements of the form 8f + 2 in S =m — 1 where f € N
Therefore, Lemma 6 = 4™ (2m — 1) 4+ 4m = 0 modulo 8
Therefore, (7) = 4m = 0 modulo 8 = m is even.

Let m = 2my. Therefore, k = 16m; — 1

Now, (9) = k + 1 = 0 modulo 16

Therefore, (1) = 121 42271 4 ... 4+ (k — 1)?™ + k?™ = 0 modulo 16

Consider the set S" = {1, 2, ..., (16m; — 2), (16m; — 1)}.
Number of elements of the form 16f — 1 in S’ = m,
Number of elements of the form 16f +1in 8" =m; — 1
Number of elements of the form 16f — 7 in S’ = my
Number of elements of the form 16f + 7 in S" =m; — 1
Number of elements of the form 16f — 2 in S’ = m,

Number of elements of the form 16f +2in S’ =m; — 1



Number of elements of the form 16f — 6 in S’ = m,

Number of elements of the form 16f +6in 8" =m; — 1

Number of elements of the form 16f — 3 in S’ = m,

Number of elements of the form 16f +3in S’ =m; — 1

Number of elements of the form 16f — 5 in S’ = m,

Number of elements of the form 16f + 5 in S’ = mq — 1 where f € N
Therefore, Lemma 7 = (4my — 2)(1™ + 4™ + 9™) = 0 modulo 16

(7) = (4m1 — 2)(1+9"1) = 0 modulo 16

If ny is even then ny = 2ng, no € N

= 9" =81" = 1" = 1 modulo 16

= 1+ 9™ =2 modulo 16

= (14 9")(4my — 2) = 2(4m; — 2) modulo 16
Therefore, (10) = 2(4m; — 2) = 0 modulo 16
= 2(4my —2) =16t , t € N

= 2my — 1 = 4t which is absurd!

Again, if ny is odd then ny = 2ns + 1, ng € N
= 0™ =R1"2.9=1"2.9 = 9 modulo 16
= 1+9™ =10 modulo 16

= (1+49™)(4my — 2) = 10(4m — 2) modulo 16



Therefore, (10) = 10(4my — 2) = 0 modulo 16
= 10(4my —2) =16t , t € N
= 5(2my — 1) = 4¢ which is absurd!

Hence, k cannot be odd.

Case II :
Assume k is even.
Now, (6) =12 +22m1 4 ... 4 (k — 3)* 4 (k — 2)?™ + k™ = 0 modulo 4

Therefore, Lemma 5 implies that the number of odd elements in the set {1,2,3,..., (k—
3), (k—2), k} is a multiple of 4.

Now, number of odd elements in the set {1,2,3,...,(k—3), (k—2),k} = £ —1
Therefore, £ —1 =4m, m e N= k = 8m+2 (11)
Now, (11) = k = 2 modulo 8 = 4k = 8 = 0 modulo 8

Therefore, (6) and Lemma 1.5 = 1271 42201 4. .. 4 (k—3)211 4 (k—2)?™1 4 201 =
0 modulo 8

Consider the set S ={1, 2, ..., (8m —2), (8m — 1), 8m, (8m + 2)}.
Number of odd elements in S = 4m

Number of elements of the form 8f —2in S =m

Number of elements of the form 8f + 2 in S = m where f € N
Therefore, Lemma 6 = 4™ .2m + 4m = 0 modulo 8

Therefore, (7) = 4m = 0 modulo 8 = m is even.

10



Let m = 2m;. Therefore, k = 16mq + 2 (12)
= k = 2 modulo 16 (13)
= k+1=3 modulo 16 = (k + 1)*"* = 9"'modulo 16 (14)
Again, (13) = k — 1 =1 modulo 16
= (k —1)>™ = 1" =1 modulo 16

Therefore,(1) = (k+1)271 — {1271 4222 ... 4 (k—3)%M1 4 (k—2)2" + k2 =1
modulo 16

= 12m 4 22m (kB —3)%™ 4 (k- 2)%™ 4 k?™ = (K +1)? — 1 modulo 16

Therefore,(14) = 1271 + 22" ... 4 (k — 3)?™ + (k — 2)?™ + k21 = 9™ — 1
modulo 16

Consider the set S" = {1, 2, ..., (16my — 2), (16my — 1), 16mq, (16m; + 2)}.
Number of elements of the form 16f — 1 in S’ = m,

Number of elements of the form 16f +1in 8" =m; — 1

Number of elements of the form 16f — 7 in S’ = my

Number of elements of the form 16f +7in S’ =m; — 1

Number of elements of the form 16f — 2 in S’ = m,

Number of elements of the form 16f + 2 in S’ = m,

Number of elements of the form 16f — 6 in S’ = m,

Number of elements of the form 16f + 6 in S’ =m; — 1

Number of elements of the form 16f — 3 in S’ = m,

Number of elements of the form 16f +3in S’ =m; — 1

11



Number of elements of the form 16f — 5 in S’ = m,
Number of elements of the form 16f + 5 in S’ = my — 1 where f € N

Therefore, Lemma 7 = (4m; —2)(1™ + 9™ ) + 4™ .(4my — 1) = 9" — 1 modulo
16

Therefore, (7) = (4mq —2)(1 +9™) = 9™ — Imodulo 16 (15)

If ny is even then ny = 2ng, ny € N

= 9™ = 81" = 1" = 1 modulo 16 (16)
=14 9™ =2 modulo 16

= (14+9™)(4my — 2) = 2(4m; — 2) modulo 16 (17)
Now, (16) = 9™ — 1 = 0 modulo 16 (18)
Therefore, (15),(17) & (18) = 2(4my — 2) = 0 modulo 16

=2(4my —2)=16t ,t €N

= 2m1 — 1 = 4¢ which is absurd!

Again, if ny is odd then n; =2ny+ 1, ny € N

= 9™ =81".9=1"2.9 = 9 modulo 16 (19)
= 14 9™ =10 modulo 16

= (14+9")(4m; —2) = 10(4m1 — 2) modulo 16 (20)
Now, (19) = 9" — 1 = 0 modulo 16 (21)
Therefore, (15),(20) & (21) = 10(4m; — 2) = 0 modulo 16

= 10(4m; —2) =16t , t €N

12



= 5(2my — 1) = 4¢ which is absurd!

Hence, k£ cannot be even.

Since, k is neither even nor odd, therefore k ¢ N.This contradicts (3).

Therefore, there exists no a € N with a > 2 such that it is a solution to the
Erdés-Moser equation.

Hence, there exist no non-trivial solutions to the ErdGs-Moser equation.
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