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Pedepar

Nuapuantbl OTHOCUTEIbHO U3MeHeHus BeinyuHbI

HezaBucumoiu Ilepemennoit u ux Poas B @usuke.

B.A. CmupHoOB

WNnentudunmpoBad HOBBIM KIACC WHBAPUAHTOB, BEIMYUHBI KOTOPBIX IMOCTOSHHBI MPH
W3MEHECHUM BEJIMYMHBI HE3aBUCUMOM IepeMeHHOM. X cBolcTBa W METOJ MOJIyYEHHUS
MPOJAEMOHCTPUPOBAHBI HA YK€ HM3BECTHBIX M €HIE HEU3BECTHBIX IMPUMEpPAX, OTHOCSIIUXCS K
pa3nmuyHbIM 00sacTsAM GU3HKU. B 4acTHOCTH, ObUTH BBISBJICHBI HOBBIC HHBAPUAHTHI JIJISI TIPSMBIX
JMHHM, MepeceKaromxcs B OJHON Touke Ha miockoctu. Kpome Toro, oOHapyskeH TpeTuii (He
3aBUCUMBI OT JIBYX YK€ HW3BECTHBIX) MHBApPUAHT 3JIEKTPOMATHUTHOIO TOJIS JJii YaCTHOTO
Clyyas CIEelUaJIbHOM TEOPUH OTHOCUTENbHOCTH. DaKT Takoro OOHApY’>KEHHs BCTYIAaeT B

IMPOTUBOPEUYNEC C COBPECMECHHBIMHU IMPEACTABICHUAMU 00 HHBapuaHTax 3JICKTPOMAarHuTHOI'O ITOJIs.
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NuBapuantbl OTHOCHTENbHO U3MeHeHnus Bearnunnbl HezaBu-

cumoii Ilepemennou u ux Poas B Pusuke.
B. . CmupHoB

Pedepar

WnentuduimpoBaH HOBBIM KJIACC WHBAPUAHTOB, BEIMYUHBI KOTOPBIX MOCTOSHHBI MIPH U3MeE-
HEHHM BEJIMYMHBI HE3ABUCUMOW MepeMeHHOM. X CBOMCTBA U METOJI MOJYUYEHHS POJIEMOHCTPHUPO-
BaHbl HA YK€ M3BECTHBIX U €€ HEM3BECTHBIX MPUMEpPAX, OTHOCALIUXCA K PA3NUYHBIM 00JacTIM
¢busuku. B vacTHOCTH, OBUIN BBISIBJICHBI HOBBIE MHBAPUAHTHI JJISI IPSIMBIX JIMHUMN, TTEPECEKAIOITIUXCSI
B OJHOM TOuUKe Ha miIockocTu. Kpome Toro, oOHapykeH TpeTuil (He 3aBUCHUMBIN OT JBYX yXKe H3-
BECTHBIX) MHBAPUAHT SJIEKTPOMArHUTHOTO TOJIS JJII YACTHOTO CIIy4asi CIelMaIbHON TEOPUU OTHO-
cutenbHOCTH. DaKT Takoro OOHapy>KEHUsI BCTyMaeT B MPOTHBOPEYHME C COBPEMEHHBIMH TPEICTaB-

JEHUSIMU 00 MHBAapUaHTaX AJIEKTPOMATHUTHOIO IMOJIS.
BBEJEHUE

B cratesax [1, 2] ObUT0 TOKa3aHO, YTO MapaMmeTphl MOJI0ro GokoHa (YCeYEHHOTO KOHYyca) ¢
MPSIMOJTMHEHHON 00pa3yrolell u pacrpoCTPAHSIONIErocss B HEM MEPHINOHAIBLHOTO Jyda CBSI3aHBI

MEXIy cO00i MHBApUAHTHBIM COOTHOIIIEHHWEM Tuta [2, ¢-ma (9)]
I =(D’[R;(X)sing cosB+r;(X)cos o sinp]. (1)
B 1ekapTOBOii IPAMOYTro/bHOM cucteMe koopaunar X, Y , B Kotopoii ock X COBIamaer ¢

ockio GokoHa, BennuuHa | j He 3aBHCHT OT 3HaueHus X. Ilostomy mpasas gacth BeIpaskeHus (1)

HA3BaHa MEPUIMOHAILHO-ITy4eBEIM nHBapranToM (MJIM) u o6o3Hayena kak | i Kpowme toro, B (1)
BBEJICHBI CJIEyIONINE 0003HAYEHUSI.

j=0,1,2,3,..K+1 - nopsakosblii HOMep oTpakeHHs B (POKOHE.

K - ancno orpaenmii.

R i (X) - pamuyc GokOHa B MONEPEYHOM CEYEHHUH, TIPOXOIALIEM YEPE3 TOUKY C aOCIUCCOM
X. B To e BpeMs 3TO ceueHue pacroaaraeTcsi Mexay IByMs IpYTMMH HONEPEUYHbIMU CEUEHUSIMU,
Ka)kJI0€ U3 KOTOPHIX MPOXOIUT Yepe3 TOUKY OTPAKEeHHs C HOPAAKOBBIM HoMepoMm | u | +1, coor-
BETCTBEHHO.

I (X) - opauHaTa TOUKM MepecedeHus Jyda ¢ IIOCKOCTBIO, cojepxkaniel paauyc R i (X).
(j - yroa MexJy oChio X U 0Tpe3KoM JIyda, pacosI0KEHHBIM MEX/TY TOUKAMH OTPaKEHHS

¢ mopsaKoBeIME HOMepamu | u J+ 1.

B - xonycHocTs BokoHa (yroa Mexay ochio (OKOHA U €r0 HANPABISIOIEH).
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Bripakenue (1) 3anucano A cirydast, KOrjaa npsiMOJIMHEHHBINA OTPE30K JIyda HaXOJUTCsI

MeXJLy Toukamu oTpaxkenus | u |+ 1. Onnaxo B [1, 2] 6bUI0 MOKa3aHO, YTO PABEHCTBO
I'; =141 mmeer mecTo s Beex | .

C ucnons3oBanuem naBapuanta MJIN B [1 - 3] 611 osTy4eHbI (POPMYITBI SISl alepTyPHBIX
YTJIOB, YUCJIA OTPAXEHUH U IJIMHBI yTH Ty4ya B (hokoHe. JJocTonHCTBOM 3TUX POpMYyIT SBISETCS TO,

YTO OHHU CBOGOZ[HI:I oT OFpaHI/I‘IGHI/Ifl, HaKJIaJIbIBABIINXCA PAHCC HAa BEJIIMUYNHY KOHYCHOCTHU B .

B xone nanpHeiimero uzyuenus MJIN BBISICHUIIOCH, UTO IPH €r0 BBIBOJE HESBHO UCIIOJIB30-
BaJIMCh HEU3BECTHBIE 10 3TOro MHBapuaHThl (50), (57), onuchIBatOIMEe CBOMCTBA MEPECEKAIOIINXCS
Ha IJIOCKOCTHU NPAMBIX JUHUHA. bosee Toro, okazanock, uto 3T nHBapuaHTsl BMecte ¢ MJIU (1) u
JIPYTUMU, YK€ U3BECTHBIMU MHBapuaHTamu (Hampumep, (12), (14), (21)), oTHOCATCS K €mé HeUIeH-
TU(UIIMPOBAHHOMY HU B MaTeMaTHKe, HU B (pU3HKe KJaccy WHBapUaHTOB. VIHBapHaHTHI 3TOTO KJlac-
ca OTIMYAIOTCS OT APYTHUX, PEXKIE BCETO, TEM, YTO UX BEJIMYMHBI HE 3aBUCST OT BEJIMUYNHbI HE3aBU-
CUMOM NepeMEHHOMN, KOTOPYIO COAEpKaT 3TU UHBapuaHThl. C LIE€TbI0 YIPOIIECHNS Ha3BaHUs U C yué-
TOM TaKOil HE3aBHCHUMOCTH, OTHOCSIIMECS K 3TOMY KjacCy WHBAapUaHTHI, Janee OyAyT YCIOBHO
MMEHOBAThCs CVV-HHBapuaHTamu (cvv - change of value of a variable- u3meHeHe BeTMUUHBI Iepe-
MEHHOM).

Taxoke BBISICHUIOCH, YTO MHOTHE CVV-MHBAPUAHTHI MOTYT OBITH TOJTYYEHBI OOIUM, HECKOIIb-
KO (popMann30BaHHBIM METOJOM. DTOT METOJ OCHOBAH Ha, Ka3ajoch Obl, OYEBUAHOM M, TEM HE Me-
Hee, MaJl0 M3BECTHOM CBOMCTBE, MPHUCYIIEM MHOTMM aHaiuTUYeckKuM ¢yHKuusMm. [lo-Buaumomy,
HEJOCTaTOYHAsI U3BECTHOCTh STOTO CBOMCTBA OOBACHSAET TOT (DAKT, UTO JaXKe yKe HCIOIb3yEeMbIE B
¢u3uKe HHBApUAHTHI, (HOPMATBHO OTHOCAIIMECS K CVV-MHBAPHAHTAM, J0 CUX HOp HE WACHTU(HIIN-
pOBaHbI KaK caMOCTOSTENbHbIN Kinacc. CkiaablBaeTCsl BIEYATICHUE, YTO UHBAPUAHTHl OTHOCUTEIb-
HO M3MEHEHUs BEIMYMHBI HE3aBUCUMOU MepeMEeHHON (CVV-UHBApUAHThl) HE UACHTU(ULIUPOBAHBI U
B MaTeMaTHKe. B To jke BpeMsi, CyIIeCTBOBaHHE OOILEr0 METO/1a HaXOXKACHUS CVV-UHBAPUAHTOB T10-
3BOJISIET CPAaBHUTEIBHO IPOCTO IMPOBOJUTH MPOBEPKY MHOTMX MaTEMATUYECKUX BBIPA)KEHHUH Ha
IpeMET BBISBJICHUS HHBAPHAHTHBIX COOTHOIICHUH, COAEepKAIINX B ceOe Moye3HyI0 HH(POPMAIIHIO,
KaK JiJIsl MaTeMaTUKH, TaK U A7 QU3HUKH.

[TosTomy 1enp HacTOSIIIEH CTaThU COCTOMT B TOM, YTOOBI MPHU MOMOIIU YK€ MU3BECTHBIX U
BHOBB IOJIYYCHHBIX CVV-UHBAPUAHTOB HJICHTU(PUIIMPOBATH X KaK HOBBIN pealbHBINA KIacC HHBAPH-
AQHTOB, UMCIOIIMX OOIIMEe CBOWCTBA M OOMIMK METOJ| MOJYYECHHUsS HX; KPOME TOTO, HA KOHKPETHBIX
npuMepax MNpoAEMOHCTPUPOBATh JUANA30H M MOTEHLIMAIBHBIE BO3MOKHOCTU NPUMEHEHHS TaKHUX

HWHBAapHUaHTOB.
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CBOMCTBA CVV-UHBAPUAHTOB

B nHacrosimieit ctatbe 3a OCHOBY MOHATHUSI «MHBApHAHT» OBLIO MPHUHATO CIEAYyIOLIee Onpee-
nenue [4]: «IHBapuaHT 03Ha4YaeT HEU3MEHSIOIIEECs; STUM TEPMHUHOM Ha3bIBAIOT BCE TO, UTO, Oyay-
YH ONpeaeNEHHBIM 00pa30M CBSA3aHO C pacCMaTPUBAEMbIMU MaTEMaTHYECKUMU OOBEKTaMH, OCTAET-
Csl HEM3MEHHBIM IIPU HEKOTOPBIX UX MpeoOpa3zoBaHusX». B ciiydyae cvv-nHBapuaHTOB npeodpa3zoBa-
HUEM SIBJISICTCSI U3MEHEHHE BEJIMYMHBI HE3aBUCUMOMN MEPEMEHHOM, BXOsIIENH B paccMaTpuBaeMble
MaTeMaTHuecKue OOBEKTHI, W, CIENOBATENbHO, B CVV-WHBapHaHTHL. [locie Takoro ompeneneHus

CTAHOBUTCS OYEBUIHBIM, YTO JJIsi KAKJIOr0 KOHKpPETHOro 3Hadenus |, MJIM (1) sBaserca cvv-

MHBapUAHTOM.

B ocHoBe (hopMaIn30BaHHOTO METO/A MOTYyUYEHHS CVV-UHBAPUAHTOB JIEKHUT Majo U3BECTHOE
CBOMCTBO MHOT'MX AHAJUTHUECKUX (PYHKIMH OT OJHOM M TOHM e HE3aBUCHMOH NMEpEeMEHHOH. JTo
CBOMCTBO COCTOMT B TOM, UYTO (DYHKIMH, ONIpe/eIEHHBIE HA OOLIEM Ul HUX MHOXECTBE JOIYCTH-
MBIX 3HAYCHUH HE3aBUCHMOIl MEpEeMEHHOMN, CBsI3aHbl MEKAYy COOON COOTHOLIECHUSMHU (MHBapHaHTa-
MH), KOTOpPBIE OCTAIOTCS MOCTOSHHBIMU IO BEJTMYMHE IPU U3MEHEHUU BEJIMYMHBI HE3aBUCUMOM Ile-
PEMEHHOM.

YHUBEPCAIBHOCTh METOJA IMOJIyYEHHUS CVV-MHBAapPHAHTOB IO3BOJISET MCIONB30BaTh €r0 BO
BCeX 00JacTsIX (PU3MKH, B KOTOPBIX UMEIOT JIEJI0 C yKa3aHHBIMU Bblle (QyHKIMIMU. CBOMCTBA CVV-
MHBApUAHTOB U CYLIHOCTh METOJIa MOJYyUeHHs UX Hanbojee y00HO pacCMOTPETh Ha IpUMeEpe, B3sl-
ToM u3 cOopHUKa [5].

Tax, B 3amaue 8.2 [5, Tom 1] paccmaTpuBaercss MpsSIMOJMHENHOE JBUKEHUE MaTepuaibHON
toukn Bosb mytn X(t) ¢ mocrostHHBIM yckoperneM A u co ckopoctsio V., (t). IIpu atom Tpeby-

eTCst UCKITIOUUTh BpeMmst 1 u3 n1Byx QpyHKIMi

2
X(t) = % + Vol + Xp, () Vi (t) =at+v,, (b) (2)

¥ [I0Ka3aTh, 4TO B JI000M MOMEHT BpeMenH { BrImomHseTcs cneayromnee paBeHCTBO:
Y (1) =V +2a[X(t 3
Vi (1) = Vo + 28] X(1) = X . (3)
3neck Xy U Vy( - HAYaIbHBIC 3HAYECHUS ITyTH M CKOPOCTH, COOTBETCTBEHHO.

JIeMCTBUTENLHO, MOIHOE B3AMMHOE UCKIIOUEHUE SIBHO BBHIPAXEHHOMN mepemenHoit 1 u3 co-
OTHOIIEHUH (2) MPUBOAUT K paBeHCTBY (3), KOTOpOE CIIpaBeIuBO s o0oro Bpemenu { u mo-
3TOMY SIBISIETCS TOXK1€CTBOM. OJTHAKO BEJIMUMHBI JIEBOU U MPABOM YACTEH ITOTO TOKIECTBA 3aBUCAT

OT KOHKPETHOro 3HaueHus { .
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Ecmu unen 2aX(t), saBucsimmii ot 1, mepenectr w3 npaBoit yacTu paBeHctsa (3) B €ro Je-
BYIO 9aCTh, TO HOBOE PABEHCTBO
v2(t)—2ax(t) = v3, - 2ax, (4)
Takke Oyaer ToxaectBoM. OIHAKO, B CHIIy TOXKIECTBEHHOCTH PaBEHCTBA (4), B 3TOM clydae He
TOJIBKO IIpaBad 4aCThb 3TOr0 paBCHCTBA, HO U €TO JICBAA YaCTh YKC HC 3aBUCAT OT BCIIUYHUHBI t . Io-

sToMy i GyHKIUM (2) eBast 4acTh paBEeHCTBA (4), 1O OMpPEACIICHUIO, SIBIISETCS CVV-UHBAPUAHTOM

u 0003HaYaeTCs Kak
I, = v2(t)-2ax(t). (5)

IIpaBas yacTh paBeHCTBa (4) IpecTaBaseT coboil popmy u Benuuuny uapapuanta (5) npu t =10.

Uto0bl oTyIMYaTh TOXIAECTBA TUMA (4), Y KOTOPHIX BENIWYMHA KaXKAOW YaCTH PaBEHCTBA HE
3aBHCUT OT 3HAYCHHS HE3aBHCHMOW ITEPEMEHHOW, OT TOXKIECTB, MMEIOIINX TaKyl0 3aBUCHUMOCTD
(Hanpumep, ToxaecTBO (3)), MEpBBIC B AabHEWUIIEM OYyIyT UMEHOBATHCS MHBAPHAHTHBIMU (CVV-)
paBEHCTBaMH.

Takum 00pa3oM, MOMCK CVV-WHBapuUaHTa CBOAMTCS K IOJIyYEHHIO CVV-PaBEHCTBA, OJHA
9acTh KOTOPOTO MPEJICTABIISIET COOOH COOCTBEHHO CVV-WHBAPHUAHT, a Ipyrasi — €ro BEJIHYUHY, KOTO-
past HaXOUTCS ISl KaKOro-TMO0 (PUKCHPOBAHHOTO 3HAUEHUSI HE3aBUCUMON mepeMeHHOo. OObIYHO,
9TO 3HAYEHHE PABHO HYIIO, €CIU pacCMAaTPUBAEMbIe MCXOJAHbIE (YHKIMU B 3TOM HyJIe HE UMEIOT
0c0oOeHHOCTEH.

Cvv-uHBapuanT (5) BBIBEICH B pe3yJIbTaTe MOJHOTO MCKIIIOYSHHS SIBHO BBIPAKCHHOW He3a-
BUCUMOM niepeMeHHOoM. OaHako i GyHKIuH (2) CVV-HHBapUAHT MOKHO MOJYYUTh U MPU YaCTHU-

HOM HCKJIIOUEHHH JTOM nepeMeHHOu. JleficTBUTENBHO, ecii npy uckiarodeHnd { B Beipaskenunn (2a)

2
octaBuTh 0e3 U3MeHeHus, Hanpumep, wien at” /2, To paBeHCTBO, MONYYEHHOE MOCIE TOTO VIS

dyHKImi (2),
2 2
VoV, (t at V
x(t)—-2 () _at Xg —— (6)
2 a
TaKXKEC 6YI[6T CVV-paBeHCTBOM OTHOCUTCIIBbHO U3MCHCHUYA HepeMeHHOﬁ t , a4 €ro JeBasa 4acCTb
2
' VoV, (T at
I, = x(t)— -2 (O _ 7

2
OyZeT COOTBETCTBYIOIIUM CVV-UHBAPHAHTOM.
Taxum 0Opa3om, st OJJHUX M T€X Ke PYHKIUH (2) MOKHO MOyYUTh HECKOJIBKO Pa3ITHIHBIX

CVV-UHBAPUAHTHBIX PaB€HCTB U, COOTBETCTBECHHO, CVV-UHBAPUAHTOB. KpOMe TOr0, M”HBaPUaHTHOCTH
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CVV-PaBEHCTBA COXPAHUTCS, €CIIU K KaXJ10i ero 4actu npuOaBUTh BbIpaKEHUE, KOTOPOE HE 3aBUCUT
OT paccMaTpUBacMON MEPEMEHHOM, WM €CIH KaKIYI0 €ro 4acTb YMHOXHUTh Ha TaKO€ BBIPAKEHUE.
EcTecTBeHHO, UTO 3TH CBOWCTBA CVV-PABEHCTBA MEPEHOCSATCS U Ha CVV-UHBapUAaHT.

[Toy4yeHne cvv-mHBapUAHTHOTO BhIpaxXeHUs TUMa (4) win (5) sBisieTcs, XOTs U HeOOXOIH-
MBIM, HO TOJIbKO HayaJbHBIM IIaroM K MOJXy4YeHHIO HOBOM MH(opmanuu. Creayroluil mar, Kpome
3HaHHS OCHOB MaTE€MaTHKHU U3 BY30BCKOI'0 Kypca, TpeOyeT yKe CrielualbHbIX 3HAHUH B KOHKPETHOM
o0JacTu Mccle0BaHUN U OTNPeIeIEHHOTO YPOBHS HAYYHOU MHTYUIIMH, HEOOXOAUMBIX JJISl BBISBIIE-
HUS TI0JIb3bI U3 MOJIYUYEHHOI'O CVV-UHBAPUAHTHOTO BBIPAKEHUS.

Harnpumep, eciu 00e 4acTu paBeHCTBa (4) YMHOKHTH Ha MOCTOSIHHYIO Bemauay M/ 2 (M -

Macca MaTepHalIbHOM TOUKH), TO MOJIYYUTCS CVV-PABEHCTBO

2 2
mv, (t) max(t) = m\;x0 —max,. (8)

KOTOpPOE WHBAPMAHTHO OTHOCHMTENLHO M3MeHeHus Bpemenu (. W3 pasenctsa (8) ciemyer cvv-

WHBApUAHT
2
mv (t
I{¢ = % — max(t), ©)

KOTOPBIH YK€ UMEET ONpeaeEHHbIN (DU3NUECKUN CMBICI, COOTBETCTBYIOIIMN YaCTHOMY CITy4ar0
3aKOHA COXPAHEHUS MEXaHHUECKON YHEPTUH.

Kpome Bcero npouero, npuMmepsl noJiy4eHUs: MHBapUaHToB (5) u (9) nuiHuil pa3 noau€pKu-
BalOT, KaK Ba)XHO 3HATH O CYIISCTBOBAHWH CVV-HHBapUaHTOB. Ecii ObI Takoe 3HaHHME OBLIO, TO BMe-
CTO paBeHCTBA (3) MOKHO OBLTO OBl OXKHJATh TPEOOBAHUE MOTYUNUTh OOJiee MHPOPMATUBHOE, MHBA-
pHaHTHOE paBeHCTBO (4) uni (8).

Wrak, HeCKoIbKO (HOpPMATU30BAHHBIM METOJ] MOJYYEHHUsI CVV-UHBApUAHTAa CBOJUTCS K CIe-
nyromeMy. CHadana 3 aHATUTHIECKUX (DYHKIUH (TIOJTHOCTBIO MITH YaCTHYHO) B3aUMHO UCKITIOYAIOT
oOLIyI0 JUIsl HUX, SIBHO BBIPAXKEHHYIO HE3aBUCUMYIO nepeMeHHyto. [Ipu aToM mpenmnonaraercs, 4ro
TaKo€ UCKJIIOYEHHE JTOMYCTUMO. 3aTeM, BCE UJICHBI, 3aBUCSIIUE OT 3TOI epeMEHHOM, MePEeHOCSAT IO
OJIHy CTOPOHY HOBOT'O PaBEHCTBA, MOJYYEHHOTO TakuM 00pa3oM. MIMEHHO 3Ta CTOpOHA pPaBEHCTBA

IpeCTaBIsieT CO00M UCKOMBIN CVV-MHBApPHAHT.

JAPYT'UE INTPUMEPBHI CVV-UHBAPUAHTOB

ﬂI/IaHaSOH INPUMCEHCHUA U MMOTCHIUAJIBHBIC BO3MOXHOCTH CVV-UHBAPHAHTOB ITPOACMOHCTPH-

pyeM Ha JONOJIHUTEIBHOM pPsijie IPUMEPOB, B3SATHIX U3 PA3IUUHBIX 00nacTelt GU3MKU.
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Ipumep 1. B Teopun kosnedaHuii U B ONTHUKE MIUPOKO U3BECTHO TaK HA3bIBAEMOE YPaBHEHUE

sanunca [6, ¢-nma (1.24)]

2
B0, (Ey)"_, Ex(DE,(®)
CH az a18,

cos 8 = sin’ §, (10)

KOTOPOE IMOJIyYaeTCs MOCIIe B3aMMHOIO UCKITIOYEHHs IepeMenHoi (Bpemenn) 1 u3 nByx QpyHkimit
E,(t) =3, cos(ot+9,), E, (1) =a, cos(ot +5,). (11)
O1u QpyHKIMU OPEACTABIAIOT co00 X - U Y - KOMIIOHEHTHI BEKTOpa HaNPsKEHHOCTHU dJIEKTpHUYe-
ckoro nosisi E(t) mockoil snekTpoMarHuTHOM BONHBI, pacrpocTpaHsiomeiica Baons ocu Z . Ilpu
5TOM JIpyTHE, HE 3aBUCAMINE OT BpeMeHu { KoMIoHeHTs 0603HaYaroT: dy,d, - aMIUTUTY/IbI KOJIC-

Ganuii, ® - Kpyrosas yactota, 0 = &y — O, - pasHOCTb MexkAy pasamu Oy u O, .

Bripaxenune (10) momygaercst u3 pynknmii (11) myTém B3aUMHOTO MCKITIOYCHHUST OOIIEH T1e-
pemennoii 1. ITosTOMy OHO SBJISETCS TOXKIECTBOM OTHOCHTEBHO 3TOM MEpeMEHHOMN. Tak Kak Belu-
YHHBI IPABOi M, CJIE€I0BATENLHO, JIEBOU YacTel Beipakenus (10) He 3aBucaT ot Bpemenu t, 10 310

BBIPKEHHE SIBIISIETCS CVV-paBeHCTBOM. [1oaToMy seBast yacts (10)

2 2
1Y = Ex®Y 50 —Z—EX(t)Ey(t)cosES
a a, a1a,

(12)

IpeCTaBIsieT COOOW CVV-WHBAapHaHT, cBs3bIBaromnii pynkuuu (11) npyr ¢ apyrom. IIpaBast yactsb

paseHcTBa (10) cooTBeTcTBYET (hopMe M BemdynHe Toro uuBapuanta npu { =0

IIpumep 2. CootHomenus [6, ¢-ibl (7.20) u (7.21)]
2 2 2 2
I, =ng —ky =n" =Kk, (a) I2=n(pk(pcosx(p=nk,(b) (13)
UCIIONIb3yEMbIEe B ONTUKE METAJIOB, TAK)XKE OTHOCATCA K cvv-paBeHcTBaM. CornacHo [6] B (13a) u
(13b) npassie paBeHcTBa HasbBatoTcs hopmymamu Kerrenepa, a nessie (1 u |,) - onrraeckuvu

HHBapUaHTaMHU. OI[HaKO B COOTBCTCTBUU C IIPUHSATHIM B HacTosIeH pa60Te OIPCACIICHUECM, K co0-

CTBCHHO I/IHBapI/IaHTaM OTHOCATCA BI:Ipa)KeHI/ISI
1 2 2 2
I(P=n(p—kq,,(a) I(P=n(pk(p oS Y, - (b) (14)
PaBencTBa (13) BbIBeieHBI U3 ClIeAyIOINX (YHKIMHI, 3aBUCAIIMX OT yriia (P HaJeHHs CBETa

Ha INIOCKYIO0 MCTAJUTMYCCKYIO MTOBECPXHOCTD:



1 2 2 .2
N, =—4/N“"—K“+sin“p+A (15)
0 /—2\/ ¢TAR6

- TIoKa3artesb npeomieHus [6, ¢-na (7.9)],

1 .
k(p =ﬁ\/— n2+k2+s1n2(p+A(p (16)

- MOKa3arenb noroienus [6, ¢-na (7.11)],

\/nz—kz—sinch+A(P

COSY, = (17)
0 :
\/nz —k? +sin? P+A,
- KOCHHYC JIEHCTBUTENILHOTO YIiIa MPEIOMIIEHHS cBeTa B MeTainie [6, ¢-na (7.7)]. IIpu atom
Ay =+ (n* —K? —sin’ g)* +4n’k? , (18)

N u K - 3Hauenus Ny u kq) npu @ = 0 . ITIpu sTom pasencrsa (13a) u (13b) moyueHsl nocse B3a-
MMHOI'0 MCKIIOUeHHs epeMeHHoN (P u3 ¢pyHkumii (15), (16) u (15) - (17), cOOTBETCTBEHHO.
OcoBGEHHOCT paccMaTPHBACMbIX HHBAPHAHTOB COCTOUT B TOM, YTO CVV-HHBapuaHT |, cBs-

3bIBAaET MEXIy co00il 1Be QyHKIUU Ny u k(p, Torxa Kak cvv-uusapuant |, - Tpu dyHKImM Np>

Ko ¥ Xo-

Ipumep 3. OxazpIBaeTcsi, CPeau YK€ HU3BECTHBIX MHBAPUAHTOB OTHOCUTENIBHO TOTO WIIU
MHOTO NpeoO0pa3oBaHMsl KOOPAMWHAT CYLIECTBYIOT TakHhe, KOTOpPbIe OJHOBPEMEHHO SIBJISIOTCS CVV-
MHBApUAHTaAMH.

Tak, B cnenuanbHOM Teopuu otHocuTenbHOCTH (CTO) U3BECTHO paBEeHCTBO

2 2.2 2 2:42
X“=Cc“t” =x"—-ct"”, (19)
KaXJlasi 4aCTh KOTOPOTO MPEJCTaBIsACT COOOM YaCTHBIN Cily4yall KBaJpara 4YeThIPEXMEPHOTO MpPO-
CTPAaHCTBCHHO-BPEMCHHOI'O HHTCPBAJIa. 9T1oT HHTCEPBAJI ABJISICTCA MHBAPUAHTOM OTHOCHUTCIIBHO CIIC-

[IUAIBHOTO JIOpPEHII-TIpeoOpa3oBanus [7, ¢-mbl (5.39)]

(20)

B CTO Takoe Hp606p330BaHI/IC CIIpaBCAJIMBO B CJIydac, KOrjga oaHa, I€KapToBa, CUCTCMaA KO-
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opauHaT S' IBUKETCS OTHOCHUTENIBLHO APYTOH TaKOMH e CHCTEMBI S C IOCTOSHHOH CKOPOCTHIO V,
TIPY 5TOM OCH KOOpAMHAT cucTeM S' UM S mapannenbHbl MeXIy coOOif, a BEKTOp CKOPOCTH V TIa-
pamnenen ocsam OX' u OX .

Teneps nonoxum, uto B Gpopmyiax (20) koopaunara X u Bpemst U sBustrorcs QyHKIUSMU

ot ckopoctu V (npu atom X',1' He 3aBucsaT or ckopoctu V). Toraa, mocie MOJHOTO, B3aUMHOIO
UCKJTIOYCHHSI TIEpeMEHHON V U3 3THX (popMys HETPYAHO MOIYyUUTh PAaBEHCTBO, KOTOpOE OyeT Tou-
HO TakuM ke, Kak (19). Tak kak napametpsl X' u t' He 3aBucsar or V, To pasencrso (19), Oymyun
TOECTBOM, MHBAPUAHTHO OTHOCHTEIBHO H3MEHEHUS CKOPOCTH V, a €ro JieBasi 4acTh
|, = x?—c?t? 1)
IpeCTaBIsieT cO00M COOTBETCTBYIOIINN CVV-HHBAPHAHT, KOTOPBIA K TOMY € OJHOBPEMEHHO SIBJISI-
€TCsl ”HBAPHUAaHTOM OTHOCHUTEIHHO JIopeHII-TipeoOpa3oBanus (20). B paccmarpuBaemom ciyuae mpa-

Basi 4acTh cvv-paBeHcTBa (19) sBisercs popMoii u BenmmunHoii cvv-unsapuanta npu V=10
Jns pusuku onpenenéHHbI HHTEPEC MOTYT MPEJICTABIATh U TAKUE CVV-MHBAPHAHTBI, KOTO-

peie nony4aroTcst u3 popmyi (20) myTém BbIOOpa B KaueCTBE HE3aBUCUMOM NIEPEMEHHOM Ipyrux na-

paMeTpoB, BXOASIINX B 3T (OPMYIIBL.

IIpumep 4. Iloxaxem, 4TO B pacCMOTPEHHOM BbllIe crnenuaibHoM ciydae CTO cvv-
MHBAapHAHTHI CYLIECTBYIOT U JJISl 3JIEKTPOMArHUTHOTO 1oJist. [1pu 3TOM Hapsiny ¢ 1ByMsl H3BECTHBIMU
U HE 3aBUCUMBIMH JPYT OT Jpyra HHBapHaHTaMH, CYIIECTBYET HE 3aBUCUMBIM OT HUX TPETUI UHBa-
PHAHT.

Tak, B paccmatpuBaemomM ciryuae CTO ¢opmyiisl topeHI-1IpeoOpa3zoBaHus 3JIEKTPOMArHUT-

HOT'O TOJII UMEIOT CIICTYIOIINI BUI:

| E, +-H,
Ex=Ex. E,=——5— (b (22)
- 7151 AJIEKTpUUECKOoM yacTu noiid [8, ¢-na (24,5)],
' N EZ
Hy=Hy.(@ H, = , (b) (23)
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- . MarHUTHOM "actu nond [8, ¢-na (24,6)]. 3aech Ea, H o (00=X,Y,Z) - KOMIOHEHTHI BEKTO-
poB Hanpsokénnocteit snexrpudeckoro K u marnutnoro H noneit, cootsercreenno. Kpome Toro,
B o6mwem ciyyae CTO wist 4-tensopa snekrpomarautaoro nonst Fy [8, ¢-na (23,7)] ussectHsl 1Ba
uHBapuanTa [8, ¢-nbl (25,1), (25,2)] OTHOCUTENBHO JIOPEHII-IPE0Opa30BaHUs ITOTO MOJIS

H?-E? =inv, (24)

EH=inv, (25)
KOTOpBIE HE 3aBUCHUMBI JIPYT OT Jpyra.

Ecnu yuects cootHomenus (22a) u (23a), to ans cneunanbHoro ciaydas CTO uHBapuaHThI

(24) u (25) MOxHO TepenucaTh Kak

12

v 2 12 v 2
lemp =Hy+H; —Ej-E;=H, +H, -E, —-E, . (26)

y
lemz =E,H, +E,H, =E,H, +E,H,. 27)
Teneps MONOXKHUM, YTO HEIITPHXOBaHHbIC KommoHeHTsl £, u H,, Bxomsume B dpopmysr

(22) u (23), sBusrOTCS PyHKIMSAMH OT nepeMeHHOM 3 =V/C, Torma Kak mITPUXOBAHHBIE KOMIIO-

HEHTBI He 3aBUCAT OT [3 . UroObl nomyuuTs Tpetuii cvv-uaBapuadt | g3, Heo6x0muMo 13 dopmyn

(22) u (23) B3aMMHO UCKJTIOYMTH BHO BBHIPAKEHHYIO TIEPEMEHHYIO [3 .

Jnist aTOTO MIpUpaBHAEM APYT K APYTy 3HAMEHATENH, BXoasamue B popmyisl (22 b) u (23 c).

N3 mosy4yeHHOro paBeHCTBA HAIEM

E,H,-EH,
-y ey (28)
E,E,—H,H,
AmnanoruunsiM 06pasom u3 (22 ¢) u (23 b) nonyunm apyroe Boipaxenue st B
E,H,-E,H
= (29)
E,E,—H,H,

Teneps, mpupaBHIEeM IPYT K IPYyTry MpaBble YacTH BeipaxkeHui (28) u (29). B monyuennom
TaKUM 00pa30M PaBEHCTBE CllaraeMble CO IITPUXaMH U 0€3 HUX pa3HecEM M0 ero pa3Hble CTOPOHBI.
C yuérom paBeHcTBa (27) U3 HOBOTO COOTHOIIEHHUS CIEAYET CVV-PABEHCTBO, MHBAPUAHTHOE OTHO-

CUTENBHO U3MeHEHUs 3,

E,E,+H,H,=EE, +H H,. (30)
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[Tpu sTOoM neBast uacth paBencta (30)

lems = EyE, + H H, G1)
ABJIAETCS CVV-MHBAPHAHTOM OTHOCHTENBHO M3MeHeHus [3. HeTpyaHo mokasaTh, YTO BBIpaKeHHE
(31) stBsIeTCS TaK)KE€ MHBAPUAHTOM OTHOCHUTEIILHO JIOPEHI[-ipeoOpazoBanus (22), (23).

Y00l TOKA3aTh B3aHMHYIO He3aBHCUMOCTb HHBAPHAHTOB lomy, lema s lems» PaccmoTpum
KaK/IBIi M3 HEX Kak QYHKIMIO OT 4eThpéx Hesasncumbix nepemenneix Ey,E;,Hy,H, . Kpome
TOT0, BBEAEM €I1I€ OJIHY, BCIIOMOIaTelbHYI0 (YHKIHIO OT 3THUX K€ MEPEMEHHBIX

lems =Ey+E,+H,+H,. (32)
Torma, Gpyskuun lgyy - lgmg OyayT He 3aBucHMBI ApyT oT apyra [9, §42], eciu COOTBETCTBYIO-

IUHA UM IKOOHaH

3 =a(|em1’|em2’|em3’|em4) (33)
a(Ey9 Ez,Hy9HZ)

xots 6b1 B onHoit Touke (Ey, E,,Hy,H, )(O) , HE paBeH Hyo. B paccMarpuBaeMoM ciiydae

-2E, -2E, 2H, 2H,
J_|Hy HE, E |
E, E, H, H,

1 1 1 1

. (34)
~2(H2-H2+E2-EX(H,-H,+E,—E,)
- y z y z y z z y

U3 (34) cnenyer, uto axobuan J = (), ecnu umeeT MecTo XOTsS OBI OJIHO U3 COOTHOIIEHHUIA

Hi—Hz2=Ezz—E§, H,-H,=E,-E,. (35)

PasencTBa (35) He ABIAIOTCS ToXkAEcTBaMU. [109TOMY TOKIECTBEHHO He paBeH HyJIIO U sKoOuaH J .

CrnenosatensHo, uaapuaTsl gy - lom3 He 3aBuCHMSBI ipyT OT Apyra.

Hanmomuum, uro Tpetuit nuBapuant (31) nomyden ans cnenuansHoro ciaydas CTO. B To xe
Bpems, st obmero ciydas CTO mpunsito cuutarh [8], yto mHBapuaHThl (24) u (25) (cooTBeTCT-
BEHHO, (26) u (27)) sABAAIOTCS €IUHCTBEHHBIMU He3aBUCUMBIMU. [loapoOHOE 00CYKIeHHE TaKOTO
MPOTUBOPEUHS HE BXOIUT B MPEAMET PACCMOTPEHUS HACTOAIIEH CTaThbu U TPEOyEeT OTAEIBHOTO aHa-

Jr3a.
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IIpumep 5. MoxHO MOKa3aTh, 4TO 17151 GopMyIT ITpeoOpa3oBaHUsl JEKAPTOBBIX MPSIMOYTOJIb-

HBIX KoopauHart [4, ¢-nbl (1.1)]

X(0) = XcosO—ysinO+h, y(0) = Xsin0+ Y cos 0+ k (36)
TaKXkKe MOXKHO MOJYYHTh CVV-MHBAPHMAHT, HO y’K€ OTHOCHTEIBHO M3MeHeHHs yraa O mosopora
mnockoctd XY . 3nech pynkumamu yria O sensores crapeie koopaunatel X(0) u Y(0), Torna
KaK HOBBIE KOOPJMHATH X, Y M Beauuuusl ux nepenocos N, K ot storo yrma me 3asucar. Iocre

B3aMMHOTO HcKmoueHns 0 B popmynax (36), momydaercs cleayIoniee CVV-paBeHCTBO OTHOCUTENb-

HO M3MeHeHus yria 0 :

[x(8)—-hI* +[y(0) - kI* = X* +¥*. (37)
3n1ech eBast yacTb paBeHcTBa (37)
lg =[x(8)~hl* +[y(8) —KI* (38)

SBIISIETCS C OJIHOM CTOPOHBI CVV-HHBApPUAHTOM, a C APYToi - HHBApUAHTOM OTHOCUTENIBHO Mpeodpa-
3oBaHus koopauHat (36). [Ipu stom mpaBast yactb paBeHcTBa (37) mpexacraBiseT coboir Gopmy u

BenMunHy cvv-naBapuanTta (38) mpu 0 =10,

H[!I/IMQQ 6. I[JIH CIICHUAJIMCTOB-MCXAaHUKOB MOKET MPECACTABIIATE UHTCPEC CVV-UHBAPHUAHT,

MOJTy4aeMblid, HanpuMep, u3 cneayrommx Gopmyn [10]:

v (N =VVv+rie?, Wy (1) = W2 +12(e? + ). (39)

Ot q)OpMy'J'IBI OIMUCBIBAKOT BUHTOBOC ABMXKCHHUC, COCTOAIICC M3 HpHMOJ’IHHCﬁHOFO nocrymna-

TEJIBHOTO JABUKEHUS MaTEPUAIBHOW TOYKH CO CKOPOCTBHIO V M €€ BpalaTeIbHOrO JBHKEHHUS C yI-
JIOBOM CKOpOCThIO M. IIpu 3TOM BpamareapHOE ABMKEHUE MPOUCXOAUT BOKPYT OCH, KOTOpas Ia-
pajienbHa HAMPaBJICHUIO IOCTYATENbHOM CKOPOCTH M OT KOTOPOH ABMXKYIIASICSI TOYKA OTCTOUT Ha

paccrosanauu I .
3nece W=dv/dt, e=dw/dt. Ipu stom Vy,; (), Wy, (F) - pesynbTupyromme Benuu-
HBI CKOPOCTH ¥ YCKOPEHHS BHHTOBOT'O JIBH)KEHHUSI TOUKH, COOTBETCTBEHHO. [Tapamerpsr V, ®, W 1

€ He 3aBucAT OT I'. B3auMHO HMCKIIIOYas IBHO BBIPAKEHHYIO IEpEMEHHYI0 I' n3 QyHKImi V), ()

1 Wy, (I'), HETPyJHO TIOJIYUYHTB CIEAYIOIIEE CVV-PABEHCTBO OTHOCHTEIBHO IIEPEeMEHHOI [ :

wiy (N -vi (NE? +o) = w?e? -viE? + o). (40)



12

[To onpenenenuto, neBas yacth paBeHcTBa (40)

1, = w3 (Ne? =V (NE? + o) (41)

SABJIAETCS CVV-MHBAPMAHTOM, a TIpaBas - ero gopmoii u Besmuunoi npu I = 0.

INpumep 7. V3BecTHO, YTO aHU3OTPONHAsI OPATTOBCKAs MU(PPAKIHMI CBETa HA YJIbTPa3ByKe
(Y3) npoucxoaut Hanbosnee 3(p(HEeKTUBHO, KOT/Ia CBET MaJaeT Ha aHU30TPOIHYIO Cpeay MOJ YIiIoM
Bbporra [11, ¢-na (8)]

2 2
0g = arcsin 1 7”_0+M

, 42
2Ny | A Ao @
u nudparupyet nog yriaom [11, ¢-na (9)]
2 2
0'= arcsin L ;“_O_M (43)

2n; | A Ao

3mech ?\,0 - JUIMHA NaJaroled CBETOBOM BOJHBIL, My ¥ Ny - MOKa3aTenM NPENOMIICHHS CPEIbI

COOTBETCTBEHHO JUTS MAJAIONICH U AUPParupOBaHHON BOJTHBI.
I[lycte B GyHkumsax (42) u (43) He3aBUCMMOM TIepeMeHHOI sBnseTcs mmHa Y3-Bomasl A .
Torza, mocjie NOIHOro, B3aMMHOTIO UCKMoueHuss A 13 3TUX QyHKIMI, MOKXHO TONYYHTh TOXKIECT-

BEHHOE PaBEHCTBO

N, cos0'=n; cosOp, (44)
KOTOpOe OyJIeT cBs3bIBaTh MexTy coboii yrist Ogn 0'.

B pasenctse (44) Tonbko Ny He 3aBUCHUT OT IIEPEMEHHOM A . Tloatomy, pasaenus obe yacTu
(44) na cos O B » IOIYYHM CVV-PAaBEHCTBO

cos 0’
cosOp

JICBAJd 4aCThb KOTOpOFO
cos O’

Iy =n—— (46)
cosOp

s Gynkumit Og u 0' Gyner cvv-unBapuanTOM OTHOCHTENBHO TIEpeMenHOI A .
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IIpumep 8. PaccmoTpuM cvv-HMHBapHaHTHBIE CBOWCTBA JIBYX IEPECEKAIOIIMXCA HA IUIOCKO-

CTH TIPSIMBIX JIMHUI |1 " |2 , KOTOpBIE B ACKApTOBOU MPSAMOYTOJIBHOW CHCTEME KOOPAMHAT OIHUCHI-

BalOTCA CIIENYIONMMH (PYHKIUSAMHU OT IIepeMeHHON X :

[TapameTpsl
a; = tga,;, 8, = tga,,, by = y;(0), b, = y,(0), (48)

a TaKke Oy M 0L, (yruisl, Kotopsie suunn |y u |, cocrasnsror ¢ oceio X ) He 3aBucsr or X.

[Tocne B3aMMHOTO HMCKITIOYEHHUS SIBHO BBIpAXEHHOW mepeMeHHoW X w3 (yHknmid (47a) u
(47b) u mepeHoca Mo OJHY CTOPOHY OT 3HAKa PaBCHCTBA WICHOB, 3aBUCIIIHUX OT X, MOIyYacTcs
CVV-PaBEHCTBO

A, Y1 (X)—a;Y,(X) = a,b; —ab,, (49)
B KOTOPOM JIeBast YacTh SIBJSIETCS CVV-HHBAPUAHTOM

2 =2 Y1 (X) -2y, (X). (50)
Cwmpbicnt uaBapuanTa (50) BBISICHSETCS IpU MOMOLIM NpaBoOd 4acTu paBeHCTBa (49), koTopas mpen-
crapyisger co0oil Benuuuny 1 Gpopmy uaBapuanta (50) mpu X =0.

UssectHo [12, ¢-na (2.3-4)], uro npu 8, —a; # 0 BeIpaxenne

a,by —a;b,
=Y (51

a —

COOTBETCTBYET opauHare Y, Touky nepecedenns nmunnii |y u |,. Ilostomy npasas 1acts pasencrt-

Ba (49) paBHa
a,by —ayb, =(a, _al)YC_ (52)
I'eomerpuuecku npaBasi yacTb paBeHCTBa (52), cile0BaTeNbHO, U MpaBas 4YacTh PABEHCTBA
(49), COOTBETCTBYET BEJMUMHE OTPE3KA, PACTIOI0KEHHOTO HA OCH X MEK/Ly TOYKAMH MEPECCUEHHS

' |
3TOU OCH C MMpAMBIMHA JIMHUSAMU Il n |2 , KOTOPBIC ICPICHANKYJIAPHBI JINMHUAM Il n |2 , COOTBCTCT-

BeHHoO. [loacraBnss napametpsl (48) B (50), morydyaeM cvv-MHBapUaHT
I, = Y1(X)sina, cosay — Y, (X)cosa, sina, (53)

nonoOHelii nHBapuanty (1). Takoe momoOue MOATBEpXkAAaeT CHPABEIIMBOCTH MPHUBEACHHOTO BO

BBEJICHUU YTBEPKIECHUSI 00 OOMIHOCTH MPOUCXO0KaAeHUs nHBapuanToB (1) u (50).



14

Ecnu o6e gactu paBercrsa (49) pasgenuts Ha npoussenenue a;a, # 0, to nomyuurcs cvv-

PaBEHCTBO
Y1(X)_yZ(X)=b_1_b_z (54)
8y a, a 8
u3 KoToporo s pyHkuwmii (47) cneayet apyras ¢opMa CVv-HHBapUaHTa
v Yi(X) Y (X)

8y a)

IIpaBas uacTh paBeHcTBa (54) npencrapiser coboii Bua unBapuanta (55) npu X =0 u no
BEJIMYMHE COBIAJAET C JJIMHOM OTPE3Ka, KOTOPBIHA PACIONOKEH Ha ocH X MexkIy eé TOYKaMHM Ie-
peceuennus ¢ npsivbivu Juausivu 1y u 1,

Ecnu o6e yactu paBeHcTBa (49) pasmenuts Ha pasHOCTh A, —a; # 0, To (¢ yuérom (51))

1u1st GyHKIUH (47) TOIYIUTCS CVV-PAaBEHCTBO

3, Y1 (X)—a;¥,(X)
A -

=Y, (56)

KOTOPOE COJICPKUT €II€ OAUH CVV-UHBAPUAHT

Iinz _ a.2 yl(X)_al yZ(X) . (57)
’ a, —a,

CornacHo (56) BelMYMHA STOTO MHBAPMAHTA PABHA OPJMHATE Y, TOYKH NEPECEUYCHMS MPAMBIX JIH-
HUU |1 u |2.

Bripaxkenus (56) u (57) cripaBeTMBHI JUTsl MPOU3BOJIBHOM Maphl MPSAMBIX JTUHUN B IIOCKOM
Iy4YKe, UMEIomEM LEeHTp ¢ opauHatod Y. . Ilostomy Bce muBapmaHTHI (57), COOTBETCTBYIOLIME

OTHUM ITapaM, OKa3bIBaIOTCA PaBHBI IPYT APYTY.
CootHomenust (56) u (57) 11s TUIOCKOTO MMy4YKa MOTYT OBITh TTOJIYYSHBI TAKUM e 00pa3oM 1

B ClIy4ae, KOrJia JIMHUU B My4YKe 3a/1al0TCs ypaBHeHUsAMHU Tuna (cM. [12, pazaen 2. 2-1]):
Yi(X) =Y =a;(X=X¢), (58)
e Xg s Yo - KOOPAMHATEI TOUKHU NEPECEUEHHs, | - OPSIKOBBIA HOMED JIMHHH.

Crnenyetr HanmoMHUTb, YTO TIpH BeiBojie MJIU (1) HesIBHO MCHONB30BAIMCh UMEHHO MHBApU-

a"Tel (50) u (57). st THX QyHKIMH IEpeMEHHON BETMYMHOMN CITYKHUT OTPE30K

IIpumep 9. Teneps paccMOTpUM JBE (PyHKLIUU:
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Y1 (X) =sin X, Y, (X) =cos X. (59)
HerpynHo mokazats, 4To JUIst 3TUX (PYHKIMNA CVV-UHBApUAHTOM OyaeT
' 2 2
I =y (X)+Yy3(X), (60)

WJIM, 9YTO TO XK€,
"

" =sin® x+cos? X, (61)

\J "
IIOCKOJIBKY, Kak n3BecTHO, B 3ToM ciaydae | =1 =1. Jlna B3anmMHOro uckimodeHus nepeMeHHOM

X u3 pyHkuii (59) MOKHO UCTIONB30BaTh, HAIPUMEDP, XOPOILO U3BECTHYIO (hopMyity Ditnepa

e™ =cos X +isinX. (62)

SAKIIIOYEHUE

Cratps HanucaHa (GU3UKOM U, IIPEKIE BCEro, A (PU3HMKOB, HECMOTPS Ha TO, UTO 3TA CTAThs
MOCBsIIIeHA UACHTU(UKAIINE HOBOTO Kjlacca WHBAPHAHTOB, TO €CTh, Ka3ajaoch Obl, cyry0o MaTema-
THYECKOM HpO6JICMC. PaCCMOTpeHHbIC BBIIIC, TaK HA3BIBACMBIC, CVV-UHBAPHAHTLI OTIIMYAIOTCSA OT
OCTAJIBHBIX, IMPEKAC BCCTO, TEM, UTO X BCIIMYMUHBI IIOCTOAHHBI TP U3MCHCHUHN BCIIUMYMHBI HC3aBU-
cumoii nepeMenHo. Criennprka NPUMEHEHNs CVV-MHBApUAHTOB 3aKJIIOYAETCs B TOM, YTO CHayaia
U3 MaTeMaTudeckux QyHKIUI (YypaBHEHHI ), UIMEIOIINXCSI B KOHKPETHOM PAcMoOpsbKeHUH, (hopManb-
HO MOJIy4arOoT CVV-UHBAPUAHT. ITocne storo MMpOBOAAT €ro0 U3YUCHUC HA TPECAMET COOTBCTCTBHUA Ka-
KOMY-TTH00 ompenenHHOMY (PU3uIecKoMy sIBICHHI0. Heckombko (hopMambHBINA CIIOCOO MOTYICHUS
CVV-MHBapHUaHTOB MO3BOJISIET PACTIPOCTPAHUTh O0JIACTh WX MPUMEHEHUS MPAKTHYeCKH Ha BClo (u-

3UKY.
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Abstract

Invariants Relative to Change of Value of the Independent

Variable and their Role in the Physics.

V.1l. Smirnov

It is identified the new class of invariants which values are constant at change of value of
an independent variable. Their properties and a deriving method are shown on already known
and still unknown instances, concerning to various areas of physics. In particular, new invariants
for the straight lines intersected in one point on a plane have been discovered. The third is
besides, discovered (not dependent on two already known) an invariant of an electromagnetic
field for a special case of the special theory of relativity. The fact of such detection conflicts to

the modern representations about electromagnetic field invariants.
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Invariants Relative to Change of Value of the Independent Vari-

able and their Role in the Physics.

V. . Smirnov

Abstract

It is identified the new class of invariants which values are constant at change of value of an inde-
pendent variable. Their properties and a deriving method are shown on already known and still un-
known instances, concerning to various areas of physics. In particular, new invariants (50), (55) and
(57) for the straight lines intersected in one point on a plane have been discovered. Besides, the re-
quest for detection of the third (not dependent on two already known) an invariant (31) electromag-
netic fields for a special case of the special theory of relativity is made.

INTRODUCTION

In papers [1, 2] it has been shown, that parameters of a hollow focon (truncated cone) with a
linear generatrix and the meridional ray propagated in it are related among themselves by a type in-
variant relation [2, f-la (9)]:

I = (-1)! [Rj(X)sing;cosp+r;(Xx)cose;sinf]. (1)

In the Cartesian rectangular frame X, Y in which the axis X coincides with a focon axis,

the value | i does not depend on value X . Therefore the right part of expression (1) is termed by

meridional-ray invariant (MRI) and marked out as | j- Besides, in (1) following labels are intro-

duced.

]=0,1,2,3,..K+1 - areflection serial number in a focon.
K - number of reflections.

R i (X) - focon radius in a cross-section transiting through a point with an abscissa X . At the

same time this cut places between two other cross-sections, each of which transits through a point of

reflection with a serial number j and J +1, accordingly.
I (X) - ordinate of a cross point of a ray with a plane containing radius R j (x).
¢ j - angle between an axis X and the segment of a ray arranged between points of reflec-

tion with serial numbers j and j+1.
B - a conicity of a focon (an angle between a generatrix and axis of a focon).

Expression (1) is noted for a case when the rectilinear segment of a ray is between reflection
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points j and J+1.However in [1, 2] it has been shown, that the equality | ji= I j+1 occurs for all
J.
With use of MRI in [1 - 3] formulas for aperture angles, numbers of reflections and a beam

path length in a focon have been received. The virtue of these formulas consists that they are free

from the restrictions superimposed earlier on value of conicity [3 .

During further study MRI it was became clear, that at its deduction unknown before invari-
ants (50), (57), featuring properties of straight lines intersected on a plane implicitly were used.
Moreover, it has appeared, that these invariants together with MRI (1) and others, already known
invariants (for example, (12), (14), (21)), concern to the class of invariants, still not identified nei-
ther in the mathematics, nor in the physics. Invariants of this class differ from others, first of all, that
their values do not depend on value of an independent variable that is contained by these invariants.
For the purpose of simplification of a title and with the account of such independence, invariants
concerning to this class, will be named further conventionally by cvv-invariants (cvv-change of
value of a variable).

In addition, it was become clear, that many cvv-invariants could be obtained the common, a
little formalized method. This method is grounded on it would seem, obvious and, nevertheless, a
little known property, proper in many analytic functions. Apparently, insufficient popularity of this
property explains that fact, what even invariants already used in physics though formally concerning
to cvv-invariants, are not identified till now as a self-maintained class. There is an impression, that
invariants relative to change of value of an independent variable (cvv-invariants) are not identified
and in the mathematics. At the same time, existence of a common method of obtaining cvv-
invariants allows rather simply to do a test many mathematical expressions about detection of the
invariant relations comprising the helpful information, both for mathematics, and for physics.

Therefore the purpose of the present paper consists in that by means of already known and
again obtained cvv-invariants to identify them as a new real class of the invariants having common
properties and a common method of their deriving; besides, on concrete instances to show a gamut

and potential possibilities of application of such invariants.

PROPERTIES CVV-INVARIANTS

In the present paper for a basis of concept "invariant" following definition [4] was accepted:
«the invariant means not varying; as this term call all that, being definitely is related to considered

mathematical objects, remains invariable at their some transformations». In a case cvv-invariants
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transformation is change of value of an independent variable entering into considered mathematical
objects, and, hence, in cvv-invariants. After such definition becomes apparent, that for each concrete
value J, MRI (1) is cvv-invariant.

At the basis of the formalized method of deriving of cvv-invariants, a little known property
of many analytic functions from the same independent variable lays. This property consists that the
functions specified on common for them assemblage of a legitimate value of an independent vari-
able, are related among themselves by relations (invariants) which values remain constant at change
of value of an independent variable.

Universality of a method of deriving of cvv-invariants allows using it in all areas of physics
in which deal with the functions specified above. Properties of cvv-invariants and entity of a method
of their deriving are the most convenient for considering on an instance taken from the collector [5].

So, in a task 8.2 [5, volume 1] is considered rectilinear motion of a mass point along trajec-
tory X(t) with constant acceleration @ and with velocity V, (t). Thus, it is required to eliminate

time t from two functions

2
KO =T+t @ V() =at kv ©) o)

and to show, that at any moment { the following equality is fulfilled:
2 2

Vi (t) = V5o +2a[x(t) = Xo]. 3)
Here X and V,( - initial values of a trajectory and a velocity, accordingly.

Really, full cross elimination of explicitly expressed variable t of relations (2) leads to
equality (3) which is valid for any time { and consequently is identity. However, values of the left
and right parts of this identity depend on concrete value 1.

If term 2ax(t) depending from t to transfer from a right part of equality (3) to its left part,
new equality

vZ(t) - 2ax(t) = vZ, — 2ax, 4)
also will be identity. However, owing to identity of equality (4), in this case not only the right part
of this equality, but also its left part does not depend any more on value 1. Therefore for functions
(2) left part of equality (4) by definition is cvv-invariant and is marked out as

2
I, = vy (t) —2ax(t). (5)

The right part of equality (4) represents the shape and value of an invariant (5)at t =0.
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To distinguish identities of type (4) at which the value of each part of equality does not de-
pend on value of an independent variable, from the identities having such association (for example,
identity (3)), first will be named further invariant (cvv-)equalities.

Thus, cvv-invariant search is reduced to the cvv-equality deriving which one part represents
naturally a cvv-invariant, and another — its value, which is discovered for any fixed value of an in-
dependent variable. Usually, this value is equal to null if considered initial functions in this null
have no singularities.

CVV-invariant (5) is deduced because of the full elimination of explicitly expressed inde-
pendent variable. However for functions (2) cvv-invariant it is possible to obtain and at partial

elimination of this variable. Really, if at elimination t in expression (2a) to leave without change,
for example, term at2 /2, equality, obtained after that for functions (2),

BANOEE S y v

X(t (6)
(t) ;=X
also will be cvv-equality relative to change of variable 1, and its left part
: VoVy (1) at?
I, = x(t) =2 (1) _ (7)

2
will be a corresponding cvv-invariant.

Thus, for the same functions (2) it is possible to obtain some various cvv-invariant equalities
and, accordingly, cvv-invariants. Besides, invariance of cvv-equality will be maintained, if to its
each part to add the expression, which does not depend on a viewed variable, or if it is each part to
multiply by such expression. It is natural, that these properties of cvv-equality are transferred and on
a cvv-invariant.

Deriving of cvv-invariant expression of type (4) or (5) is, though also necessary, but only an
initial step to obtaining of the new information. The following step, except knowledge of bases of
mathematics from a high school course, demands already special knowledge in concrete area of ex-
aminations and certain level of the scientific intuition, necessary for detection of favor from the ob-
tained cvv-invariant expression.

For example, if both parts of equality (4) to multiply by constant M/ 2 (M -material point
mass) cvv-equality will be obtained

2

2
mv; (t) max(t) = m\;xo _ max,, (8)

which is invariant relative to change of time t . From equality (8) follows cvv-invariant



(= Y —max(t), 9)

which already has the certain physical sense corresponding to a special case of a conservation law of
a mechanical energy.

Among other things, instances of deriving of invariants (5) and (9) underline once again, as it
is important to know about existence of cvv-invariants. If such knowledge were instead of equality
(3), it would be possible to expect the demand to obtain more informative, invariant equality (4) or
(8).

Therefore, a little formalized method of deriving of a cvv-invariant is reduced to the follow-
ing. At first from analytic functions (in full or in part) mutually eliminate common for them, explic-
itly expressed independent variable. Thus it is supposed, that such elimination is admissible. Then,
all terms depending on this variable, transfer on one side of the new equality obtained thus. This side

of equality represents a required cvv-invariant.

OTHER INSTANCES OF CVV-INVARIANTS

Gamut of application and potential possibilities cvv-invariants we will show on an additional

series of the instances taken from various areas physics.

Instance 1. In a vibration theory and in optics the so-called equation of an ellipse [6, f-la
(1.24)] is widely known

(Ex(t)Jz +(Ey(t)j2 _,Ex(DE,(®
a

a, 187
which is obtained after cross elimination of a variable (time) t from two functions

E, (t) =a;, cos(wt+3,), E,(t) =a,cos(ot+6,). (11)

0S8 =sin’§, (10)

These functions represent X - and Y - components of a vector of electric field strength E(t) of the
flat electromagnetic wave spread along axis Z . Thus other not dependent on time t components
mark out: 8;,8, - vibration amplitudes, ® - circular frequency, 6 = 8; — 0, - a difference be-
tween phases 01 and 9.

Expression (10) is obtained from functions (11) by cross elimination of common variable 1.
Therefore, it is identity relative to this variable. As values right and, hence, left parts of expression

(10) do not depend on a time 1, this expression is cvv-equality. Therefore, left part of the (10)
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E, ), (E,®)  E.DE,®
1 o[ ExOF (20, EAUET s 12)
A a; Q1 a
represents cvv-invariant, linking functions (11) with each other. The right part of equality (10) cor-

responds to the shape and value of this invariantat t =0.

Instance 2. Relations [6, f-las (7.20) and (7.21)]
2 2 2 2
I, =ng =Ky =n“—K*, (a) I, =nyk, cosy, =nk, (b) (13)
used in optics of metals, also concern to cvv-equalities. According to [6] in (13a) and (13b) the right
equalities are termed as Ketteler’s formulas , and left (1, and 1,) - optical invariants. However ac-

cording to the definition accepted in the present paper, to properly invariants expressions concern
1_ .2 12 2
lo =Ng k(P,(a) lo = n(pk(p COS Y - (b) (14)
Equalities (13) are deduced from the following functions depending on angle @ of a falling

of light on a flat metal surface:

I T B R R
nq,_ﬁ\/n —k*+sin P+A, (15)

- index of refraction [6, f-1a (7.9)],

1 )
Ko =E\/—n2+k2+sm2(p+A(p (16)

- index of absorption [6, f-la (7.11)],

\/nz —k?=sin@+A,

CoSy, = (17)
¢ .
\/nz —k?+sin@+A,
- cosine of the real angle of a refraction of light in metal [6, f-1a (7.7)]. Thus
2 2 in2 2 21,2
A(pz\/(n -k —sin“@)°+4n°k~, (18)

N and K - values Ny and k<P at @ = 0. Thus, equalities (13a) and (13b) are obtained after cross
elimination of variable 0 from functions (15), (16) and (15) - (17), accordingly.
The singularity of considered invariants consists that cvv-invariant |, relates among them-

selves two functions Ne and k(p whereas cvv-invariant |, - three functions N> k(p and Xo-
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Instance 3. It appears, among already known invariants relative to this or that transformation
of co-ordinates exist such, which simultaneously are also cvv-invariants.

So, in the special theory of relativity (STR) the equality is known

w2 _c2t2 = X.z_czt.z’ (19)
which each part represents a special case of quadrate of a four-dimensional space-time interval. This
interval is an invariant relative to special lorentz-transformation [7, f-las (5.39)]

" V "
t'+—X
c 2

, t=_ ¢ (20)

In STR such transformation it is valid in a case when one, Cartesian, frame S' moves rela-
tive to other same system S with constant velocity V, thus axes of co-ordinates of systems S' and
S are parallel among themselves, and the vector of velocity V is parallel axes OX" and OX .

Now we will suppose, that in formulas (20) co-ordinate X and time t are functions from ve-
locity V (thus X',t" do not depend on a velocity V). Then, after the full cross elimination of vari-
able V, from these formulas it is easy to obtain equality, which will be precisely same, as (19). As

parameters X' and t" do not depend from V the equality (19), being identity, is invariant relative to
change of velocity V, and its left part

I, = x*—c?t? 1)
represents corresponding cvv-invariant which besides simultaneously is an invariant relative to lor-
entz-transformation (20). In a considered case, the right part of cvv-equality (19) is the shape and
value of cvv-invariantat V=0

For physics certain interest can represent and such cvv-invariants which are obtained from

formulas (20) by a select in the capacity of an independent variable of other parameters entering into

these formulas.

Instance 4. Let us show, that in the special case of STR considered above cvv-invariants ex-
ist and for an electromagnetic field. Thus, along with two known and not dependent from each other
invariants, there is a third invariant non-dependent on them.

Therefore, in a considered case of STR formulas of lorentz-transformation of an electromag-

netic field have the following appearance:



| E, +-H, E,— H,
Ex=Ex.( Ej=—L—.) E,=——C—(© (22)
1-Y 1-Y
2 ~ 2
C C
- for an electrical part of a field [8, f-la (24,5)],
T VA oV
' H, - E, H,+ E,
Hy=H, (@ H=—-%— () H,=—+%“"(9 (23)

C C

- for a magnetic part of a field [8, f-la (24,6)]. Here E,, H,, (o =X, Y,2) - components of vectors
of strengths electrical E and magnetic H fields, accordingly. Besides, in the general case of STR
for a 4-tensor of electromagnetic field F;, [8, f-la (23,7)] are known two invariants [8, f-las (25,1),
(25,2)] relative to lorentz-transformation of this field

H2-E2 =inv, (24)

EH=inv, (25)
which are not dependent from each other.

If to consider relations (22a) and (23a) for a special case of STR invariants (24) and (25) can

be rewritten as
2 2 2 2 ' 2 12 ' 2 12
lemp=Hy+H; -E{-E; =H, +H, -E, -E,, (26)
lemz =EyH, +E,H, =E,H, +E,H,. 27)

Now we will suppose, that not hatched components E_, and H,, entering into formulas

o
(22) and (23), are functions from variable f = V/C whereas the hatched components do not depend
from . To obtain the third cvv-invariant lgy,3, it is necessary from formulas (22) and (23) crossly

to eliminate explicitly expressed variable f3.

For this purpose, we will equate to each other the denominators entering into the formulas

(22 b) and (23 c¢). From the obtained equality we will discover
_EyH,-EH,
E y E vy~ H,H,

(28)

Similarly, from (22¢) and (23 b) we will obtain other expression for [3 :



E,H,-E,H,
E,E,~H/H,

(29)

Now, we will equate to each other right parts of expressions (28) and (29). In the equality
obtained thus addends with dashes and without them we will separate on its different sides. With the

account of equality (27) from a new relation the cvv-equality, invariant relative to change B fol-

lows,

E,E,+HH,=EE,+H H,. (30)
Thus the left part of equality (30)

Iem3=EyEz+Hsz (31)
is cvv-invariant relative to change . It is easy to show, that expression (31) is also an invariant

relative to lorentz-transformation (22), (23).

To show cross independence of invariants lgpq, lemos lems» We will consider each of
them as function from four independent variables Ey, E, H v H, . Besides, we will introduce one
more, auxiliary function from the same variables

lema=E,+E,+H,+H,. (32)
Then, functions lgpq - lgma Will be not dependent from each other [9, §42], if a Jacobian corre-

sponding to it

J za(lemb Iem2’ Iem3* Iem4) (33)
6(Ey,EZ,Hy,HZ)
at least in one point (Ey,EZ,Hy,HZ)(O),it is not equal to null. In a considered case
—2Ey —-2E, 2Hy 2H,
Jo Hy H, Ey E, _
E, Ey H, Hy
1 1 1 1

. (34)
—o(H2-HZ+E2-E2[H,-H,+E,-E,)

From (34) follows, that Jacobian J = O if one of relations occurs at least:
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2 2 2 2
HZ-H2=E?-E2, H,-H,=E, -E,. (35)
Equalities (35) are not identities. Therefore identically it is not equal to null and Jacobian J . Hence,
invariants g1 - lgy3 are not dependent from each other.

Let us remind that the third invariant (31) is obtained for a special case of STR. At the same
time, for a general case of STR it is considered to be [8], that invariants (24) and (25) (accordingly,
(26) and (27)) are single independent. Detailed arguing of an apparent inconsistency is not included

into a subject of reviewing of the present paper and consequently demands the separate analysis.

Instance 5. It is possible to show, that for formulas of transformation of the Cartesian rec-

tangular co-ordinates [4, f-las (1.1)]

X(0) = XcosO—ysin0+h, y(0) = Xsin®+ ycos0+k (36)
also the cvv-invariant, but already relative to change of angle 0 of rotational displacement of plane
XY can be obtained. Here functions of angle 0 are old co-ordinates X(0) and Y(0) whereas
new co-ordinates X, Y and values of their transpositions h, K from this angle do not depend. After

cross elimination O in formulas (36), the following cvv-equality relative to change of angle 0 is

obtained:

[x(8) —h]* +[y(6) —K]* = X* + . (37)
Here the left part of equality (37)

lo =[x(8) = h]* +[y(8) ~k]* (38)

is on the one hand cvv-invariant, and with another - an invariant relative to transformation of co-
ordinates (36). Thus, the right side of equality (37) represents the shape and value of a cvv-invariant

(38)at 0=0.

Instance 6. For specialists-mechanics can be of interest cvv-invariant, obtained, for example,

from following formulas [10]:

Vy (1) = Vv +re®, Wiy (1) = w2 + 1% (e + o). (39)

These formulas feature a helical motion consisting of a rectilinear translational motion of a mass
point with velocity V and its rotary motion with angular velocity ®. Thus, the rotary motion hap-
pens round an axis which is parallel to a direction of translational velocity and from which the mov-
ing point will defend apart I .

Here, W=dv/dt, e=dw/dt. Thus Vi (), Wy (1) - resultants a velocity and accelera-
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tion of a helical motion of a point, accordingly. Parameters V, ®, W and € do not depend from I .
Crossly excepting explicitly expressed variable I' from functions V), (r) and Wnm (r), it is easy to

obtain following cvv-equality relative to variable I :

wg, (No’ v (N(e® +0*) = wio? -vi(e? + o). (40)
By definition, the left part of equality (40)

I, =wg (Nw? -V (e +o?) @1

is cvv-invariant, and right - its shape and value at I = 0.

Instance 7. It is known, that the anisotropic Bragg diffraction of light on ultrasound (US)

happens most effectively when light impinges on an anisotropic medium under the Bragg’s angle

[11, f-la (8)]

2 2
eB = arcsin i ;\'_O+M , (42)
2ng | A Ao
and diffracts under an angle [11, f-1a (9)]
2 2
0'= arcsin i X_O_M (43)
2n | A Ao

Here A - length of an incident light wave, Ny and N, - refractive indexes of a medium accord-
ingly for an incident and diffracted wave.

Let in functions (42) and (43) independent variable is an US-wave length A . Then, after the
full, cross elimination of A from these functions, it is possible to obtain identical equality

n; cos0'=nycosOg, (44)
which will relate among themselves angles Og and 0'. In equality (44) only Ny does not depend
on a variable A . Therefore, having divided both parts of (44) on COSOg, we will obtain cvv-
equality

cos@'
! cosOp

Ny, (45)

which left part
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cos o'
' cos 0 B

for functions O and 0" will be a cvv-invariant relative to variable A .

Instance 8. We will consider cvv-invariant properties of two straight lines |; and |, inter-

sected on a plane, which in the Cartesian rectangular frame are featured by following functions from

variable X:

y1(X) =a;x+by (a), Y2(X) =ayX+b, (b). 47)
Parameters

a, =tgo,, a; =tga,, by =y,(0), b, = y,(0), (48)

and also ot and o, (the angles, which lines |; and |, make with axis X ) do not depend from X .

After cross elimination of explicitly expressed variable X of functions (47a) and (47b) and
transposition on one side from an equals sign of the terms depending from X, cvv-equality is ob-

tained

ayy1(X)—ayy,(X) =ayby —a;h,, (49)
in which the left part is cvv-invariant

I, =a,y1(X) =21 Yo (X). (50)
The sense of an invariant (50) is become clear by means of a right side of equality (49) which repre-

sents value and the shape of an invariant (50) at X =0.

It is known [12, f-la (2.3-4)], that at @, —a; # 0 expression

aby —ayb, _ Ve (51)
a—q
corresponds to ordinate Y, of a cross point of lines |; and |,. Therefore, the right side of equality
(49) is equal
aby —ayh, =(a; —ay)ye (52)
Geometrically the right part of equality (52), hence, and a right part of equality (49), corre-
sponds to value of the segment arranged on axis X between cross points of this axis with straight

lines |; and |, which are perpendicular to lines |; and |,, accordingly. Substituting parameters

(48) in (50), we obtain a cvv-invariant



13
I, =y (X)sina, cosay — y,(X)cosa,sina, (53)

similar to an invariant (1). Such similarity confirms validity of the statement reduced in introduction

about a generality of an origin of invariants (1) and (50).

If both parts of equality (49) to divide on product 8,8, # 0 cvv-equality will be obtained

00 ¥o0) by b,

(54)
& a a; @
from which for functions (47) other form cvv-invariant follows
© _Y1(X) _ ¥a(X)
I 1,2 = 1 - 2 . (55)

& a7
The right part of equality (54) represents form of an invariant (55) at X =0 and on value co-
incides with length of a segment which is arranged on axis X between its cross points with straight
lines |; and I,.
If both parts of equality (49) to divide on difference a, —a; # 0, (with the account (51))

for functions (47) cvv-equality will be obtained

a, Yp (X) —ay Yo (X) _
-

Ye (56)

which contains one more cvv-invariant

_ a,Yp (X) —ay Yo (X)
a—q '

I, (57)

According to (56) value of this invariant is equal to ordinate Y, of a cross point of straight lines |
and |2.

Expressions (56) and (57) are valid for any pair of straight lines in the flat bundle having
centre with ordinate Y, . Therefore all invariants (57), corresponding to these pairs, appear are equal

each other.

Expressions (56) and (57) for a flat bundle can be obtained in the same way and in a case

when lines in a bundle are set by the type equations (see [12, section 2. 2-1]):
Yi(X) = ye =8 (X—Xc), (58)
where X, Y, - cross point co-ordinates, I - a line serial number.

It is necessary to remind, that at deduction MRI (1) invariants (50) and (57) implicitly were



14

used.

Instance 9. Now we will consider two functions:
y1(X) =sinx, Yo (X) =CoS X. (59)

It is easy to show, that for these functions by a cvv-invariant will be

! 2 2
I =yr (x)+Y5(X), (60)
or, that the same,
" 2 2
I =sin“ X+cos” X, (61)
as, as is known, in this case | =1 = 1. For cross elimination of variable X from functions (59)

it is possible to use, for example, Euler's well-known formula

e™ =cosx+isinx. (62)

INFERENCE

The paper is written by the physicist and, first, for physicists in spite of the fact that this pa-
per is devoted identification of a new class of invariants, that is, it would seem, especially mathe-
matical problem. Considered above, so-called, cvv-invariants differ from remaining, first, that their
values are constant at change of value of an independent variable. Specificity of application of cvv-
invariants consists that at first from the mathematical functions (equations) which are available at
the concrete disposal, formally obtain a cvv-invariant. After that, spend its study about correspon-
dence to any certain physical appearance. A little formal mode of deriving of cvv-invariants allows

spreading area of their application practically to all physics.
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