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Abstract

Polyvector-valued gauge field theories in noncommutative Clifford spaces
are presented. The noncommutative star products are associative and
require the use of the Baker-Campbell-Hausdorff formula. Actions for p-
branes in noncommutative (Clifford) spaces and noncommutative phase
spaces are provided. An important relationship among the n-ary commu-
tators of noncommuting spacetime coordinates [Xl, D G , X" with the
poly-vector valued coordinates X *?*" in noncommutative Clifford spaces
is explicitly derived [X', X2, ...... , X" =n! X' The large N limit of
n-ary commutators of n hyper-matrices X, 4,....s,, leads to Eguchi-Schild
p-brane actions for p + 1 = n. Noncommutative Clifford-space gravity as
a poly-vector-valued gauge theory of twisted diffeomorphisms in Clifford-
spaces would require quantum Hopf algebraic deformations of Clifford
algebras.

1 Polyvector Gauge Field Theories in Noncom-
mutative Clifford Spaces

Clifford algebras are deeply related and essential tools in many aspects in
Physics. The Extended Relativity theory in Clifford-spaces ( C-spaces ) is a nat-
ural extension of the ordinary Relativity theory [3] whose generalized polyvector-
valued coordinates are Clifford-valued quantities which incorporate lines, areas,
volumes, hyper-volumes.... degrees of freedom associated with the collective
particle, string, membrane, p-brane,... dynamics of p-loops (closed p-branes) in
D-dimensional target spacetime backgrounds.



C-space Relativity naturally incorporates the ideas of an invariant length
(Planck scale), maximal acceleration, non-commuting coordinates, supersym-
metry, holography, higher derivative gravity with torsion and variable dimen-
sions/signatures. It permits to study the dynamics of all (closed) p-branes, for
different values of p, on a unified footing. It resolves the ordering ambiguities in
QFT, the problem of time in Cosmology and admits superluminal propagation
(tachyons) without violations of causality. The relativity of signatures of the
underlying spacetime results from taking different slices of C-space.

The conformal group in spacetime emerges as a natural subgroup of the
Clifford group and Relativity in C-spaces involves natural scale changes in the
sizes of physical objects without the introduction of forces nor Weyl’s gauge
field of dilations. A generalization of Maxwell theory of Electrodynamics of
point charges to a theory in C-spaces involves extended charges coupled to
antisymmetric tensor fields of arbitrary rank and where the analog of photons are
tensionless p-branes. The Extended Relativity Theory in Born-Clifford Phase
Spaces with a Lower and Upper Length Scales and the program behind a Clifford
Group Geometric Unification was advanced by [5].

Furthermore, there is no EPR paradox in Clifford spaces [6] and Clifford-
space tensorial-gauge fields generalizations of Yang-Mills theories and the Stan-
dard Model allows to predict the existence of new particles (bosons, fermions)
and tensor-gauge fields of higher-spins in the 10 TeV regime [2]. Clifford-spaces
can also be extended to Clifford-Superspaces by including both orthogonal and
symplectic Clifford algebras and generalizing the Clifford super-differential ex-
terior calculus in ordinary superspace to the full fledged Clifford-Superspace
outlined in [8]. Clifford-Superspace is far richer than ordinary superspace and
Clifford Supergravity involving polyvector-valued extensions of Poincare and
(Anti) de Sitter supergravity (antisymmetric tensorial charges of higher rank)
is a very relevant generalization of ordinary supergravity with applications in
M-theory.

It was recently shown [1] how an unification of Conformal Gravity and a
U(4) x U(4) Yang-Mills theory in four dimensions could be attained from a
Clifford Gauge Field Theory in C-spaces (Clifford spaces) based on the (com-
plex) Clifford Ci(4, C') algebra underlying a complexified four dimensional space-
time (8 real dimensions). Tensorial Generalized Yang-Mills in C-spaces (Clif-
ford spaces) based on poly-vector valued (anti-symmetric tensor fields) gauge
fields Ap(X) and field strengths Fsn(X) have been studied in [2], [3] where
X = X T'M is a C-space poly-vector valued coordinate
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In order to match dimensions in each term of (1.1) a length scale parameter must
be suitably introduced. In [3] we introduced the Planck scale as the expansion
parameter in (1.1). The scalar component s of the C-space poly-vector valued



coordinate X was interpreted by [4] as a Stuckelberg time-like parameter that
solves the problem of time in Cosmology in a very elegant fashion.

A Clifford gauge field theory in the C-space associated with the ordinary
4D spacetime requires Aps(X) = A4, (X) T'4 that is a poly-vector valued gauge
field where M represents the poly-vector index associated with the C-space,
and whose gauge group G is itself based on the Clifford algebra C1(3,1) of the
tangent space spanned by 16 generators I' 4. The expansion of the poly-vector
Clifford-algebra-valued gauge field Aﬁ, for fixed values of A, is of the form
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The index A spans the 16-dim Clifford algebra C1(3,1) of the tangent space
such as

AT, = & 4+ T, + BTy + P Tope + P Typeg. (1.3a)
AMTA = Ay + ALT, + AP Ty + AP Tape + AP Tapeq. (1.3b)

Aﬁy FA = 'A/,Ll/ + AZV I‘a + ‘AZZ Fab + AZI:/C Fabc + AZ?/Cd Fabcd' (130)

In order to match dimensions in each term of (1.2) another length scale
parameter must be suitably introduced. For example, since .A;?V , has dimensions
of (length)™® and A: has dimensions of (length)~! one needs to introduce
another length parameter in order to match dimensions. This length parameter
does not need to coincide with the Planck scale. The Clifford-algebra-valued
gauge field Aﬁ (z#)T' 4 in ordinary spacetime is naturally embedded into a far
richer object A%, (X)I"4 in C-spaces. The advantage of recurring to C-spaces
associated with the 4D spacetime manifold is that one can have a (complex)
Conformal Gravity, Maxwell and U(4) x U(4) Yang-Mills unification in a very
geometric fashion as provided by [1]

Field theories in Noncommutative spacetimes have been the subject of in-
tense investigation in recent years, see [12] and references therein. Star Product
deformations of Clifford Gauge Field Theories based on ordinary Noncommu-
tative spacetimes are straightforward generalizations of the work by [9]. The
wedge star product of two Clifford-valued one-forms is defined as

AN A= ((A « ADYTATp ) dat Nda¥ =

% (A2 s AD) [Da, Tg] + (AL #q AD) {T4, T} ) da* A da”. (1.4)

In the case when the coordinates don’t commute [z#, 2¥] = 0*¥ (constants), the
cosine (symmetric) star product is defined by [9]
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frsg = 5(Fxgtgxf) = g+ <;) 0" 0" (9 O f) (8 Drg) + O(6").
(1.5)

and the sine (anti-symmetric Moyal bracket) star product is

1 i
Frog = 3Gra-gen) = (5) 0 @0 @) +
N

(2> 0" 0" %P (9, 0, Ouf) (0, Ox Dsg) + O(6°). (1.6)

Notice that both commutators and anticommutators of the gammas appear in
the star deformed products in (1.4). The star product deformations of the gauge
field strengths in the case of the U(2,2) gauge group were given by [9] and the
expressions for the star product deformed action are very cumbersome .

In this letter we proceed with the construction of Polyvector-valued Gauge
Field Theories in noncommautative Clifford Spaces ( C-spaces ) which are polyvector-
valued extensions and generalizations of the ordinary noncommutative space-
times. We begin firstly by writing the commutators [I' 4, 'g]. For pg = odd one
has [11]

[’Yblbg ..... bp’ ,yalag ...... aq } 2/_}/;111;22qu _
2plq! lataz _as....aq) + 2plq! l[ai....as _as...aq]
2|(p _ 2)'((] _ 2)[ [b1b2 P)/bg ..... 29 4|(p _ 4)|(q _ 4)| [by....ba 7175 """" by Tt
(1.7)
for pg = even one has
ayas...... a (_1)?*12p!q! la a2a3....aq]
[7b1b2 ..... bp> ol 102 q ] — _ 1'(p_ 1)'(q_ 1)' [b11 ’Yb;b:.....bp] _
(_1)p—12p!q! [a1....a3 _a4....aq]
31(p — 3)!(q — 3)! [by....bs Tbs.....b] + (1.8)
The anti-commutators for pg = even are
{’Yble ---- bp’7a1a2 ..... ta } = 2 ;111Z2b5q B
2p!q! [araz _as....aq) + 2])!(]! [a1..as _as..ag]
2l(p — 2)!(q — 2)! "[brb2 Vos....b,] A(p— 4)1(q — 4)! “or-ba Togoiby]
(1.9)

and the anti-commutators for pg = odd are

aiasg...... aq } _ o (_1)p712p!q! 3 ,Yazag....aq]
1|(p_ 1)l(q_ 1)! [bl babs..... bp]
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a4....aq]
3(p — 3)(q — 3)! “[ba-s Voa...bg] T oo (1.10)
For instance,
T = = 20 T = Dbesy™) = =848, 0 (111)
T = [ybaby, 72%] = 2953300 — 36 012 ). (1.12)
ajazazas __ Lazas _ la azaszaq] la1aza a4
Tnibabaps . = [oabavaps, 7150 = = 32 6[b11 Vb;b:bj + 192 6[b11b22b33 be]‘
(1.13)
ete...

The second step is to write down the noncommutative algebra associated
with the noncommuting poly-vector-valued coordinates in D = 4 and which can
be obtained from the Clifford algebra (1.7-1.10) by performing the following
replacements (and relabeling indices)

,YM PN XM, 7#1#2 PN XU«lP«Z’ ....... 7#1#2 ~~~~~ Hno oy XHIR2:-fin (1.14)

When the spacetime metric components g,,,, are constant, from the replacements
(1.14) and the Clifford algebra (1.7-1.10) (after one relabels indices), one can
then construct the following noncommutative algebra among the poly-vector-
valued coordinates in D = 4, and obeying the Jacobi identities, given by the
relations

[XM’ X He2 ]* = XM 4 XHMH2 _ XH2 4 XM — 9 XHib2 (1.15)

In most of the remaining commutators a suitable length scale parameter must
be introduced in order to match units. We shall set this length scale (let us
say the Planck scale) to unity. Also, by choosing the C-space coordinates to
behave like anti-Hermitian operators we avoid the need to introduce ¢ factors in
the right hand side.

[Xrmie XV ] = 4 (g XM — gy X ), (1.16)
[ XHihehs XV = 9 XHikeHsy [ XHik2pspa XV = _Q ghV XHaMska 4
(1.17)
[X“llw, XV1V2 ]* — —89’“”1 Xuzuz + 8 gml/z XH2V1 +
8 ghav1t XHavz _ g ghevz xHavi (1.18)



[ Xpakana Xvive | = 12 gl Xkeravz 4o (1.19)

[X’Hlltzue,7 XVivavs ]* = — 36 GHi1H2 vz xHsVs L (1.20)
[Xllllt2/t3lt4, XViv2 ]* = —16 g/hm X H2m3pava (1_21)
[Xu1u2u3;t47 XVive ]* = —16 gHv1 XHeHstavz 4 6 glve XHakspavr
(1.22)

[X#1u2#3u4 X vivavs ]* = 48 GHiM2ps Viv2Vs Y Ha _ AQ (GH1K2MH4 V1V2Vs X H3
)

(1.23)

[XU’INZHBHAL’ X Vivavsla ]* = 192 GHik2ps vivavs Y Hava (1.24)
etc...... where

GHIH2e el VIV2 eV = glaVL gR2b2 gh'vm + signed permutations (1.25)

The metric components GH1H#2:-Hn Vi¥2---Un ipy (J_gpace can also be written
as a determinant of the n x n matrix G whose entries are gH"”’

1 - L s
det Gan = E €ivig....iin €j1j2....5n g#’lu-71 g'u’?y]? ....... gm"l’m. (1.26)

11,082, eyt C I = 1,2,.....,D and j1,J2,.cc.., Jn € J = 1,2, .....; D. One must
also include in the C-space metric GMY the (Clifford) scalar-scalar component
G (that could be related to the dilaton field) and the pseudo-scalar/pseudo-
scalar component GH1#2---HD Viv2---VD (that could be related to the axion field).

One must emphasize that when the spacetime metric components g, are
no longer constant, the noncommutative algebra among the poly-vector-valued
coordinates in D = 4, does not longer obey the Jacobi identities. For this reason
we restrict our construction to a flat spacetime background g, = 7.

The noncommutative conditions on the polyvector coordinates in condensed
notation can be written as

(1.27)
the structure constants fMN % are antisymmetric under the exchange of polyvec-
tor valued indices. An immediate consequence of the noncommutativity of co-
ordinates is



A~ ~ N 1 N
[ Xt Xre] = 2 Xt = AXFAXY > o < XM > = XM (1.28)

Hence, the bivector area coordinates X*¥ in C-space can be seen as a measure
of the noncommutative nature of the ”quantized” spacetime coordinates X,

The third step is to define the noncommutative star product of functions of
X. The following naive noncommutative star product is not associative

(Al * A2 )(Z) = 633])( % QMN 6XM ayN ) Al(X) AQ(Y)|X:y=Z =

< (L
>4 Q)" quavi gMeNa QMM (o AL (B, A2) o

(1.29)
where the ellipsis in (1.29) are the terms involving derivatives acting on QMY
and

Oty My....m, A1(Z) = Om, Opry oo Om,, A1(Z). (1.30a)

ON\Ny....N, A2(Z) = On, Ony oovoee On, A2(Z). (1.300)

Derivatives on Q™" appear in the ordinary Moyal star product when Q™" de-
pends on the phase space coordinates. For instance, the Moyal star product
when the symplectic structure Q™"(q, p) is not constant is given by

A x B= Aexp(?(lm"ﬁmﬁn> B =

A B+ih Q™ (9 A 0,B) + (m) Qmim Qmanz (92 A) (92, B) +

mi1mo ninz

)2
(zz) [lenl (anl Qm2n2) (aml 8m2A a’nzB - a7712"4 amlaﬂTB ) ]+O(h3) (131)

Due to the derivative terms 0,,€2"*™* the star product is associative up to
second order only [10] (f * g) x h = f % (g * h) + O(R®). Hence, due to the
derivatives terms acting on QMY (X) in (1.29), the star product will no longer
be associative beyond second order.

The correct noncommutative and associative star product [16] correspond-
ing to a Lie-algebraic structure for the noncommutative (C-space) coordinates
requires the use of the Baker-Campbell-Hausdorff formula

: —([A,[A,B]] - [B,[A,B]] ) + .o

exp(A) exp(B) = exp ( A+ B+ - [A B] + B
(1.32a)

and is given by



( A1 * A2 )(X) = 6.’L‘p< % X]V[AM[ 7 ay; 7 62 } ) Al(Y) AQ(Z)lX:yzz.

(1.32b)
where the expression for the bilinear differential polynomial Aj[idy;i0z] in
eq-(1.32b) can be read from the Baker-Campbell-Hausdorff formula
lKMXM ei PNXN _ ei XM( Ky + Py + % AM[K,P} ) (1320)

€

and is given in terms of the structure constants [XV, X¥] = fﬁQX M after

setting Ky =1 Oy~, Pg =1 0zq, by the following expression

2
. i
AM[K,P} = 1 Ky PQ f]\]\;Q + 6 KN1 PQl (]DN2 — KN2) févl@l fﬁ[Nz +
i3
24
When the star product is associative and noncommutative, with the fields
and their derivatives vanishing fast enough at infinity, one has

(Pn, Kq, + K, Pg,) Kn, Pg, f§*9 f2N f29 4+ ... (1.32d)

/A *x B = /AB + total derivative = / A B. (1.33a)

/A*B*C = /A(B*C)—i—totalderivative = /A(B*C’) =

/ (BxC)A = / (B * C) * A + total derivative = / B «C x A (1.33b)

therefore, when the star product is associative and the fields and their derivatives
vanishing fast enough at infinity (or there are no boundaries) one has

/A*B*C:/B*C*A:/C*A*B. (1.33¢)

The relations (1.33) are essential in order to construct invariant actions under
star gauge transformations.

The C-space differential form associated with the polyvector-valued Clifford
gauge field is

A = Ay dXM = ®do + A, da" + A, do" 4+ +

Apir gy dhtizid (1.34a)

where @ = 4 Ty, A, = Af} Fa, Ay = Aﬁy | AP The C-space differential
form associated with the polyvector-valued field-strength is

F = Fyn dX™ A dXN = Fy,do A da* + Fypyu, do A dzth2 4 L



Fo vivg.ivg do Ndx? P2V 4 By da? A dx” + Flu oy v, dofH2 A2 4

b Fpiapiseogia s avmeoaa_y QU A e st (134D)

The field strength is antisymmetric under the exchange of poly-vector indices
Fyn = —Fna. For this reason one has Fyp = 0 and Fio. 412
Finally, given the noncommutative conditions on the poly-vector coordinates
(1.27), the components of the Clifford-algebra valued field strength F$;\T¢ in
Noncommutative C-spaces are

Fiun = F[%N] e = (0m .A% — On A]\C/f YTo +

(Afye AR~ AR Al ) (T, T } + 5 (Afys AR + AR Ay ) [T, T
(1.35)
The commutators [ I'4, I'p | and anti-commutators { I'4, I'p } in eqgs-(35),
where A, B are polyvector-valued indices, can be read from the relations in eqs-
(1.7-1.10) . Notice that both the standard commutators and anticommutators
of the gammas appear in the terms containing the star deformed products of
(1.35) and which define the Clifford-algebra valued field strength in noncom-
mutative C-spaces; i.e. if the products of fields were to commute one would
have had only the Lie algebra commutator AﬁAé [[4, T ] pieces without the
anti-commutator {I'4,I'g} contributions in the r.h.s of eq-(1.35).

We should remark that one is not deforming the Clifford algebra involving
[Ta, 'p]and { T4, I'p } in eq-(1.35) but it is the "point” product algebra
A%+ AB of the fields which is being deformed. (Quantum) g-Clifford algebras
have been studied by [13]. The symmetrized star product is

DN | =

1
Anp xa AR = 5 (AN # AR + AR < ARy = Ay AY +
XM X5 (0, 0, Adp) (8, Ox AX) + (1.36a)
the antisymmetrized (Moyal bracket) star product is

1
AL v, AR = 3 (A}?/[ * AR — A% *A}ej) = X" (9, Anp) (8, AR) +

XM XN X (D, O O AYy) (8, Ox 05 AR) + i (1.36b)

It is important to emphasize, as it is customary in Moyal star products, that
the poly-vector coordinates appearing in the r.h.s of eqs-(35-36) are treated
as c-numbers (as if they were commuting) while it is the product of functions
appearing in the L.h.s of (1.35-1.36) which are noncommutative.

Star products in noncommutative C-space lead to many more terms in
eqs-(1.35-1.36) than in ordinary noncommutative spaces. For example, there
are derivatives terms involving polyvectors which do not appear in ordinary
noncommutative spaces, like



0AL,  0AB

—4 g Xhev SXir JXve £ (1.37a)
2 (ghv XM — gy Xhe )8(;“1%2 g“;‘ﬁ (1.37b)
Xrnanav % ‘%‘%. (1.37¢)

DAL 0AD

96 GH1M2M3 vivavs X pava

BX Arioais §Xvvavavs’ etc ...... (1.37d)
There is a subalgebra of the noncommutative polyvector-valued coordinates
algebra (1.27) involving only X* and the bivector coordinates X*” when the
spacetime metric components g,,,, are constant. However, because [X#1#2, XV] %
0 one must not confuse the algebra in this case with the ordinary ©-noncommutative
algebra [X#1, X#2] = QM2 where the components of ©#1#2 are comprised of
constants such that [©@#1#2 XV = 0.

The analog of a Yang-Mills action in C-spaces when the background C-space
flat metric GMY is X-independent is given by

S = / [DX] < FynTa = Fio T > GMP GNO. (1.38)

where < I'y I'p > denotes the Clifford-scalar part of the Clifford geometric
product of two generators. As mentioned in the introduction suitable powers
of a length scale must be included in the expansion of the terms inside the
integrand in order to have consistent dimensions (the action is dimensionless).
The action (1.38) becomes

/ [DX] ( Fyn * FMN 4 B8 « EMN 4

Fud « FMN + + Fpeat s FMY ). (1.39)

aijaz

the measure in C-space is given by
DX = ds [[da* [] dat#= []datr#2#e ..... daop2-ta. (1.40a)

The Clifford-valued gauge field Ay, transforms under star gauge transforma-
tions according to Ay, = U« Ay x U, + Ut %9y U, . The field strength F
transforms covariantly F},, = U % Fpyn +U, such that the action (1.39) is star
gauge invariant. U, = exp.(£(X)) = exp.(£4(X)T4) is defined via a star power
series expansion U, = >, L (£(X))? where (£(X))? = £(X) % &(X) *.... % £(X).
The integral [ F « F = [F F + total derivatives. If the fields vanish fast
enough at infinity and/or there are no boundaries, the contribution of the total

derivative terms are zero.
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When the star product is truly associative one has star gauge invariance of
the action (1.39) under infinitesimal §F' = [F, ], transformations

655:2/ < Fx[F, & > :2/ <F*F*§>—2/ < F*ExF >

(400)
If the star product is associative due to the relations in eqs-(33) one can show
that eq-(1.40b) becomes ( up to a trivial factor of 2 )

/FA*FB*gC < TalgTle > f/FA*gc*FB < Talelp > =

/FB*fc*FA < Tplely > —/FA*gc*FB < TaTelp > =0

(1.40¢)
so one arrives at the zero result in (1.40c), assuring 45 = 0, after using the
cyclic property of the scalar part of the geometric product

< TsuT'pTe > = < TIglgTa > = < Te¢laT'g > (1.40d)

and relabeling the indices B < A in the third term of (1.40c).

To finalize this section we will write the star product deformations of a scalar
field theory ® = ®(X*) which depends on the poly-vector coordinates X4 . A
typical Lagrangian is of the form

m2 n

%(aMcp) « (0M1®) — T B(X) * (X)) - % B(X) # D(X) # .ok D(X). (1.41)

and leads to the equations of motion

n

Pe(X)
ax?

g
(n—1)!

- m? ®(X) - P(X)*P(X)* ... s P(X) =0. (1.42)

Having provided the basic ideas and results behind polyvector gauge field
theories in Noncommutative Clifford spaces, the construction of Noncommuta-
tive Clifford-space gravity as polyvector valued gauge theories of twisted diffeo-
morphisms in C-spaces will be the subject of future investigations. It would
require quantum Hopf algebraic deformations of Clifford algebras [13]. Such
theory is far richer than gravity in Noncommutative spacetimes [17].

2 Noncommutative p-branes

The Dirac-Nambu-Goto p-brane action is

11



S =1 [ o) Vet Gl = 1 [ (@7V10]fldet (G (0,X0) @0 X))

(2.1)
where T is the p-brane tension. When the target spacetime background is flat,
Guv = N , the determinant can be rewritten in terms of Nambu Poisson

Brackets ( NPB ) as

det (Gab) = { Xll«l’XlJ&’ ..... ’XMerl } { XMI,XW", ..... 7)(VHPJFI}NPB. (22)

However, when the target spacetime background is curved, G, = G, (X*(0))
, the determinant is

(XM X X Y XY X2 XY Gl GG

Hp+1Vp41°
(2.3)
and one cannot naively pull the metric factors G, inside the brackets and
perform the index contractions inside the brackets.
The simplest way to construct Noncommutative brane actions is to use star
products. A star-product deformation of the Nambu-Poisson Brackets can be
defined when p+ 1 = d = 2n = even as follows [20]

{ Xty Xpigs ooy Xy oy b =
{ X X b % { Xpgs Xpia Jo % et { X X b e (2.4)

where the ellipsis denotes signed permutations; i.e. the star-product deforma-
tions of the Nambu-Poisson-Brackets can be decomposed as a suitable anti-
symmetrized sum of the star products of the Moyal brackets among pairs of
variables. For instance

{A,B,C,D}, = {A,B}, «{C,D}, +{C, D}, « {A, B}, + {C, A}, = {B, D}, +

(B,D}, * {C,A}. + {D,A}, = {C,B}. + {C,B}, * {D,A}, (2.5)

Each term in (2.5) splits into 4 terms giving a total of 4 x 6 = 24 = 4! terms
out of which 12 have a positive sign and 12 have a negative sign. The Moyal
brackets

(XP, X2}, = XM oy XMz X2 oy XH (2.6)

are defined in terms of the noncommutative and associative star product

(XH % X1 ) (o) = exp( % UAAA[ i Opr; 0 Opr ] > XM (") X1 (0" |gr=grr=0-
(2.7)

12



where the expression for the bilinear differential polynomial A[id,;i0,] in
eq-(2.7) is

-2
. 1
AA[kap] =1 kB bc ffc + E kBl pbc, (sz _kB2) fDBlC1 f,?Bz +

3
i Bi1C1 §D1B: D3C:
ﬂ (pB2 kCz + sz pCQ) kBl kcl fD11 ! fD21 : fAz S S (28)
and is given in terms of the structure constants [07,0¢] = f{ 04, after setting
kp =1 Opr, pc = i Oyne. The target Clifford-space background poly-vector
coordinates XM (54) are functions of the poly-vector valued coordinates corre-

sponding to the poly-vector valued world manifold

o Ya = 01 4+ 0%y, + 0" o AYay F oo + 0T Y AvYay e AYVay-
(2.9)
The commutators [07,0°] = 8904 are defined in the same manner as the
noncommutative poly-vector coordinates algebra (1.15-1.24)
[0%, 0% ], = 0™ % 0% — g% x g™ = 2079, (2.10a)
[O_ala2, O_b ]* — 0_(11(12 * o,b _ O_b * o_a1a2 _
4 ( g®2b o — gub g9z ) ) (2.100)
ajazasz b — ajazas b _ b ajazas — (11(12(13[)
[o , 00 ]« o *x O o’ * o 20 . (2.10¢)
aj1a2a3aq b — aja2a3aq b _ b a1a2a3a4 — alb a2a3a4
[o , 0 s o x 0 —0 %0 8¢ o ==
(2.10d)
etc.....

When p + 1 = odd, attempts have been made to introduce quantum defor-
mations based on the Zariski star product deformations of the Nambu Poisson
Brackets (NPB), but unfortunately these deformed brackets failed to obey all
the required algebraic properties of a (quantum) bracket [20]. Therefore, to our
knowledge, only when p+1 = 2n is even one can perform a suitable star product
deformations of the Nambu-Poisson Brackets (NPB).

Therefore, we construct the star deformed brane action in C-spaces by using
the star products and brackets in the special case when 2¢ = 2n = even and
the target spacetime is flat . Secondly, one replaces the spacetime vector X*
for the target C-space poly-vector coordinates X™ which are functions of o4

XM(04) = (s(oh), 2t (04), 212 (), ..., ghrkziD (gAY ). (2.11)

Finally, the star deformed brane action in C-spaces when D > d is

(2.12)
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where the 2%-dimensional Clifford-valued world-manifold measure is defined as

[D2da] = do Hdaa r[da‘“a2 ...... do 124, (2.13)

If one scales the poly-vector coordinates X™ and o4 by suitable powers of a
length scale (Planck scale for example) to render all the coordinates dimension-
less, the star deformed brackets { Xar,, Xasy, -, Xar,, J+ will be dimensionless
and so will the tension parameter be dimensionless as well. In the ordinary
p-brane action, the dimensions of the p-brane tension is that of (mass)?™t. In-
stead of having a Clifford space of dimension 2P as a target background one
could have an ordinary spacetime with vector coordinates X* (o) only, such
that u=1,2,...,D and D > 2¢. However, it is more general to have a Clifford
space of dimension 2P as a target background for the poly-vector valued world
manifold : XM (a4).

3 N-ary Algebras and Clifford Spaces

Ternary algebras have recently resurfaced with great intensity in the study of
M2-brane duality where M theory on AdSs x S7 is dual to a superconformal
field theory in three dimensions, with the supergroup OSp(8]4), after Bagger-
Lambert-Gustavsson (BLG) [22] constructed a Chern-Simons gauge theory in
three dimensions with maximal supersymmety N = 8. However, their construc-
tion only works for the SO(4) gauge group and it does not provide the desired
dual to M-theory on AdS; x S” [23]. The authors [24] later have shown that
the dual gauge theory is actually an N' = 6 superconformal Chern-Simons the-
ory in three-dimensions and is associated to M-theory on AdS, x S7/Z, with
N units of flux. The M5-brane duality is based on M theory on AdS; x S*
being dual to a six dimensional superconformal field theory whose super group
is OSp(6,2]|4). Recently it was shown by [25] how the M5 brane can be ob-
tained from a mass deformed BLG theory which is realized by a Nambu bracket
and such that a maximally supersymmetric Lagrangian for the fluctuation fields
exists corresponding to a single M5 brane on R2 x S3.

N-ary algebras have been known for some time [20] since Nambu introduced
his bracket (a Jacobian) in the study of branes and the generalizations of Hamil-
tonian mechanics based on Poisson brackets. In this section we shall show how
poly-vector valued coordinates admit a very natural interpretation in terms of
n—ary commutators.

The ternary commutator for noncommuting coordinates is defined as

[Xl,XZ,XB] — Xl [XQ,XS] + X2 [X?)’Xl] + X3 [Xl,XQ] —

1
B [ X', [X?,X%]] + cyclic permutations  (3.1)

1
5 {le [X2’X3] } +
Due to the Jacobi identities, the terms
1

5 [ XY [X%, X3 ] + cyclic permutations = 0. (3.2)

14



so that the ternary commutators become
1
(X!, X2 X3 = 5 { XY [X%, X3} + cyclic permutations. (3.3)

After using the relations, from eqs-(1.15-1.25),

(X%, X% = 2X% {X' X®} = 2Xx'5 (3.4)
one gets finally
(X1, X2 X3] = 2 X' 4 cyclic permutations = 6 X'23. (3.5)
since X123 = X231 = X312 = X132 — |

The 4-ary commutator is defined as
[Xl,X27X3,X4] — Xl [X27X3,X4} _ X2 [XB,X47X1] +
X3 x4 XN X% - XX X2 X =
1 1
3 { XY (X2, X3 XY} + 3 [ XY (X2 X3 XY ] — =

3{XY XY 4 3[ XY XBY] — =
6 X1 4+ 18 (g% X7 + ¢ X 4 M XP) — L = 24 X' (3.6)

due to the cancellations
(912 X3 4 13 x12 4 g1 X23) _ (g23 XA g2 X1y g2 X34) n
(g34 X124 g3l x4 32 x4 ) — (941 X2 4 g12 X314 o3 X12) — 0. (3.7)

resulting from the conditions X*¥ = —X"¥, g*” = ¢"* after recurring to the
(anti) commutators

(X1, X234 = 2 X124 [x1 X4} = g (g12 X3 1 18 x42 4 gl4 x3),

(3.8)
and the conditions X 1234 = — X234l — x3412 — _ X423 For example, given a
Noncommutative Clifford space in D = 4, one arrives at

[Xl,X2] = 92 X12, [Xl,X2,X3] - 6 X123, [Xl,X2,X37X4] = 924 X1234.

(3.9)

where X!, X2, X3 X* is a shorthand notation for X#1, X#2 X#s XH4 There-

fore, one finds that the poly-vector coordinates X#1#2 XHit2ks X H1K2H3H4 can

be seen, respectively, as the binary, ternary and 4-ary commutators of the non-

commuting vector coordinates X*. In the general case, using the noncommu-
tative algebra of eqs-(1.15-1.25) in Clifford spaces one arrives by recursion at

[ XY X2 . , X" ] = pl X1Been (3.10)



This n-ary commutator interpretation of the poly-vector valued coordinates of
a noncommutative Clifford space warrants further investigation.

At this stage it is important to emphasize that the Noncommutative Clifford-
valued poly-vector coordinates algebra given by eqs-(1.15-1.25) does not satisty
the Nambu-Filipov conditions which can be written as

D[Xl,X2] [Yl, Y2, Y3] = [X17 X2a [Y17 Y2? Y3]] =

[[XL X257, Y2, v3 )+ (v (XL X273, v3 )+ [vh v? (XL X2 Y9

[ XY X2 . XL Yl YR L, Y™ = (41
[[XY X2 .. XL Y VR , Y]+
[Yh [ XY X2 JXTH Y YR YU +
[Yh Y2 . I A 1D G G S XTH vt (3.11b)

For n-ary brackets, Nambu showed that the Jacobian (the classical Nambu-
Poison bracket)
(X1 X% ... , X"} = etzein g X1 9, X2 0;, X" (3.12)

satisfies the Nambu-Filippov special conditions, [18], [20]. It is not difficult to
see that

[ X', X2, (X%, X% X°]) #
[[XY X2 X3, X4 X5+ [ X3 [XY X2 X4, X5+ X3, x4, (X' X% X))

(3.13)
The main reason being that the ternary commutator
(X', X2 X% = 6 X' £ 3 1% X (3.14)
Naturally, the Jacobi identity is satisfied
[ X5 IX% X)) = [, X7, X0+ (X7 X X)) (315)

n-ary algebras are relevant to the large N limit of covariant Matrix Models
based on generalized n-th power matrices (hyper-matrices) [21] X;,4,..... 4, , that
are extensions of square, cubic, quartic, .... matrices (hyper-matrices). These
Matrix models bear a relationship to Eguchi-Schild p-brane actions for p+1 = n.
The range of indices is 41,42, ...,in, C I = 1,2,.....N. The n-ary commutator of
n generalized n-th power matrices (hyper matrices) in the large N — oo has a
correspondence with the Nambu-brackets (NB) as follows



by replacing the hyper matrix X, ;, .., in the large N — oo limit for the
c-function of n-variables X (o', 02, ....,0™). The trace operation in the large N
limit has a correspondence with the integral [ d"c so that

Trace ([ X', X?, ... L XM)P) - / do { X', X2, ... s X" Vg

(3.15)
recovering in this fashion the Eguchi-Schild p-brane actions for p 4+ 1 = n. The
fermionic version of (3.15) is

/ d"oc U .1 { XY X2 , X" (3.16)

Covariant (super) brane actions based on n-ary structures and generalized ma-
trix models have been recently constructed by [28]. The authors [26] have
shown that the light-cone gauge-fixed action of a super p-brane belongs to a
new kind of supersymmetric gauge theory of p-volume preserving diffeomor-
phisms (diffs) associated with the p-spatial dimensions of the extended object.
These authors conjectured that this new kind of supersymmetric gauge theory
must be related to an infinite-dim nonabelian antisymmetric gauge theory. It
was recently shown in [27] how this new theory should be part of an underlying
antisymmetric nonabelian tensorial gauge field theory of p + 1-dimensional diffs
(upon supersymmetrization) associated with the world volume evolution of the
p-brane.

Ternary algebraic structures appearing in various domains of theoretical and
mathematical physics were reviewed by [34], like the notion of quark algebraic
confinement based on a Z3 -graded matrix algebra over the complex field C.
A generalization of non-commutative geometry and gauge theories based on
ternary Zs-graded structures was constructed by [34]. The usual Zy-graded
structures such as Grassmann, Lie and Clifford algebras are generalized to the
Z3-graded case leading to hypersymmetry which is a Z3 graded generalization of
supersymmetry. The de Rham complex with the differential operator d satisfies
the condition d®> = 0 instead of d> = 0. Ternary generalizations of Clifford
algebras were defined by the relations [34]

Q°Q"Q° = w Q" Q°Q* + WPQRQRIQ" + 31 (3.17)

i27/3 abc

where w is the cubic root of unity e is the analog of a cubic metric

(a cubic matrix) obeying the conditions

and p

abc beca + w2 pcab

P+ wp = 0. (3.18)

Our whole construction of C-spaces [3] based on ordinary Clifford algebras can
be extended to ternary Clifford algebras. By replacing the cubic roots of unity
for the N-th roots of unity and the cubic metric for p*1¢2:--%n one can define
the N-ary generalizations of Clifford algebras. In [19] and references therein one
can find a generalization of n-ary Nambu algebras and beyond.
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4 Branes in Noncommutative (Clifford) Phase
spaces

Born’s reciprocal relativity [29] in flat spacetimes is based on the principle of a
mazimal speed limit (speed of light) and a maximal proper force (which is also
compatible with a maximal and minimal length duality) and where coordinates
and momenta are unified on a single footing. We extended Born’s theory to the
case of curved spacetimes and constructed a noncommutative deformed Born
reciprocal general relativity theory in curved spacetimes [31] (without the need
to introduce star products) as a local gauge theory of the deformed Quaplectic
group [30] that is given by the semi-direct product of U (1, 3) with the de formed
(noncommutative) Weyl-Heisenberg group corresponding to noncommutative
generators [Z,, Zp] # 0. The Hermitian metric is complex-valued with symmet-
ric and nonsymmetric components and there are two different complex-valued
Hermitian Ricci tensors R, Sy, The deformed Born’s reciprocal gravitational
action linear in the Ricci scalars R, S with Torsion-squared terms and BF terms
was also provided [31].

Since phase spaces are an essential ingredient in Born’s reciprocal relativity
[29] where coordinates and momenta are interchangeable, we begin by provid-
ing a description of Noncommutative spaces based on Yang’s Noncommutative
phase space algebra [14]. There is a subalgebra of the C-space operator-valued
coordinates which is ¢somorphic to the Noncommutative Yang’s 4D spacetime
algebra [14]. This can be seen after establishing the following correspondence
between the C-space vector/bivector (area-coordinates) algebra, associated to
the 6D angular momentum (Lorentz) algebra, and the Yang’s spacetime algebra
via the SO(6) generators X% in 6D (i,j = 1,2,3......,6) as follows [15]

h A
i h XM e iﬁX‘“’, i %% o z?/\/. (4.1a)

PADH o i XM iR o i%f’“ (4.1b)

where the indices pu, v = 1,2, 3,4. The scales A and R are a lower and upper scale
respectively, like the Planck and Hubble scale. The SO(6) algebra [X%, 2*] =

. ab ) L can be recast in terms of a noncommutative phase space algebra
as
D - 66 I gL v i 55 \? DI
[Pa/\/]: -t ﬁXv [X,/\/]:zn %P (420,)
‘el LY v hQ v O LV v
[XH, XY = —in®® X*, [P* P]——zn66R2/\2 o XHE = N2y,
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[X*, PH] = i byt % WO = i N, (XM, N] = 0. (4.2¢)

The last relation is the modi fied Weyl-Heisenberg algebra in 4D since N does
not commute with X* nor P*. The remaining nonvanishing commutation
relations are

(2 XP] = —inght XV it XN (4.3a)
(S, PPl = —inhP PY +in"PPr. (4.3b)
[SHYRPT] = — i gt XY i gP SR — (4.3¢)

Eqs-(4.2-4.3) are the defining relations of the Yang’s Noncommutative 4D
spacetime algebra involving the 8 D phase-space variables X#, P* and the angu-
lar momentum (Lorentz) generators X#* in 4D. The above commutators obey
the Jacobi identities. An immediate consequence of Yang’s noncommutative
algebra is that now one has a modified products of uncertainties

2
AXH* APV > g < 2% > AXFAXY > % | < o >
4 v 1. n 2 v
AP" APV > i(ﬁ) | < = > . (4.4)

Next we shall present how to construct noncommutative p-brane actions
based on the Yang’s noncommutative phase space algebra. The target space-
time X*(0%) coordinates depend on the variables 0%/ where the double-index
notation stands for

ot qm —gm d+1; pm — g™ d+2; o™ n; o,d+1 d+2. (45)

with m,n =1,2,...... ,dand i,7 =1,2,........ ,d,d+1,d+ 2. The star product is

(XH1 5 XH2 ) (oY) = ea:p( % N[ 7 Oprs i Or | ) Xt (a") XF2(0")|gr=gr=g-

(4.6)
where the expression for the bilinear differential polynomial A;;[i0y;i0,~] in
eq-(4.6) is

2
- = ik o op. . flLI112)2 . . . i1j1 i2j2 pkl i373
AZ4J4 [k,p] =1 kll]l Piyja fi4j4 +€ kll]l Pisja (]%3]3*]%3]3) fkl 1474 +
is 1171 127 kily i5j kala i6j
.. . .. L. L. L 1171 %272 1t1 575 202 16]J6
ﬂ (plsjs kls]e + k2535 pls]s) kzlgl klz]g fk111 kalo fi4j4 + o
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and is given in terms of the structure constants [o?171 g%272] = ff;jjsl 1272 s s
after setting k;j = ¢ 0,45, pij = 1 Opn5. The structure constants can be obtained
from the so(d + 2) algebra

[011]1’ ot2J2 ] — (_nlllz ogltiz L ) — 231]731 2J2 52373

foavii = (g ghde ) g, = (- 02 & L) (4.8)

Since one requires the dimension of the world manifold to be even 2n , in
order to define the star product of 2n entries as sums of pairwise star products
of two entries, and the dimension of the angular momentum algebra so(d + 2)
is (d + 2)(d + 1)/2, one should satisfy the condition 2n = (d + 2)(d + 1)/2.
For example, when d = 3, one has that the variables 0% = ¢%, p%, o?, ¢*° for
a,b=1,2,3 span an underlying 10-dim space : 3+ 3+ 3 4+ 1 = 10. The target
spacetime coordinates are functions X* = X*(q% p®, 0%, %%, the range of
indices is p, v = 1,2, .....D and the target spacetime dimension must D > 10. It
is interesting that D = 10 is the critical dimension of the superstring.

When d = 4,5, the dimensions of the angular momentum algebra so(d + 2)
given by (d + 2)(d 4+ 1)/2 are both odd, 15,21 respectively. When d = 6 the
dimension of the angular momentum algebra so(d+2) given by (d+2)(d+1)/2 =
28 is even and allows one to define the star product of 28 entries as sums of
pairwise star products of two entries. The target spacetime dimension must be
in this case D > 28. It is interesting that D = 28 is the dimension of the bosonic
version of F' theory and also the dimension of the quaternionic Jordan algebra
J4[H] which can be recast as the 4 x 4 matrix algebra with quaternionic entries.

The deformed brane action for the target spacetime coordinates X* =
XH (o), is

T / [DO"]} \/(27’1)' {Xﬂl?XHQ’ ..... 7Xﬂ2n }* * {XHI,X'U'2, ..... ,X“2"}* |

(4.9)
The 2n-dim world-manifold measure is

Do = do®t 42 TTdo® [[dg" T]dp" - (4.10)

where the range of indices is a,b = 1,2,3,.....,d, while d itself must obey the
condition 4n = (d 4+ 2)(d + 1) in order to define the star product of 2n entries
{X#H(gW), XH2(g¥), ......... , XH2n(gi9)}, as sums of pairwise star products of
two entries as shown in eq-(2.5). If one scales the coordinates X* and ¢% by
suitable powers of a length scale to render all the coordinates dimensionless, the
star deformed brackets { X,,,,X,,,....., X,, }+ will be dimensionless and so
will the tension parameter be dimensionless as well. One could also replace the
target spacetime X* coordinates in the action (4.9) for the bivector coordinates
Xmimz2 (i) associated with a SO(D + 2) algebra.

The Noncommutative phase space Yang’s algebra in 4D can be general-
ized to the Noncommutative Clifford phase space algebra associated to the 4D
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spacetime by invoking higher dimensions ( 12D in this case instead of 6D ) as
follows

XF s ATHAT®, PF %F“/\Fﬁ. (4.11)

XHik2 T[/LLLLQ] [57] 7& /\2 TH1 A TH2 /\F5 /\F7

pranz o Ylups] [68] o (%)2 HATH2 ATC ATS, (4.12)

Xrnzps oy Ylipzps] BT9] o4 N3 i ATH2 ATHs AT ATT AT?

pruzis o ylpeps] (68101 o (%)3 [ ATH2 ATHS ATC ATS AT, (4.13)

Xppasns oy Yluapuapsnal BTN o \& s ATH2 ATHS ATHE AT ATTAT? AT

2BV PV Z PN ’I‘[muzﬂslm] [681012] 7& (ﬁ)4 THL ATH2 AT H3 AT H4 /\FG/\FS/\Fw/\FIQ.
R

(4.14)
The indices pq, po, 3, g range from 1,2,3,4. The extra indices span 8 ad-
ditional directions (dimensions) leaving a total dimension of 4 + 8 = 12. The
noncommutative Clifford phase space algebra commutators are defined in terms
of the algebra

(4.15)
The generators obey YTMN = _YNM and GMN = GNM ynder an exchange of

multi-indices M < N.
The algebra (4.15) has the same structure as a generalized spin algebra and
satisfies the Jacobi identities. We must stress that

[YMNrFe £ [ M, Y], 1P, T9 ). (4.16)
except in the special case when M, N, P,(Q are all bivector indices : hence we
must emphasize that the generalized spin algebra (4.15) is not isomorphic

to the noncommutative algebra of eqs-(1.15-1.24) ! For example, from the com-
mutator

[T[“1“2“3] [579]’ Tlvavs] [6810]} = _ Glmpeps] [vivevs] p[579] [6810] (4.17)

one can infer the Weyl-Heisenberg algebra commutator
[Xlu‘ll_tg'u,g,’ Pu11/2113] = —9 h?’ G[H1#2#3] [v1vavs] T[579] [6810], (418)
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From the commutator

[Ylnans] (579 ylavavs] 579 = _ j GI579] [579) yluapans] [avavs] (4. 19)

one can infer the commutator among the tri-vector coordinates

[X#1#2#3, XII1U2U3} — _Z )\6 G[579] [579] ’r[#lﬂ?#(ﬂ] [V1V2V3]. (420)

where Ylnens] vevs] ig g generalized angular momentum (spin) generator.
From the commutator

[T[muzm] [579]7 Y [579] [6810]] — 4 B9 579 ylpapeps] [6810] (4.21)
one can infer the commutator
[xwmas | pl5To] 6810 _ ; y6 % GO 7] prpais - (4.22)

which exchanges the X#1#2#3 for PH1IF2E3 et ... Therefore, the above equa-
tions are the suitable tri-vector analog of Yang’s algebra. Generalized star-
deformed brane actions associated to a poly-vector-valued phase space world
manifold of noncommuting (poly-vector) coordinates similar to those phase
space variables in eqs-(4.11-4.14)

al1a a1a a1a2....aq
)

q“, %, q pre, . q , D ',

O,CL b’ 0,a1a2 blbz, ........ ’o_alaz....ad bibs..... bd7 o_dJrl d<i>27 0-d+1 d+3 d+2 d+4’

a1az....aq

(4.23)
can also be constructed. They have a similar structure as the star deformed
brane actions in eq-(2.12).

To conclude we must address also the need for a Nonassociative geome-
try. The Octonionic Geometry (Gravity) developed long ago by Oliveira and
Marques [32] was extended to Noncommutative and Nonassociative Spacetime
coordinates associated with octonionic-valued coordinates and momenta [33].
The octonionic metric G, already encompasses the ordinary spacetime metric
9w, in addition to the Maxwell U(1) and SU(2) Yang-Mills fields such that
implements the Kaluza-Klein Grand Unification program without introducing
extra spacetime dimensions. The color group SU(3) is a subgroup of the ex-
ceptional G5 group which is the automorphism group of the octonion algebra.
It was shown [33] that the flux of the SU(2) Yang-Mills field strength F,,
through the area-momentum S in the internal 1s0spin space yields correc-
tions O(1/M3,,,,...) to the energy-momentum dispersion relations without vio-
lating Lorentz invariance as it occurs with Hopf algebraic deformations of the
Poincare algebra. Despite that Octonions are nonassociative, there are known
Octonionic realizations of the Clifford Ci(8),Cl(4) algebras, in terms of left
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and right products, which permit the construction of octonionic string actions
that have a correspondence with ordinary string actions for strings moving in a
curved Clifford-space target background associated with a CI(3,1) algebra.
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