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Abstract

It is shown why the Eg Yang-Mills can be constructed from a CIi(16) algebra Gauge Theory and why
the 11D Chern-Simons (Super) Gravity theory is a very small sector of a more fundamental theory based
on a CI(11) algebra Gauge theory. These results may shed some light into the origins behind the hidden
Eg symmetry of 11D Supergravity and reveal more important features of a Clifford-algebraic structure
underlying M, F' theory.

1. INTRODUCTION

Ever since the discovery [1] that 11D supergravity, when dimensionally reduced to an n-dim torus led to
maximal supergravity theories with hidden exceptional symmetries F,, for n < 8, it has prompted intensive
research to explain the higher dimensional origins of these hidden exceptional FE,, symmetries [2, 6] . More
recently, there has been a lot of interest in the infinite-dim hyperbolic Kac-Moody FE1p and non-linearly
realized E7; algebras arising in the asymptotic chaotic oscillatory solutions of Supergravity fields close to
cosmological singularities [1,2].

The classification of symmetric spaces associated with the scalars of N extended Supergravity theories
(emerging from compactifications of 11D supergravity to lower dimensions), and the construction of the
U-duality groups as spectrum-generating symmetries for four-dimensional BPS black-holes [6] also involved
exceptional symmetries associated with the Jordan algebras Js[R,C, H,O]. The discovery of the anomaly
free 10-dim heterotic string for the algebra Fg x Eg was another hallmark of the importance of Exceptional
Lie groups in Physics.

Exceptional, Jordan, Division and Clifford algebras are deeply related and essential tools in many
aspects in Physics [3, 5, 8, 9,14,15,16,17,18,19,20]. In this work we will focus mainly on the Clifford algebraic
structures and show how the Fs Yang-Mills theory can naturally be embedded into a CI(16) algebra Gauge
Theory and why the 11D Chern-Simons (Super) Gravity [4] is a very small sector of a more fundamental
theory based on the CI(11) algebra Gauge theory. Polyvector-valued Supersymmetries [11] in Clifford-spaces
[3] turned out to be more fundamental than the supersymmetries associated with M, F' theory superalgebras
[7,10]. For this reason we believe that Clifford structures may shed some light into the origins behind the
hidden Eg symmetry of 11D Supergravity and reveal more important features underlying M, F' theory.

2. THE Es YANG-MILLS FROM A Ci(16) ALGEBRA GAUGE THEORY

It is well known among the experts that the Fg algebra admits the SO(16) decomposition 248 —
120 @ 128. The Eg admits also a SL(8, R) decomposition [6]. Due to the triality property , the SO(8)
admits the vector 8, and spinor representations 8, 8.. After a triality rotation, the SO(16) vector and
spinor representations decompose as [6]

16 — 8, @ 8.. (2.1a)
128, — 8, ©56, ® 1@ 28 @ 35,,. (2.1b)
128, — 8, @ 56, @ 8, @ 56,. (2.1¢)

To connect with (real) Clifford algebras [8], i.e. how to fit Fg into a Clifford structure , start with the
248-dim fundamental representation Fg that admits a SO(16) decomposition given by the 120-dim bivector
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representation plus the 128-dim chiral-spinor representations of SO(16). From the modulo 8 periodicity of
Clifford algebras one has C1(16) = C1(2 x 8) = CI(8) ® CI(8), meaning, roughly, that the 2'¢ = 256 x 256
C1(16)-algebra matrices can be obtained effectively by replacing each single one of the entries of the 28 =
256 = 16 x 16 C1(8)-algebra matrices by the 16 x 16 matrices of the second copy of the CI(8) algebra. In
particular, 120 = 1 x 28 +8 x 8428 x 1 and 128 = 8456+ 8+ 56 , hence the 248-dim Ejg algebra decomposes
into a 120 + 128 dim structure such that Eg can be represented indeed within a tensor product of Cl(8)
algebras.

At the Eg Lie algebra level, the Eg gauge connection decomposes into the SO(16) vector I,J = 1,2,...16
and (chiral) spinor A =1,2,...128 indices as follows

Ay =AVX + AlYa. Xpp=-Xy. I,J=1,23,..16. A=1.2,..,128. (2.3)

where X;;,Y, are the Eg generators. The Clifford algebra (C1(8) ® CI(8) ) structure behind the SO(16)
decomposition of the Eg gauge field Aﬁ‘] X7+ A;‘YA can be deduced from the expansion of the generators
X17,Y4 in terms of the CI(16) algebra generators. The C1(16) bivector basis admits the decomposition

X = af]‘-] (%j & 1) + bfj‘-] 1 ’72‘]‘) + ij‘-] (vi ®’Yj). (2.4)

where ~;, are the Clifford algebra generators of the CI(8) algebra present in Ci(16) = CI(8) ® CI(8); 1 is the
unit C1(8) algebra element that can be represented by a unit 16 x 16 diagonal matrix. The tensor products
® of the 16 x 16 C1(8)-algebra matrices, like v; ® 1, v ® 75, ...... furnish a 256 x 256 C1(16)-algebra matrix,
as expected. The CI(8) algebra basis elements are

M = 1, Vi, Vivia = Yir N Vias  Viviois = Yir N Vie N Vigs ceveee Vivin.ois = Yis NVia N oo AYig (2.5)

Therefore, the decomposition in (2.4) yields the 28+28+8x8 = 56+64 = 120-dim bivector representation
of SO(16); i.e. for each fized values of I.J there are 120 terms in the r.h.s of (2.4), that match the number of
independent components of the Eg generators X'/ = —X 7! given by %(16 x 15) = 120 . The decomposition
of Y, is more subtle. A spinor ¥ in 16D has 28 = 256 components and can be decomposed into a 128
component left-handed spinor ¥4 and a 128 component right-handed spinor ¥4; The 256 spinor indices are
a=A,A; B=B,B, ... with A,B=1,2,...128 and A.B=1,2,...,128, respectively.

Spinors are elements of right (left) ideals of the C1(16) algebra and admit the expansion ¥ = ¥,£% in
a 256-dim spinor basis €% which in turn can be expanded as sums of Clifford polyvectors of mized grade;
i.e. into a sum of scalars, vectors, bivectors, trivectors, ..... . The chiral ( left handed, right-handed )
128-component spinors ¥+ are obtained via the projection operators

1
U= (1) ¥ T =TI AT? A AT, (2.6)

such that £¢ = A ¢ = EA, so the left-handed (right-handed) spinor basis €4+ can be represented by a
column matrix (an element of the left ideal) with 128 non-vanishing upper ( lower ) components in the Weyl
representation as

14Ty

5 1P (11 A + (@1 A + (3,0, @1)P A+

1112

£ = (

('Yiliz ..... i7 ® 1)56 Azéliz ..... i7 + (Vhiz ..... ig ® 1)[36 ‘Aé is } (27)

lliz .....

where the numerical tensor-spinorial coefficients in the r.h.s of (2.7) are constrained to satisfy all the condi-
tions imposed by the definition of an ideal element of the CI(16) algebra; namely that any element of the
ideal upon a multiplication from the left by any Clifford algebra element yields another element of the left
ideal. Similar definitions apply to the right ideal elements upon multiplication from the right by any Clifford
algebra element. The row matrix (an element of the right ideal) with 128 non-vanishing components is just

given by (£%)1.



The rigorous procedure to construct spinors as elements of right/left ideals of Clifford algebras using
primitive idempotents can be found in [5] and references therein. The final outcome is the same as performing
the expansion (2.7) and solving for the coefficients. In this fashion one can construct the 128-dim left handed
(right handed ) chiral spinor representations of SO(16) that match the number of 128 generators Y4. Hence,
the total number of Fg generators is then 120 4+ 128 = 248. What remains to be done is to enforce the
Es commutation relations that in conjunction with the defining relations of a primitive ideal element of the
C1(16) algebra will fix the values of the coefficients appearing in eqs-(2.4, 2.7) . Based on the fact that the
Clifford algebra commutators of even and odd grade satisfy the relations

[Even , Even| = Even. [Odd ,0dd] = Even. [Even ,0dd] = [0dd , Even|= Odd. (2.8)

which are similar to the Es commutation relations described below, one can immediately choose to expand
the spinor basis elements in (2.7) as sums of Polyvectors of odd grade only, meaning that for each fixed
value of §, there are only 128 terms in the r.h.s of (2.7) given by the number of odd-grade elements of the
Cl1(8) algebra 8 + 56 + 56 + 8 = 128. This is consistent with the fact that a chiral spinor in 16D has 128
non-vanishing components in a Weyl representation. Therefore, the generators Y4 = Yy Y4 = Y must
involve odd grade elements of the form

Y= (ﬁﬁ)aﬂ[(%‘®1)[36-A§5+(%1i2i3®1)ﬁ5 Aiiﬂg"’('yiliz...,is ®1)66A?1i2...i5+(7i1i2 ..... i7®1)66-’4?1i2 ..... ir]

The commutation relations of Eg are [6] 2
(X7, XKL = 4(§TK X LI _ §TL xKJ | §7K XTL _ gL yTK)

(X1, y4] = _%Fggyf& YA Y5 = irggx” (2.10)

The combined Eg indices are denoted by A = [IJ], A ( 120 4+ 128 = 248 indices in total ) that yield the
Killing metric and the structure constants

1 1
g8 — I TATB — 7@%% fBep (2.11a)
1 1
fIJ,KLvMN = _8§1K 51%/]\, + permutations; f”’A’B = —51“%9; UUKL = —%fc% fKL’CD (2.11b)

Therefore, the odd grade expansion in (2.9) and the bivector grade expansion in (2.4) is consistent with the
commutation relations of Eg. We shall proceed with the construction of a novel C1(16) gauge theory that
encodes the exceptional Lie algebra Fg symmetry from the start. The Fg gauge theory in D = 4 is based
on the Fg-valued field strengths

Fl X1y = (0,A =0, ALY Xpg+ AXE AVN [Xkep, Xun]+ AL AP [Ya, V). (2.12)

FAYa = (0,40 — 0,A%) Ya+ Ay AL (Y, X1, (2.13)

The Ej actions are

1
STopological [ES} = / d4£L' @TT [ F/ﬁ/ Fplsjr TATB } T = / d4$ F/ﬁ/ Fplsjr nNAB etrT =

/ d'z [ FLJFR" nigkr + F Fl nap +2FF g ] . (2.14)



where €#¥P7 is the covariantized permutation symbol and
1 vT vT
Sy m[Es] =/ d'e g S Tr [F, Fyr TaTs ] g =/ d'z \/g Fi, Fponas 979" =

/ d*z g [ FLFE" niske + FpFS nag +2F5 FS niyp ] 979" (2.15)

The above Eg actions (are part of ) can be embedded onto more general C1(16) actions with a much larger
number of terms given by

STopological|C1(16)] :/ d'z < F} F;X Tyly > etvrm :/ d*z F)! Fg\j Gy €7PT. (2.16)
and
Sy m[C1(16)] :/ iz /G < FMFN Tuly > g9 :/ diz /G FM FN Gy g"g". (2.17)

where < 'y > = Gan 1 denotes the scalar part of the Clifford geometric product of the gammas.
Notice that there are a total of 65536 terms in

FM'FN Gay = FuFpr + FLFL + FOEEDE 4 + Flfzehe pliledis, (2.18)

where the indices run as I = 1,2,.....16. The Clifford algebra C1(16) has the graded structure ( scalars,
bivectors, trivectors,....., pseudoscalar ) given by

116 120 560 1820 4368 8008 11440 12870
11440 8008 4368 1820 560 120 16 1. (2.19)

consistent with the dimension of the CI(16) algebra 2'6 = 256 x 256 = 65536. The possibility that one
can acommodate another copy of the Eg algebra within the CI(16) algebraic structure warrants further
investigation by working with the duals of the bivectors X7 ; and recurring to the remaining Y; generators.
The motivation is to understand the full symmetry of the Eg x Eg heterotic string from this Clifford algebraic
perspective. A clear embedding is, of course, the following

Es x By C Cl(8) ® CI(8) ® CI(8) ® CI(8) C CI(16) ® CI(16) = CI(32). (2.20)

where SO(32) C Ci(32) and SO(32) is also an anomaly free group of the heterotic string that has the same
dimension and rank as Fg x FEjg.

3. CHERN-SIMONS-GRAVITY IN 11D FROM A CLIFFORD ALGEBRA GAUGE THEORY

The 11D Chern-Simons Supergravity action is based on the smallest Anti de Sitter O.Sp(32|1) superal-
gebra. The Anti de Sitter group SO(10,2) must be embedded into a larger group Sp(32, R) to accomodate
the fermionic degrees of freedom associated with the superalgebra OSp(32]1). The bosonic sector involves
the connection [4]

A/L :AZFG+Aszab+Azla2""a5ra1a2....a5 :ezr‘a+wzbrab+AZ1a2....a5Fala2”“a5 (31)

with 11 4 55 + 462 = 528 generators. A Hermitian complex 32 x 32 matrix has a total of 32 + 2(32531) =
992 + 32 = 1024 = 322 = 210 independent real components (parameters), the same number as the real
parameters of the anti-symmetric and symmetric real 32 x 32 matrices 496 + 528 = 1024. The dimension
of Sp(32) = (1/2)(32 x 33) = 528. Notice that 2!° = 1024 is also the number of independent generators of
the CI(11) algebra since out of the 2!! generators, only half of them 2°, are truly independent due to the
duality conditions valid in odd dimensions only :



etz At AT ) A, ATq, ~ Tt AT P2 AL A Ta2ndt, (3.2)

This counting of components is the underlying reason why the Ci(11) algebra appears in this section. The
generators of the CI(11) algebra {I'*, T} = 21?°1 and the unit element 1 generate the Clifford polyvectors
(including a scalar, pseudoscalar ) of different grading

' = 1, 7% I AT, T AT AT, ... , T AT A L AT (3.3)

obeying the conditions (3.2). The commutation relations (see eqs-(3.4) below) involving the generators
Ta,Tap, Taras....as do in fact close due to the duality conditions (3.2). The CI(11) algebra commutators, up
to numerical factors, are

[T, T =T, [T T%] = 2pT° — 2pT® (3.4a)

[[orez phib2] = _pabipazbz 4 parbapazby (3.4b)
[Fa1a2a371’*b162b3] — Tarazaszbibabs _ (na1b1a2b2Fa3b3 + ) (346)
[Fa1a2a3a471—wb1b2b3b4] — _(nalblra2a3a4b2b3b4 + ) _ (na1b1a2b2a3bsra4b4 4 ) (34d)
[Fa1a27rb1b2b3b4] —_ _nalbl I“a2b2b3b4 + ... (346)

[Fal,rblebS] — 1’\(11[)11721)3. [FQIGQ,I‘blebS] — _2,]7(11171 Fazbgbg + L (3.4f)

[[a1, Tbibebsbe) — _parbipbebsbe 4 (3.4g)

[Fa1a2....a5’I‘\blbg....bs] — T@1a2.--a5bibz....bs +(na1b1a2bzra3a4a5b3b4b5 T )_|_(na1b1a2b2a3b3a4b4ra5b5+ ..... ) _

€@1a2...a5b1ba....bsc T+ (na1b1a2b2€a3a4a5b3b4b50102 ~~~~~ 65F01C2....65 T ) + (na1b1a2b2a3b3a4b4ra5b5 4+ ) (34h)

ete....... with
Naibrazby = NaibyMNazbs — Tazby Maibs (350’)
na1b1a2b2a3b3 = nalbl na2b277a3b3 - 77(11172"7&21)1"7(131)3 + """" (3'5b)
1
Narbrasha.anbn = -7 Cirigecin €jrjacn Naiybyy Naigbjy oo Nai, bj,, - (3.5¢)
The CI(11) algebra gauge field is
A=At = A1+ AT, + AT 0, + A% Tayagay + ooneeene + AR T - (3.6)

and the Cl(11)-algebra-valued field strength

Fiy Ta =0, A 1+ [0,,AY + APZAS s, + oo ] Ta +

v noov

[ DAL)AL = AT A oy = A A0 = A At o) T+

[ O AL + AL A nan, + o ] Tabe + [ O AL — ARCAR M0, + oo ] Tabed + oo
[0y Agy ez asbibabo y graaes gibacbo D0 agbaba by T oo (3.7)
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The Chern-Simons actions rely on Stokes theorem

P12 11 12 — P12 11 12 11
/12 € Oprs (Apapi...pian) */ R € A s ¥, (3.8)
M oM112=%

which in our case reads
d (Lcrifford) =< FAFNA o, ANF >=< FAANFA2A . ANFA T4 Ta,..Ta > (3.9)

where the bracket < ...... > means taking the scalar part of the Clifford geometric product among the gammas.
It involves products of the dapc, fapc structure constants corresponding to the ( anti ) commutators
{FA, FB} = dAgcrc and [FA, FB} = fABCFC .

One of the main results of this work is that the C(11) algebra based action (3.9) contains a vast number
of terms among which is the Chern-Simons action of [4] Lg(e,w, As)

Lciiffora(ALTA) = LEg(w,e,A5) + EXTRA TERMS. (3.10)
Scs(w,e, As) = / LHs = / L. (3.11)

oM12 11
Clcls (w? ¢, A5) = ’Cilovelock (w7 6) + ’C}:’lontryagin (wﬂ 6) + 'Cll(A57 W, 6) (312)

In odd dimensions D = 2n — 1, the Lanczos-Lovelock Lagrangian is

n—1
(:l:l)erllprD o
LPwetock = Y ap Lp(D).  ap = o) el op=1,2,.m—1 (3.13)
p=0

C;}fl is the binomial coefficient. The constants k,[ are related to the Newton’s constant G and to the
cosmological constant A through x~! = 2(D — 2)Qp_oG where Qp_» is the area of the D — 2-dim unit
sphere and A = £(D — 1)(D — 2)/2i? for de Sitter ( Anti de Sitter ) spaces [4] . A derivation of the vacuum
energy density of Anti de Sitter space (de Sitter ) as the geometric mean between an upper and lower
scale was obtained in [17] based on a BF-Chern-Simons-Higgs theory. Upon setting the lower scale to the
Planck scale Lp and the upper scale to the Hubble radius (today) Ry, it yields the observed value of the
cosmological constant p = Lp?Ry> = Lp*(Lp/Ry)? ~ 107 120M .
The terms inside the summand of (3.13) are

ap RO1%2 R0 RO2p-102 gd2pt1 0D (3.14)

where we have omitted the space-time indices fi1, f42, .vvvee.. Despite the higher powers of the curvature ( after
eliminating the spin connection wzb in terms of the ef; field ) the LD o furnishes equations of motion for
the e, field containing at most derivatives of second order, and not higher, due to the Topological property

of the Lovelock terms
eal 6112 eag 6010

12

) T = Euler density in 12D. (3.15)

d (ﬁilovelock) = €A1A2~~~A12FA1A2 """ FA11A12 (316)
where F4142 is the curvature field strength associated with the SO(10,2) connection QﬁlA? in 12D and
which can be decomposed in terms of the fields ez,wzb, a,b =1,2,....,11 by identifying QZD = %ez and
sz = wa so that the Torsion and Lorenz curvature 2-forms are

1
T%w,e) = F*P = d*P + Q¢ A QPP = 7(de” —wif A e?).
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1
F = (dQ™ + Q% A Q) + (0% A QPY) = R (w) + 3¢ A e’ RP®w) = dw® +w? Aw® (3.17)
where a length parameter [ must be introduced to match dimensions since the connection has units of 1/1.
This [ parameter is related to the cosmological constant.
‘C}Dlontryagin (w, e) is the Chern-Simons 11-form whose exterior derivative

A A A A
d (Lpontryagin) = FA FA2 . FA2FL (3.18)

is the (one of the many) Pontryagin 12-form (up to numerical factors) for the SO(10,2) connection in 12D.
As mentioned above, the SO(10,2) connection QﬁB can be broken into the ej, field and the SO(10,1) spin
connection wzb such that the number of components is 11 + (11 x 10) = 66 = 3(12 x 11). Finally, the
exterior derivative of L1(As,w,e) is the 12-form (we are omitting space-time indices i1, fi2, ......, f112)

is

Rzlle2 ..... s a[ﬂAiicz ..... cs _|_Aftlja2 ..... QSA%bZ ..... b5f(11(12...(15 biba....bs dyds....ds 6d1d2....d6c1c2....c5 (320)
where the structure constants fapc in (3.18) are obtained from the Ci(11) algebra commutation relations
in (3.4h).

The CI(11) algebra based action (3.9) can in turn be embedded into a more general expression in C-space
(Clifford Space) which is a generalized tensorial spacetime of coordinates X = o, a#, z#¥ x#¥?.... [3] involving
antisymetric tensor ( and scalar ) gauge fields ®(X), A,(X), A, (X), A p(X)..... of higher rank (higher spin
theories) [13]. The most general action onto which the action (3.9) itself can be embedded requires a tensorial
gauge field theory [12, 13] ( a Generalization of Yang-Mills theories) and an integration w.r.t the Clifford-
valued coordinates X = X™T'); corresponding to the C-space associated with the underlying CI(2n)-algebra
in D = 2n dimensions

S— / @2 X] < (FAFA - AF) >. [d"X] = (do)(da) (dae™) (dz"P)...... (3.21)

A Generalized Polyvector-valued Supersymmetry [10] based on a Grassmanian extension 6, 0, 05 92 .
of the bosonic C-space coordinates X was undertaken in [11]. Such C-space Generalized Supersymmetry is
based on an extension and generalizations of the M, F Theory Superalgebras [7] that we will briefly discuss
below.
A Chern-Simons Supergravity (CS-SUGRA) in D = 11 involves the symplectic supergroup OSp(32|1)
and the connection [4]
A =eiTq+wiTap + A% T 0y gy + U0 Qa. (3.22)

whereas the M theory superalgebra involve 32-component spinorial supercharges @, whose anticommutators
are [7]

{Qanﬂ} = (AF/L)OLB Pr 4+ (Armuz)aﬁ Zree + (Arltluz----us)aﬂ Zppz s, (3-23)

there are 32 x 32 symmetric real matrices with at most (32 x 33) = 528 independent components that
match the number of degrees of freedom associated with the translations P* and the antisymmetric rank
2,5 abelian tensorial central charges Z#1#2 ZHF1k2:-#5 in the r.h.s since 11 + 55 + 462 = 528. The matrix A4
plays the role of the timelike 4° matrix in Minkowski spacetime and is used to introduce barred-spinors [7]

The F' theory 12D super-algebra involves the Majorana-Weyl spinors with 32 components whose anti-
commutators are [7]

{Qa, Qs = (ATy)ap 2" + (AU ps...opgJap ZHH12 1. (3.24)
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and the counting of components in D = 12 yields also % = 528 = 66 4 462. In 13D it requires the
superalgebra OSp(64|1) which is connected to a membrane, a 3-brane and a 6-brane, respectively, since
antisymmetric tensors of ranks 2, 3,6 in 13D have a total of % =78 + 286 4+ 1716 = 2080 components.

For this reason we believe that Polyvector-valued Supersymmetries in C-spaces [11] deserve to be in-
vestigated further since they are more fundamental than the supersymmetries associated with M, F' theory
superalgebras and also span well beyond the N-extended Supersymmetric Field Theories involving super-
algebras, like OSp(32|N) for example, which are related to a SO(N) Gauge Theory coupled to matter
fermions (besides the gravitinos). Finally, the results of this work may shed some light into the origins
behind the hidden Fg symmetry of 11D Supergravity , the hyperbolic Kac-Moody algebra E;g and the non-
linearly realized F; algebra related to Chaos in M theory and oscillatory solutions close to cosmological
singularities [1,2,6].

Acknowledgments

We are indebted to Frank (Tony) Smith for numerous discussions and to M. Bowers for her hospitality.

REFERENCES

1-E. Cremmer, B. Julia and J. Scherk, Phys. Letts B 76 (1978 ) 409. T. Damour, A. Kleinschmidt and
H. Nicolai, ” Hidden Symmetries and the Fermionic Sector of 11-dim Supergravity ” hep-th/0512163. K.
Koepsell, H.Nicolai and H. Samtleben, ”An Exceptional Geometry for D = 11 Supergravity ? 7 hep-
th/0006034. H. Nicolai and H. Samtleben, ” Compact and Noncompact Gauged Maximal Supergravities in
Three Dimensions”.

2- S. de Buyl, M. Henneaux and L. Paulot, ” Extended FEg invariance of 11-dim Supergravity” hep-
th/0512292. P. West, Class. Quan. Grav 18 (2001) 4443. V. A. Belinksy, I. M Khalatnikov and E.
M. Lifshitz, Adv. Phys. 19 (1970) 525.

3-C. Castro, M. Pavsic, Progress in Physics 1 (2005) 31. Phys. Letts B 559 (2003) 74. Int. J. Theor. Phys
42 (2003) 1693. C. Castro, Foundations of Physics 35 , no. 6 (2005 ) 971. Progress in Physics 1 (2005) 20.

4-J. Zanelli, "Lectures Notes on Chern-Simons (Super) Gravities”, hep-th/0502193. R. Troncoso and J.
Zanelli, 7 Gauge Supergravities for all Odd Dimensions” hep-th/9807029 M. Hassaine, R. Troncoso and
J. Zanelli, ” Poincare invariant Gravity with local Supersymmetry as a gauge theory for the M algebra”,
hep-th/0306258. F. Izaurieta, E. Rodriguez and P. Salgado, ” Euler Chern Simons Gravity from Lovelock
Born Infeld Gravity ” hep-th/0402208.

5- M.Pavsic, ” The Landscape of Theoretical Physics : A Global View” Kluwer Academic Publishers,
Dordrecht-Boston-London, 2001. J. Schray and C. Manogue, Foundations of Physics 26 (1996 ) 17.

6-M. Gunaydin, K. Koepsell and H. Nicolai, ” The Minimal Unitary Representation of Eg(s)” hep-th/0109005.
M. Gunaydin, ”Unitary Realizations of U-duality Groups as Conformal and Quasi Conformal Groups and
Extremal Black Holes of Supergravity Theories” hep-th/0502235. M. Gunaydin and O. Pavlyk, ” Generalized
spacetimes defined by cubic forms and the minimal unitary realzations of their quasi-conformal groups” hep-
th/0506010. M. Gunaydin, K. Koepsell, and H. Nicolai, Comm. Math. Phys 221 (2001) 57. Adv. Teor.
Math. Phys 5 (2002) 923. M. Gunaydin, A. Neitzke, B. Pioline and A. Waldron, ” BPS black holes,
Quantum Attractor Flows and Automorphic Forms” hep-th/0512296.

7-F. Toppan, ”Hermitian versus Holomorphic complex and quaternionic generalized supersymmetries of M
theory, a classification” hep-th/0406022.

8-F.D. Smith Jr, ”Eg, Strings, Branes and the Standard Model” [ CERN CDS EXT-2004-031 |. Int. J.
Theor. Phys 24 , 155 (1985); Int. J. Theor. Phys 25 , 355 ( 1985 ) . ”From Sets to Quarks” [ arXiv :
hep-ph/9708379] . "The Dy — D5 — Eg — E7 — Eg Model” [ CERN CDS EXT-2003-087 | .

9-G. Trayling, 7 A geometric approach to the Standard Model ” hep-th/9912231.

10-D. Alekseevsky, V. Cortes, C. Devchand and A. Van Proeyen ” Polyvector Super-Poincare Algebras
hep-th/0311107. I. Rudychev, E. Sezgin, ” Superparticles, p-form Coordinates and the BPS Condition”

”

8



hep-th/9711128. 1. Bars, C. Kounnas, ” A new supersymmetry” hep-th/9612119. 1. Bandos, J. Lukierski,
”Generalized Superconformal Symmetries and Supertwistor Dynamics” hep-th/9912264.

11-C. Castro, ”Polyvector Super Poincare Algebras, M, F' theory algebras and Generalized Supersymmetry
in Clifford Spaces” to appear in the Int. Journal of Mod. Phys. A .

12-G. Saviddy, ” Generalizations of Yang-Mills Theory ” hep-th/0505033.

13-C. Castro, ” On Generalized Yang-Mills and Extensions of the Standard Model in Clifford (Tensorial )
Spaces ” to appear in Annals of Physics.

14-F. Gursey, Mod. Phys. Letts A 3 (1988) 115. F. Gursey, Proc. Conf. on Group theorertical methods
in Physics 1978.

15-J. Adams, 7 Lectures on Exceptional Lie Groups” Chicago Lectures in Mathematics, Univ. of Chicago
Press 1996.

16-C. H Tze and F. Gursey, "On the role of Divison, Jordan and Related Algebras in Particle Physics”
World Scientific 1996. S. Okubo, Introduction to Octonion and other Nonassociative Algebras in Physics”
Cambridge Univ. Press R. Schafer, 7 An introduction to Nonassociative Algebras” Academic Press, New
York 1966. G. Dixon, ” Division Algebras, Octonions, Quaternions, Complex Numbers, and the Algebraic
Design of Physics” ( Kluwer, Dordrecht, 1994). J. Math. Phys 45 , no 10 (2004) 3678. P. Ramond,
Exceptional Groups and Physics, hep-th/0301050. J. Baez, ” Bull. Amer. Math. Soc ( N. S ) 39 no. 2
(2002) 145.

17-C.Castro, Mod. Phys. A 17 (2002) 2095-2103.

18-Y. Ohwashi, 7 Eg Matrix Model ” hep-th/0110106. L. Smolin, ” The exceptional Jordan Algebra and the
Matrix String” hep-th/0104050 M. Rios, ” The Geometry of Jordan Matrix Models” hep-th/0503015.

19-C. Castro, ”"The large N limit of Exceptional Jordan Matrix Models, Chern-Simons Foliations and M, F
Theory” submitted to Class. Quan. Gravity ( Aug, 2005).

20-P. Jordan, J von Neumann and E. Wigner, Ann. Math 35 (1934 ) 2964. K. MacCrimmon, ” A Taste of
Jordan Algebras” H. Freudenthal, Nederl. Akad. Wetensch. Proc. Ser 57 A (1954 ) 218. J. Tits, Nederl.
Akad. Wetensch. Proc. Ser 65 A (1962 ) 530. T. Springer, Nederl. Akad. Wetensch. Proc. Ser 65 A
(1962 ) 259.-



