Absorption of a circularly polarized beam in a dielectric, etc.
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We calculate absorption of a circularly polarized light beam without an azimuth phase structure in a
dielectric in the frame of the standard electrodynamics. A transfer of energy, momentum, and angular
momentum from the beam to the dielectric is calculated. The calculation shows, in particular, that the
angular momentum flux in the beam equals to two power of the beam divided by frequency. This
result contradicts another part of the electrodynamics, which predicts the flux equals to power of the
beam divided by frequency. In addition we show that this part of the electrodynamics contradicts the
classical Beth’s experiment. Our inference is: the electrodynamics is incomplete. To correct the
electrodynamics, we introduce a spin tensor into the electrodynamics. The corrected electrodynamics
IS in accordance with our calculation and with the Beth’s experiment.

Results of R. Loudon (PRA, 68, 013806) and A. Bishop et al. (PRL, 92, 198104) are mentioned.
PACS numbers: 42.25.Bs; 42.25.Ja; 42.87.-d
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1. Problem statement

Physicists recognize that circularly polarized light carries an angular momentum since the 19th century
[1]. The angular momentum is absorbed if an absorbent absorbs the light no matter what nature of the absorbent.
R. Feynman explained popularly a mechanism of the absorption using a circularly polarized plane wave as an
example [2]. He proved that the ratio of the angular momentum flux density to the power density in such a wave
was 1/ m. He recognized this angular momentum as spin of the wave.

Now physicists can calculate the power density in an electromagnetic field. It is a component of the
Maxwell energy-momentum tensor or of the Poynting vector ExB, E*/2+B?/2 (weset g, =, =1).

However, they cannot calculate the angular momentum flux density because the modern electrodynamics does
not know a spin tensor. And what is more, because of this inability, physicists claim that the angular momentum
flux density in a circularly polarized plane wave is zero in direct contradiction to the quantum theory and to the
Feynman’s reasoning.

This claim is a corollary of a standard expression for a total angular momentum J [3]. In Maxwell’s theory
the Poynting vector Ex B is interpreted as the density of momentum of the field. This is considered to be a
reason that a total angular momentum relative to a point O or to an axis is defined as

J=[rx(ExB)V, (1.1)

where r is the distance from O, and V is the volume of a slice of the beam.

According to this definition, only a beam can carry an angular momentum because only in a wave of finite
transverse extent, the E and B fields have a component parallel to the wave vector (the field lines are closed
loops) and the energy flow has components perpendicular to the wave vector. This circulating energy flow in
the wave implies the existence of angular momentum, whose direction is along the direction of propagation, and

J,=Ulo (1.2)
in the case of a circularly polarized beam without an azimuth phase structure (here U is the energy of the slice of
the beam) [3, 4]. This angular momentum is recognized as spin of the beam [5].

If the light gets through a doubly refracting object, which reverses the circularly polarization of the light in
handedness, the object absorbs the double angular momentum of the incident light. So, a circularly polarized
light passing through an isotropic absorbent or a doubly refracting medium exerts a moment of force, i.e. a



torque t on the medium. This torque arises due to the conservation law of angular momentum and should be
equal to the angular momentum flux into the medium. So, according to (1.2),

1=Plo (1.3)
where P is the power of the absorbed beam.

Nevertheless we have reasons to doubt Egns. (1.1) - (1.3) and the recognition that (1.1) is spin. To verify
the statements (1.1), (1.2) we consider absorption of the beam by semi-infinite dielectric. We find that the
dielectric absorbs twice as much as (1.1), (1.2), i.e.

1=2Plo, J,=2U/o. (1.4)
Thus we find that a circularly polarized light beam without an azimuth phase structure carries the double
angular momentum compared with the prediction of the standard electrodynamics according to eqgn. (1.1).

We argue that when an electromagnetic wave passes through a dielectric, the electric field polarizes the

dielectric. The polarization and time derivative of the polarization, i.e. the displacement current, are

P=(-1)E, j=0,P. (1.5)
These allow us to calculate the torque on the absorbing dielectric using a standard formula [see, for example, [6]
eqgns. (5.1) and (7.18)]

rzI[rx(P-V)E+rx(j><B)+P><E]dV. (1.6)
Here (P-V)E + JxB is the total Lorentz force per unit volume (see, for example, [7]), and P x E is the torque
on electric dipoles per unit volume [8]. Note that the volume density of torque, i.e. the integrand

dt/dV =rx(P-V)E+rx(JxB)+PxE, (1.7)
consists of two part:

(i) Two first terms in (1.7),
rx(P-V)E+rx(jxB), (1.8)

equal to zero in the case of a plane wave and near the axis of a beam. In the case of a wide beam, they are

presented only near the wall of the beam. Simmonds and Guttmann wrote: “The skin region is the only one in
which the z-component of angular momentum does not vanish” [9]. We name these terms wall terms,

vxvzj[rx(P-V)E+r><(j><B)]elv. (1.9)

The electric contribution to the total Lorentz force, i.e. the Coulomb force acting on dipoles, (P-V)E, is not a

volume force [see. (2.11)]. In reality, this force acts only on a surface bound charge o of the dielectric because
the average macroscopic volume bound charge density is zero (as it always is for neutral linear dielectrics). So,
we name the first term in (1.6) a surface torque,

r:jrx(P-V)Edv, (1.10)
and we name the second term in (1.6) a magnetic torque,
gzjrx(ij)dV. (1.11)
So,
T=T+1 (1.12)
(ii) The last term in (1.7),
PxE, (1.13)
presents a volume torque inside the beam or in the plain wave. We name this term an electric torque,
E:JPxEdV. (1.14)
So, the total torque,
TETHT=THTHT, (1.15)

Now we can present our calculation.



2. Torque

We use paraxial beams of light [4, 10, 11],
E:exp[i(lZz—t)][x+iy+z%(i8x -9,)lu(p), B=-ikE, p®=x’+y*, k’=% k=n+ix. (2.1)

The symbol ‘breve’ marks complex vectors and numbers excepting i. k is the complex wave number, and & is
the permittivity. For short, we set speed of light in vacuum, ¢ =1, and the frequency, o =1.
A profile of the beam (2.1) may be Gaussian [11],

u=exp{-p*/Wh2/n/w, kw>>1, (2.2)
but it doesn't matter. We use the cylindrical coordinates p, ¢,z
X=pCoSg, y=psing, p=+x+Yy> (2.3)

with the metric
di* =dp® + p*dg® +d2°, 9, =1 g,=p" 9.=L g =p g¥=1/p° (2.4)
Square root of determinant of the metric tensor is a scalar density of weight +1. Gothic symbols are usually

applied to denote tensor densities. We shall, instead, mark the density with the symbol ‘wedge’ at the level of
bottom indices for a density of weight +1 and at the level of top indices for a density of weight —1. A volume

element and a surface element are densities of weight —1, dV " =dpd¢dz, da” = dpd¢, as well as the absolute
antisymmetric density e, , which equals to +1, or 0.
The coordinate transformation for the covariant components of the vectors E, B in (2.1) gives [12]
E = exp[i(kz -t + O)](p+ ip 0+ 2 %ap)u(p), B=-ikE. (2.5)
The arrow placed under a symbol means a covariant vector, or a covariant coordinate vector.
If a beam of the type (2.5) with k =1 for z <0,
E.=expli(z—t+9)l(p+ipo+2io,)u(p),  B=—iE, (2.6)
impinges normally on a surface of a dielectric which is characterized by k , the beam divides into a reflected
part (for z<0)

£~ Cepli-z-t+ o+ ipd- 20, (), Bo-iE, @7)
and a transmitted part (for z > 0)
Egzﬁexp[i(ﬁz—t+¢)](p+ip<|>+ z%ép)u(p), B,=—ikE, (2.8)
— + N N - -
in accordance with the reflected and the transmission coefficients R = i_ E , T = ] ZIZ . We set
+ +
Iu22npdp =1 (2.9)
(we do not write a dimension), so an average power that enters the dielectric is
P=1—R2:nT2=4—”2, R=|R|, THT|, |kl=k. (2.10)
1+2n+k
Now we transform Eqn. (1.10) of z-component of the surface torque,
T,= jp(s ~1)E'8,E,dV = j(g ~1)9,(pE'E, )V = jS(s ~1)pE'E,da, = _[ch¢daZ (2.11)

The surface charge density o is obtained by the use of E, -components from (2.6) — (2.8),



- 2i1-8)

6=[E,, —-E, —E,,],, =——=exp[i(-t + )]0, u(p). 2.12
[Es, 12 221220 L+ KOk p[i( )] o (p) ( )
Substituting (2.12) and E,, from (2.8) into (2.11) yields the time average surface torque
= 2nR{(L-8)k} ¢ »~ . > 2n(k? -1}
= R{GE,, }dpdd/2 = o.(u)dp= 2.13
p= L pReRaMpdel 2= P Pt o= e (213)

(the over lines mark complex conjugate complex numbers).
The time average magnetic torque (1.11) equals to the integral of

dt,=R{p(J,,B;, ~ J5,B:)\/9 JAV " /2 (2.14)
over the dielectric (z > 0). Substituting E B, = il@32 from (2.8) into (2.14) and integrating
with respect to ¢ yields

3p? Esz' §3p = iﬁ:‘)p’
4 R{(E -D)ik}
K2+ 2n+k?)
Integrating with respect to z and, by parts, with respectto p yields [12]
. 2n(k* +1)
B’ kZ(l+2n+k?)’

©,= 7| p"R{E - DIk (0, E,, Ey, - 0,E,, Exy)Mdpdz

j p?0, (u?)exp(-2xz)dpdz.  (2.15)

(2.16)

Calculating of the electric torque (1.14) yields:

z D D C 4n

_ _ ¢z Ao

T = [R(P,E,, - P,E,,)er” (dpdidz) /2_1+2n+k2 (2.17)
It is remarkable that the sum of the surface part (2.13) and the magnetic part (2.16) of the total torque 7

equals to the electric part (2.17) of the torque

Zn(kz—l) N 2n(k2+1) 3 4n

T = - =1. 2.18
s B kPA+2n+k?) kP(A+2n+k*) 1+2n+k* E (2.18)
So, the total torque that is experienced by our dielectric equals to the double quantity
r=r+r+r:8—n2, (34)
s B E 1+2n+Kk

and eqn. (2.10) gives = = 2P, i.e. we arrive to eqn. (1.4),
r=2Plw.
instead of (1.3).

Sorry, this result does not coincide with the value and the division of the torque in [6] and with the result
of [13].

Hereby we show that eqns. (1.1) - (1.3), which are a part of the standard electrodynamics, contradict the
calculation of angular momentum in the frame of the standard electrodynamics because the angular momentum
flux according to (1.1) is half the torque acting on the absorber.

In view of this result, we undertake another verification of the statements (1.1) - (1.3). We apply Eqg. (1.1)
to the classical Beth’s experiment [14] and immediately find that the statement (1.1) predicts zero result of the
experiment [15]. The point is the circularly polarized beam, which exerts a torque on a doubly refracting plate in
the Beth’s experiment, passes through the plate there and back. Therefore the Poynting vector Ex B is
obviously zero in the experiment because the passed beam is added with the reflected one. So, Eq. (1.1) yields
zero (see the appendix 1).



3. Pressure

In this section we use our technique to calculate pressure acting on the dielectric from the beam. The
pressure can be readily obtained as a component of the Maxwell tensor (density), T, by the use of the
summary field in vacuum

+E, B,=B,+B,: (3.1)

E,=
- - -

<TZ>|,,=+9 (El +E2 —EZ +BZ +B2 —B2)/4= plu?—(d,u)?/2](L+R?). (3.2)
Integration over the complete cross section with use of the Gaussian beam waist w gives:

2 2

Floo= [ plu? = (9,u)* /2]@+ R*)dpdd = (1- 2/ w*)(1+R?) = (1- 2/w2)2(”+—1+‘<2) .
1+2n+k
For a wide beam, w — oo, this expression reduces to that for a plane wave and coincides with eqn. (7.1) from
[6] in spite of the egn. (7.1) is obtained for a beam of finite transverse extent. The force (3.3) is less than that for
a plane wave because of z -components of the E and B fields (the field lines are closed loops). These
components give rise to a negative pressure.
Pressure acting on the dielectric under its surface can be readily obtained as a component of the Maxwell

tensor by the use of (2.8) instead of (3.1):
<TF >.0=+9, (E}, +Ef, —EL + B} + B}, — B} )exp(-2x2) /4

= p[u? = (8,u)? / 2k2](L+ R?) exp(-2x2) . (3.4)

It is seen that the flux density of momentum (3.4) decreases with z . Accordingly, a force density acts on the
dielectric,

3 I

(3.3)

Z(n2 +1+ KZ)

fi=-—0,<TX > L+ 201 K2

= 2kp[u’® —(,u)* 1 2k*] exp(-2xz). (3.5)

z>0

A resulting force
2(n° +1+x%)

F|Z>0:Jp[u2—(6 u)?/2k?](1+ R*)dpdd = (L-2/k*w?)(1+ R?) = (1-2/k*W?) > (3.6)
P 1+2n+k
acting on the dielectric at z > 0 exceeds the force (3.3) acting from vacuum by a small surface force
2 2 2\ (n2 2
F |z>0 _F |z<0:%2(1+ Rz) = 4(n 21_2+_K )(n +12+K ) (37)
k“w Kw*(L+2n+k°)

directed against the z -direction and acting near the beam wall. If ignoring the wall effect, the surface force is
zero because of continuity of E and B fieldat z=0.

Thus the force (3.3) acting on the dielectric from vacuum is divided into the small surface part (3.7) and
the bulk part (3.6):

surface bulk

2 2 2 2 2 2 2 2
F=@o2/w)2n ) A —lee)n 414w g g pene) 20 TIER) g

M+D° +x kKw (m+1)° +x°] M+D° +x

This division is not coincided with eqgns (7.10), (8.1) from [6] even if w — oo
surface bulk
2 2 2 2

2" +1+x%) _ 2" -1+« )+ 4 (7.10)

M+1)? +«? M+D)*+x*> (M+D*+x° ’
The surface force (3.7) can be readily obtained also by the use of the surface charge (2.12). The z-
component of the time averaged surface force density F , acts on this charge and directs against the z -

direction:



F =0 (e? -DEZ /4=p(k* -1T?(0,u)?/ 4k>. (3.9)

Integration over the complete cross section with the use of (1+k?*)T? = 2(1+ R?) gives eqn. (3.7).

4. Appendix 1. The Beth’s experiment [15]

We show that the angular momentum flux into the Beth’s doubly refracting plate is zero, according to

(1.2).

In the Beth’s experiment a circularly polarized light beam (power P =80 mW, A =1.2 um,
o =1.6-10"s™) passes through the half-wave plate, then it is reflected and passes twice through the quarter-
wave plate, and then returns through the half-wave plate. The torque exerting on the half-wave plate is 20 dyne
cm. This result is in accordance with the formula

1=4P/w. 4.1)

However, let us calculate the Poynting vector E x B in the Beth’s experiment. We start from expression (2.6)
for the Beth’s circularly polarized beam.

When a mirror reflects the beam (2.6), signs preceding z and the sign in the formula for B are changed.
But because of the quarter-wave plate a helicity of the beam is conserved, and so signs preceding ¢ is changed

and the sign in the formula for B is changed once more. Thus the reflected beam in the Beth experiment is
expressed by the formula (we use index 4 for the reflected beam)

E =expli(-z-t-)l(p-ip¢-zio,Ju(p).  B,=-iE,. (4.2)
Let us calculate the Maxwell energy-momentum tensor
TH =—g™F, F" +g™F, F* /4 (4.3)
for the total field E=E +E,, B=B,+B,.

A signature of the metric tensor g** in Eq. (4.3)is (+——). F*" =—F "™, F.= F“ﬂg/mgvﬁ is the field
strength tensor. The sense of its components is
F'=-E' F,=E, F'=-B", F,=-B;, B =Blej, B'=Bje), ij.=poz. (44
For example,
Fot — _g¢¢F¢t —E¢ = g¢¢E¢, Frt — g¢¢|:p¢ —_BP = _gdﬂthq)_ (4.5)
The component T is the density of an orbital mass-energy flux, i.e. the ¢ -component of the Poynting
vector; infinitesimal time averaged mass
dp' =dm=<T? >da,dt =<T,* > dzdpdt (4.6)
passes through the surface element da; = dzdp during dt. The component T® =T is the volume density of
an orbital momentum; infinitesimal time averaged momentum

dp® =<T% > dpd¢dz 4.7
is contained in the volume element dpd¢dz . Using (4.3) yields zero:
< TA¢t >=< TAt¢ >= E){[(\E-/ZI_Z + E42)(§lp + §4’3) - (Elp + E/A"p)(glz + §4Z )]/2 = 0 . (4'8)

This means that no mass rotates in the Beth experiment.
The component T is the flux density of an orbital momentum; infinitesimal time averaged momentum

dp® =<T¥ >da/dt =<T " > dpd¢dt (4.9)
passes through the surface element da,; =dpd¢ during dt. This mean that an infinitesimal torque
dr, =dL, /dt =e),dL°* /dt =e),dL" /g /dt=pdp®\/g /dt=<T¥ >p’dpdo (4.10)



acts on the surface element da; = dpd¢ . But
. TA¢Z = _ER[(EM) + E4¢)(Elz + E4z) + (élq; + E4¢)(§1z + §4z)]/zp =0. (4.11)

So, no torque acts on the Beth plate according to the standard electrodynamics. Why then the plate experiences
the torque (4.1)?

5. Appendix 2. Spin tensor [15, 16]

We see that the Maxwell electrodynamics provides the deficit of angular momentum in the absorbed
beam and the lack of the angular momentum flux into the Beth’s plate. So, the electrodynamics is not complete.
We introduce a spin tensor in the electrodynamics.

The standard classical electrodynamics starts from the free field canonical Lagrangian,

I_C =-F ,F" /14, F, =20, A,. (5.1)
Using this Lagrangian, by the Lagrange formalism physicists obtain the canonical energy-momentum tensor
oL
TH=0"A, ———g™L =—0"A F*" +g™FF*/4, 5.2
c “o@.A) e O (5.2)
and the canonical total angular momentum tensor
Jv= ol vy e (5.3)
where
oL
Y M= AR e = _pAERY (5.4)
c 9(0,A,)

is the canonical spin tensor.
Then physicists accomplish a Belinfante-Rosenfeld procedure [17, 18]. They add specific terms to the

canonical tensors and arrive to the standard energy-momentum tensor ®* , the standard total angular
momentum tensor J **¥, and the standard spin tensor 3{ M which is zero,
st S|

O =T™-0,Y""/2=-0"AF" +g"F,F*/4+0,(A'F™),

def

Y MY = Y oy WAy = D ARERY (5.5)
J A _ J Mlv_(aK(X[k ? P—]VK) ’ (56)
st C C
YMW: J }\Hv_zx[k®p]v — Y?»pv_?[Ml]V: 0. (57)
st st C C
This means that standard addends tt s st“w are added to the canonical energy-momentum and spin tensors:
@M =T #4+t™, t™=—p Y™[2=0 (A"F"), (5.8)
c st st c
YA”V:YMW-FSMN:O Sﬂyv:_Y Auv _ ZAHFMV ) (59)
st C st st C
We use another addends; our addends,
t#=0 A'F*, s*=2AMo"A", (5.10)
satisfy the equation
2tM=p % (5.11)

and lead to the Maxwell energy-momentum tensor
T#=T"+t"=-F" F" +9"F_F" /4 (5.12)

c



and a tensor, which is doubled electric part Y™V of the electrodynamics spin tensor Y**",
2YMY =y Mg g™ = 2 Al M AN, (5.13)

This result was submitted to “JETP Letters” on May 12, 1998.
The expression (5.13) was obtained heuristically. It is not final one. The tensor (5.13) is obvious not

symmetric in the sense of electric - magnetic symmetry. It represents only the electric field, E, A= —J' Edt. A

true spin tensor of electromagnetic waves must depend symmetrically on the magnetic vector potential A, and
on an electric vector potential

I, =e,,, 0", o™ =F™*, (5.14)
So the spin tensor of electromagnetic waves has the form
Y =Y ey = A A ol (5.15)
e m

and the total angular momentum has the form
3% = [T YV, , or J=[rx(ExB)V +[Y¥dV, (5.16)
instead of (1.1), and the angular momentum (1.1) is an orbital angular momentum rather than spin.

Conclusions, Notes, and Acknowledgements

This paper conveys new physics. We review existing works concerning electrodynamics spin and
indicate that existing theory is insufficient to solve spin problems because spin tensor of the modern
electrodynamics is zero. Then we show how a change of the Belinfante-Rosenfeld procedure resolves the
difficulty by introducing a true electrodynamics spin tensor. Our spin tensor, in particular, doubles a predicted
angular momentum of a circularly polarized light beam without an azimuth phase structure and explains the
Beth experiment.
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